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1.  Introduction 

—ii  aijparent  for  some  time  that  the  solar  corona 
.  :  .■(,n>idered  as  extending  well  beyond  the  orbit 

Diverse  observations  and  interpretations  that 
I  red  to  our  understanding  of  this  and  related 
the  scattering  of  sunlight,  occultation  of 
-V'.  ::t*ha\  i<)r  of  comet  tails,  earth-sun  phenomeno- 
ry-iaridiD.  modulation  of  galactic  cosmic  rays,  modu- 

•  :;**ri:t*tic  particles  of  solar  origin,  and,  more  recently 

iy.  direct  satellite  observations.  The  over-ail 
:  •  lui-  is  that  the  corona  is  heated  at  its  base  (prob- 
-v  -orhina  noise  generated  in  lower  turbulent  levels 
r.  :tijd  (^xi)ands  freely  into  the  solar  system.  This 
r-.Mtrd  flow  is  often  referred  to  as  the  solar  wind. 

:  si*  of  the  earth  the  flow  is  supersonic,  having  a 
v  .ofi  of  7-10.  The  solar  wind  consists  almost  en- 

*  ...V  ionized  hydrogen. 


I  h('  modulation  of  the  foremen  tinned  cosmic  rays  is  clear 
proof  of  the  existence  of  a  magnetic  field  in  the  solar  wind; 
the  strc'ngth  of  this  field  is  on  the  order  of  67  (5  X  10“^  gauss). 
I  his  is,  of  course,  far  less  than  the  magnetic  field  near  the 
surface  of  the  earth  which  is  about  0.5  gauss.  Both  these 
magnetic  fields  influence  the  motions  of  energetic  cosmic 
rays,  the  former  because  of  its  greater  extent;  both  fields  also 
influence  the  motions  of  the  less  energetic  but  more  numerous 
particles  making  up  the  solar  wind.  The  latter  particles, 
however,  carry  almost  all  the  mass,  momentum,  and  energy 
resident  in  the  interplanetary  gas.  It  is  therefore  more 
acaairate  to  say  that  the  over-all  magnetic  field  configuration 
will  be  determined  by  the  mechanics  of  these  low-energy 
I)articles.  The  orbits  of  higher-energy  particles  will  in  turn 
be  determined  by  the  magnetic  and  electric  fields  resulting 
from  this  flow. 

Two  regions  in  the  configuration  resulting  from  the  inter¬ 
action  of  the  solar  wind  with  the  earth’s  magnetic  field  have 
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L  Introduction 

IT  has  been  apparent  for  some  time  that  the  solar  corona 
should  be  considered  as  extending  well  beyond  the  orbit 
of  the  earth.  Diverse  observations  and  interpretations  that 
have  contributed  to  our  understanding  of  this  and  related 
phenomena  include  the  scattering  of  sunlight,  occultation  of 
radio  stars,  behavior  of  comet  tails,  earth-sun  phenomeno¬ 
logical  correlations,  modulation  of  galactic  cosmic  rays,  modu¬ 
lation  of  energetic  particles  of  solar  origin,  and,  more  recently 
and  definitive!}’',  direct  satellite  observations.  The  over-all 
picture  one  has  is  that  the  corona  is  heated  at  its  base  (prob¬ 
ably  by  absorbing  noise  generated  in  lower  turbulent  levels 
of  the  sun)  and  expands  freely  into  the  solar  system.  This 
general  outward  flow  is  often  referred  to  as  the  solar  wind. 
Near  the  orbit  of  the  earth  the  flow  is  supersonic,  having  a 
Mach  number  of  7-10.  The  solar  wind  consists  almost  en¬ 
tirely  of  fully  ionized  hydrogen. 


The  modulation  of  the  forementioned  cosmic  rays  is  clear 
proof  of  the  existence  of  a  magnetic  field  in  the  solar  wind; 
the  strength  of  this  field  is  on  the  order  of  5y  (5  X  10“^  gauss). 
This  is,  of  course,  far  less  than  the  magnetic  field  near  the 
surface  of  the  earth  which  is  about  0.5  gauss.  Both  these 
magnetic  fields  influence  the  motions  of  energetic  cosmic 
rays,  the  former  because  of  its  greater  extent ;  both  fields  also 
influence  the  motions  of  the  less  energetic  but  more  numerous 
particles  making  up  the  solar  wind.  The  latter  particles, 
however,  carry  almost  all  the  mass,  momentum,  and  energy 
resident  in  the  interplanetary  gas.  It  is  therefore  more 
accurate  to  say  that  the  over-all  magnetic  field  configuration 
will  be  determined  by  the  mechanics  of  these  low-energy 
particles.  The  orbits  of  higher-energy  particles  will  in  turn 
be  determined  by  the  magnetic  and  electric  fields  resulting 
from  this  flow. 

Two  regions  in  the  configuration  resulting  from  the  inter¬ 
action  of  the  solar  wind  with  the  earth’s  magnetic  field  have 
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been  recognized  for  some  time.  The  magnetosphere  bound¬ 
ary,  which  separates  these  regions,  is  defined  as  the  bound¬ 
ary  to  which  the  solar-wind  particles  can  penetrate  before 
being  stopped  by  the  earth's  field.  Considerable  attention 
has  been  directed  to  the  analysis  of  the  flow  external  to  the 
magnetosphere  and  the  determination  of  the  shape  of  the 
boundary.  On  the  other  hand,  ionospheric  and  auroral  ob¬ 
servations  strongly  suggest  that  a  significant  flow  pattern 
also  exists  inside  the  magnetosphere.  Dungey^  has  observed 
that  the  ionospheric  current  pattern  is  consistent  with  the 
one  that  would  result  if  a  significant  fraction  of  the  interplane¬ 
tary  magnetic  field  lines  became  reconnected  to  the  magnetic 
field  lines  from  the  earth.  The  resulting  component  of  mag¬ 
netic  field  normal  to  the  boundary  provides  a  handle  by  which 
the  solar  wind  can  drag  the  magnetic  field  lines  within  the 
magnetosphere.  Dungey^  was  therefore  led  to  suggesting 
that  a  mechanism  exists  which  gives  rise  to  appreciable  re¬ 
connection  of  the  field  lines  at  the  magnetosphere  boundary. 
Hines  and  Axford^  have  greatly  extended  the  model  of  in¬ 
ternal  convection  patterns  within  the  magnetosphere.  Al¬ 
though  they  do  not  specify  the  driving  mechanism  in  detail, 
they  suggest  that  it  is  provided  by  a  shear  stress  at  the  mag¬ 
netosphere  boundary.  More  recently  Petschek^  has  ana¬ 
lyzed  the  flow  in  the  neighborhood  of  a  boundary  across 
which  there  is  a  sharp  change  in  magnetic  field  direction  and 
showed  that  the  resulting  rate  of  field  cutting  decreases  only 
logarithmically  with  the  magnetic  Reynolds  number.  The 
logarithmic  dependence  implies  a  rapid  rate  of  reconnection 
which  fortunately  is  very  insensitive  to  uncertainties  in  the 
effective  conductivity  of  the  plasma.  As  will  be  shown  below, 
applying  this  result  to  the  flow  over  the  magnetosphere,  we 
conclude  that  more  than  10%  of  the  magnetic  field  lines 
brought  to  the  surface  of  the  magnetosphere  by  the  solar  wind 
get  broken  and  reconnected  to  the  earth's  polar  field  lines. 
This  rapid  rate  of  reconnection  is  in  rough  quantitative  agree¬ 
ment  with  the  amount  required  to  drive  the  internal  convec¬ 
tion  pattern.  The  combination  of  the  analyses  of  the  exter¬ 
nal,  internal,  and  boundary  region  flows  thus  provides  us  with 
a  general  view  of  the  over-all  flow  pattern.  This  description 
provides  some  insight  into  the  extent  to  which  phenomena 
occurring  within  the  magnetosphere  and  in  the  auroral  regions 
are  related  to  the  solar  wind. 

In  Secs.  Ill,  IV,  and  V  the  three  component  regions  will  be 
reviewed,  and  in  Sec.  VI  the  results  will  be  synthesized.  Be¬ 
fore  proceeding  with  this  program,  we  must,  however,  define 
what  basic  description  of  the  plasma  is  appropriate.  On  the 
basis  of  the  fact  that  the  mean  free  path  for  particle  scattering 
by  binary  collisions  is  large,  many  authors  have  attempted  to 
describe  the  flow  in  terms  of  the  individual  particle  trajec¬ 
tories.  On  the  other  hand,  others  have  treated  the  fluid  as  a 
continuum  and  applied  the  magnetohydrodynamic  equations. 
In  Sec.  II  we  will  review  the  arguments  that  suggest  that  the 
continuum  rather  than  the  particle  trajectory  approach  is 
more  appropriate  for  the  consideration  of  the  basic  flow. 

The  major  objective  of  this  paper  is  to  describe  the  over¬ 
all  features  of  the  flow  of  the  solar  wind  over  the  magneto¬ 
sphere.  This  description  is  undertaken  with  a  view  to  syn¬ 
thesizing  the  experimental  observations  with  theoretical 
considerations  to  provide  an  intelligible  view  of  the  whole. 
However,  the  multiplicity  of  relevant  phenomena  and  the 
complicated  character  of  many  of  the  observations  mean  that 
any  attempt  at  concise  description  must  be  strongly  selective 
both  in  terms  of  the  evidence  brought  out  and  theoretical 
interpretation.  In  the  present  paper,  the  authors  have  delib¬ 
erately  tried  to  give  a  coherent  explanation  for  selected 
phenomena  rather  than  an  encyclopedic  review  of  facts  and 
theories  concerning  the  magnetosphere. 

II.  Justification  of  Continuum  Assumption 

Although  the  conditions  in  the  plasma  composing  the  solar 
wind  are  known  to  fluctuate  appreciably,  the  data  from  Mari¬ 


ner^  have  shown  that  the  solar  wind  exists  at  all  times.  Com¬ 
monly  accepted  typical  conditions  in  the  solar  wind  corre¬ 
spond  to  a  magnetic  field  of  the  order  of  67,  a  particle  density 
of  about  10  protons/cm^,  flow  velocities  of  the  order  of  500 
km/sec,  and  thermal  velocities  of  the  ions  of  about  the  flow 
velocity.  We  may  note  that  this  corresponds  to  a  supersonic 
flow  since  the  flow  velocity  is  about  10  times  either  the  ther¬ 
mal  velocity  or  the  Alfven  speed.  Other  basic  parameters 
that  may  be  deduced  from  the  foregoing  plasma  conditions 
are  that  the  Debye  length  is  of  the  order  of  10  m,  the  ion 
gyroradius  based  on  this  magnetic  field  and  the  streaming 
velocity  is  of  the  order  of  10*  km,  and  the  mean  free  path 
for  Coulomb  scattering  based  on  the  thermal  velocity  is  of 
the  order  of  one  a.u.*  and  would  be  appreciably  larger  if 
based  on  the  streaming  velocity.  The  radius  of  the  magne¬ 
tosphere  is  about  ten  earth  radii  or  roughly  10^  km. 

It  is  apparent  that  the  mean  free  path  for  binary  collisions 
is  larger  by  several  orders  of  magnitude  than  the  entire  mag¬ 
netosphere.  If  we  were  dealing  with  the  flow  of  an  unionized 
gas,  we  would  immediately  conclude  that  a  continuum  ap¬ 
proach  was  unjustified  and  that  a  free  molecule  approach 
should  be  used.  In  the  case  of  a  plasma,  however,  the  situa¬ 
tion  is  fundamentally  different,  since  there  are  several  mech¬ 
anisms  involving  electric  and  magnetic  fields  which  give 
rise  to  coherent  phenomena  in  a  plasma.  For  example,  we 
cannot  have  appreciable  differences  between  the  electron 
and  ion  densities  over  distances  larger  than  the  Debye  length, 
which  is  minute  compared  to  the  scale  of  the  magnetosphere. 
A  further  example  of  coherence  is  the  known  existence  in 
collision-free  plasma  of  several  linear  wave  propagation  modes 
(plasma  oscillations,  whistlers,  etc.).  It  is  therefore  clear 
that  the  orbits  of  individual  particles  are  much  more  depend¬ 
ent  on  the  orbits  of  other  particles  than  they  would  be  in  the 
case  of  free  molecule  flow  of  an  unionized  gas.  More  speci¬ 
fically,  it  can  be  shown  that  in  two  special  cases  the  isentropic 
continuum  magnetohydrodynamic  equations  apply  to  a 
collision-free  plasma.  The  first  of  these  is  the  case  in  which 
the  ion  thermal  velocities  are  small  compared  to  either  the 
flow  velocity  or  the  Alfven  speed  (this  is  often  referred  to  as 
the  cold  plasma  case).  This  case  will  be  discussed  below. 
In  the  second  case,  finite  temperatures  are  allowed,  but  we 
restrict  ourselves  to  a  two-dimensional  flow  in  which  the 
magnetic  field  is  perpendicular  to  the  plane  of  the  flow.  In 
this  case  it  can  be  shown  that  the  conservation  of  the  mag¬ 
netic  moments  of  the  individual  particles  gives  rise  to  a 
pressure-density  relation  that  is  completely  equivalent  to  the 
usual  isentropic  relation  corresponding  to  a  gas  with  two  de¬ 
grees  of  freedom.^  As  a  result,  as  long  as  flow  properties 
change  only  by  small  amounts  in  a  distance  of  the  order  of 
the  gyroradius,  detailed  consideration  of  the  particle  orbits 
does  in  fact  lead  us  to  the  isentropic  continuum  magneto¬ 
hydrodynamic  equations.  Thus,  in  this  particular  case  we 
are  able  to  use  a  continuum  treatment  to  describe  even  non¬ 
linear  effects.  It  follows  almost  immediately  from  this  con¬ 
clusion  that  a  compression  pulse  will  steepen  to  form  a  dis¬ 
continuity  or  shock  wave.®  Since  the  steepening  analysis  is 
valid  for  gradients  small  compared  to  the  gyroradius,  the 
steepening  process  will  continue  at  least  until  thicknesses  of 
the  order  of  the  ion  gyroradius  are  reached.  It  also  has  been 
shown  that  a  nonlinear  pulse  propagating  along  the  magnetic 
field  lines  into  a  cold  plasma  will  steepen  to  form  a  discon¬ 
tinuity."^  We  are  thus  led  to  the  conclusion  that  in  at  least 
these  two  special  cases  coherent  effects  in  a  collision-free 
plasma  can  lead  to  the  familiar  aerodynamic  concept  of  the 
formation  of  shock  waves  and  that  these  shock  waves  may 
indeed  have  a  thickness  that  is  small  compared  to  the  rele¬ 
vant  flow  dimensions  for  the  magnetosphere.  There  have 
been  several  attempts  to  give  theoretical  descriptions  of  the 
structure  of  such  collision-free  shock  waves.* There  is 


*  The  a.  u.  (astronomical  unit)  is  a  unit  of  distance  equal  to 
the  radius  of  the  orbit  of  the  earth,  that  is,  1.5  X  10*  km. 
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considerable  disagreement  as  to  the  mechanisms  that  are 
responsible  for  controlling  the  shock  structure  and  even 
the  order  of  magnitude  of  the  shock  thickness.  However, 
none  of  these  theories  predicts  shock  thicknesses  for  strong 
shocks  that  are  more  than  a  few  times  the  ion  gyroradius. 
Thus,  on  the  basis  of  any  of  them  we  would  expect  shock 
waves  that  are  thin  compared  to  the  dimensions  of  the  mag¬ 
netosphere.  A  further  feature  to  which  we  will  return  below 
and  which  all  of  hese  theories  have  in  common  is  that,  in  the 
shock  front  itself  and  for  some  distance  behind  it,  the  flow  is 
highly  nonuniform  and  might  be  described  as  being  turbulent. 

Unfortunately,  there  is  at  jnosent  no  clear-cut  laboratory 
experimental  evidence  for  the  existence  of  collision-free  shock 
waves.  Some  ex])criments  that  had  been  identified  as  ex¬ 
hibiting  collision-free  shocks may  be  subject  to  other  in¬ 
terpretations.^^-^®  There  are  also  no  published  results  from 
satellite  experiments  which  demonstrate  clearly  the  exist¬ 
ence  of  collision-free  shock  waves  in  the  interplanetary  me¬ 
dium.  Very  recent  satellite  experiments  may  answer  this 
question  unambiguously .  t  At  the  present  time  the  best 
evidence  for  the  existence  of  collision-free  shock  waves  comes 
from  terrestrial  observations  of  the  sudden  commencement 
of  magnetic  storms.  These  are  events  in  which  a  day  or  two 
after  a  solar  flare  almost  all  magnetic  observatories  register 
a  sharp  increase  in  magnetic  field  with  a  rise  time  of  the  order 
of  2  min.  The  rapid  rise  time  of  the  disturbance  as  compared 
to  the  long  travel  time  from  the  sun  to  earth  clearly  indicates 
coherent  behavior  of  the  plasma.  However,  if  we  calculate 
a  velocity  for  the  disturbance  based  on  the  time  it  takes  to 
come  from  the  sun,  we  find  that  2  min  is  close  to  the  time 
taken  for  the  disturbance  to  pass  the  magnetosphere.  Thus, 
even  an  infinitely  thin  shock  wave  would  give  rise  to  a  terres¬ 
trial  disturbance  having  a  rise  time  of  at  least  2  min.  Con¬ 
sequently,  this  observation  does  not  allow  us  to  set  a  lower 
limit  to  the  thickness  of  the  disturbance. 

Thus,  on  theoretical  grounds  with  some  experimental 
backing,  we  would  expect  some  phenomena  characteristic  of 
continuous  flows,  in  particular  the  formation  of  shock  waves, 
to  exist  even  in  a  collision-free  plasma.  At  this  point,  there¬ 
fore,  let  us  attempt  to  see  what  assumptions  are  required  to 
arrive  at  the  full  set  of  continuum  equations  starting  from 
the  known  equations  that  govern  the  individual  particle  mo¬ 
tions.  The  individual  particle  motions  can  be  described  in 
terms  of  the  Boltzmann  equation  neglecting  binary  colli¬ 
sions.  We  may  now,  with  complete  rigor,  take  the  moments 
of  the  Boltzmann  equation  corresponding  to  the  conservation 
of  mass,  momentum,  and  energy.  The  resulting  equations 
are  similar  to  the  magnetohydrodynamic  equations  with  the 
exception  that  the  i)ressure  and  energy  flux  are  tensors  de¬ 
fined  only  in  terms  of  moments  over  the  distribution  of  par¬ 
ticle  velocities.  Since,  in  order  to  define  these  tensors,  we 
would  have  to  analyze  the  particle  orbits  in  detail,  the  pro¬ 
cedure  of  taking  moments  is  at  first  sight  somewhat  useless. 
If,  however,  we  can  find  an  assumption  sufficient  to  define 
these  moments  over  the  particle  distributions,  then  the  mo¬ 
ment  equations  would  be  of  some  value.  This  is  particularly 
easy  to  do  in  the  case  of  a  plasma  with  zero  temperature  (i.e., 
zero  thermal  velocitjO-  In  this  case,  the  distribution  func¬ 
tion  becomes  a  delta  function  in  velocities,  i.e.,  at  a  particular 
point  in  space  and  time  all  of  the  particles  have  precisely  the 
same  velocity.  It  then  is  easy  to  take  the  moments  of  the 
distribution  function,  and  the  moment  equations  reduce  to 
the  continuum  hydrodynamic  equations  for  a  zero  tempera¬ 
ture  plasma.  This  jmrticular  case  is  of  some  interest.  It 
can  be  shown,  for  exam]:)lc,  that  comi^u’ession  waves  traveling 

t  At  the  time  this  paper  was  written  (December  1963),  highly 
preliminary  results  from  plasma  probe  measurements  on  IMP 
(Explorer  XVIH),  which  had  then  been  in  orbit  only  one  week, 
appeared  to  give  evidence  for  a  thin  shock.  Since  then,  a 
large  amount  of  data  obtained  by  this  important  satellite  have 
been  released.  These  data  are  briefly  described  in  the  Ap¬ 
pendix  to  this  paper,  written  in  August  1964. 


in  arbitrary  directions  relative  to  the  magnetic  field  into  a 
zero  temperature  plasma,  will  steepen  to  form  shock  waves. 
We  cannot,  however,  expect  this  case  to  apply  in  the  flow 
over  the  magnetosphere  where  the  presence  of  strong  shock 
waves  will  give  rise  to  high  temperatures. 

In  ordinary  hydrodynamics  when  the  mean  free  path  is 
small  compared  to  the  scale  of  the  flow  field,  we  are  justified 
in  assuming  that  the  particle  distributions  are  randomized  by 
collisions  and,  therefore,  that  to  zero  order  the  particle  dis¬ 
tribution  is  isotropic.  This  assumption  leads  us  to  the  isen- 
tropic  continuum  equations.  First-order  corrections  in 
terms  of  the  ratio  of  mean  free  path  to  scale  length  of  the  flow 
give  rise  to  slight  distortions  of  the  distribution  and  result  in 
the  transport  terms  (viscosity  and  heat  conduction)  in  the 
hydrodynamic  equations.  In  the  case  of  the  flow  over  the 
magnetosphere,  we  will  also  make  the  assumption  that  the 
distance  in  which  particle  motions  are  randomized  is  small 
compared  to  the  flow  dimensions.  This  assumption,  of  course 
can  not  be  justified  in  terms  of  scattering  by  binary  collisions 
since  the  mean  free  path  for  this  scattering  is  large  compared 
to  the  magnetosphere.  It  may,  however,  be  possible  to 
justify  it  in  terms  of  the  observed  turbulence  that  exists  just 
outside  the  boundary  of  the  magnetosphere.  Measurements 
from  Pioneer  I  indicated  that  the  magnetic  field  changes  by 
its  own  order  of  magnitude  with  characteristic  frequencies  in 
the  neighborhood  of  1  rad/sec. Appreciable  fluctuations  at 
higher  frequencies  also  may  be  present,  but  these  would  have 
been  beyond  the  frequency  response  of  this  particular  experi¬ 
ment. 

We  note  that  this  frequency  is  about  half  of  the  cyclotron 
frequency  of  the  ions  in  the  average  magnetic  field  and  that, 
as  the  magnetic  field  fluctuates,  so  does  the  cyclotron  fre¬ 
quency.  This  suggests  that  the  ion  motions  will  be  affected 
by  the  cyclotron  resonance.  Of  course,  the  opposite  effect 
in  which  the  particle  motions  affect  the  field  is  also  present. 
These  remarks  suggest  that  there  is  an  effective  randomizing 
time  for  the  particles  which  corresponds  very  roughly  to  the 
angular  frequency  of  the  magnetic  field  turbulence  and  to 
the  ion  cyclotron  frequency  ^  1  sec.  Another  way  of  putting 
this  is  to  say  that  the  randomizing  distance  or  equivalent  mean 
free  path  is  the  distance  a  particle  travels  in  a  cyclotron 
period,  or  what  is  the  same  thing,  a  Larmor  radius.  These 
distances  amount  to  a  few  hundred  kilometers  and  are  indeed 
small  compared  to  the  dimensions  of  the  magnetosphere  flow. 
This  should  not  be  taken  too  seriously  as  a  quantitative  esti¬ 
mate  of  the  effective  dissipation  length.  It  does,  however, 
make  i)lausible  the  assumption  that  the  randomizing  length 
is  small  compared  to  the  flow  dimensions,  and,  therefore, 
there  is  some  justification  in  using  continuum  equations  to 
describe  the  flow  field.  It  should  be  pointed  out  that  from 
this  viewpoint  the  transport  coefficients  will  depend  critically 
on  the  effective  dissipation  length  or  mean  free  path  and, 
therefore,  that  our  knowledge  of  the  effective  value  of  these 
transport  coefficients  has  considerable  uncertainty.  As  we 
shall  see  later,  certain  features  of  the  magnetosphere  flow  do 
depend  in  principle  on  the  transport  coefficients,  but  are  never¬ 
theless  highly  insensitive  to  their  magnitudes.  Thus,  the 
results  that  we  will  describe  will  be  appreciably  more  accurate 
than  our  knowledge  of  the  transport  coefficients. 

Given  the  turbulence  in  the  magnetic  field,  the  calculation 
of  detailed  particle  trajectories  becomes  effectively  impossible. 
As  a  result,  calculations  based  on  the  study  of  detailed  tra¬ 
jectories  have  neglected  the  turbulence  and  have  replaced 
the  actual  magnetic  field  by  a  smooth  one.  This  assumes 
that  the  particles  can  negotiate  the  fluctuating  field  without 
appreciably  modifying  their  orbits.  Since  several  of  the 
continuum  features  of  a  collision-free  plasma  could  be  de¬ 
rived  without  the  assumption  of  turbulent  scattering,  it  is 
probable  that  many  of  the  features  of  the  flow  derived  from 
these  two  view-points  will  be  similar.  However,  it  would 
seem  that,  in  the  cases  where  the  results  do  not  agree,  the 
continuum  assumption  has  a  greater  a  priori  probability  of 
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being  correct  than  the  assumption  that  the  turbulence  in  the 
plasma  can  be  neglected. 

We  should  point  out  that  the  continuum  approach  will  not 
describe  some  of  the  features  of  the  flow.  In  particular,  the 
magnitude  of  the  turbulent  fluctuations  will  not  be  described, 
and  we  will  consider  only  the  average  properties.  Also,  ah 
though  we  have  said  that  the  moments  over  the  distribution 
function  can  be  approximated  as  being  almost  symmetric, 
this  should  not  be  taken  to  imply  that  there  is  not  a  small 
fraction  of  the  particles  with,  for  example,  very  high  energies 
as  compared  to  the  average  particle  energy.  To  obtain  the 
turbulent  amplitudes  or  the  detailed  particle  distribution, 
more  detailed  analysis  would  be  required.  Thus,  with  the 
present  analysis  we  limit  ourselves  to  describing  the  gross 
properties  of  the  flow  field. 

Ill,  External  Flow 

The  original  suggestion  that  there  should  be  a  termination 
to  the  earth’s  magnetic  field  because  of  the  surrounding  plas¬ 
ma  is  due  to  Chapman  and  Ferraro.^^  They  envisioned  a 
stream  of  particles  coming  from  the  sun  in  the  absence  of  an 
interplanetary  magnetic  field.  As  the  particles  impinge  on 
the  earth’s  field,  they  are  deflected.  The  force  required  to 
reflect  the  entire  stream  of  particles  may  be  considered  as 
resulting  from  the  j  yc,  B  force  associated  with  the  motion  of 
the  individual  particles.  Since  the  gyro  radii  of  the  particles 
are  small,  the  region  in  which  they  turn  and,  therefore,  the 
region  in  which  the  current  exists  is  very  narrow.  Also,  out¬ 
side  of  this  region  there  can  be  no  magnetic  field,  otherwise 
the  particles  would  be  deflected  there.  This  therefore,  leads 
to  a  very  abrupt  termination  of  the  earth’s  magnetic  field. 

The  shape  of  the  boundary  can  be  determined  by  the  con¬ 
dition  that  the  force  required  to  reflect  the  particles  from  the 
boundai’y  is  2pu^  cos^0,  where  p  is  the  density,  u  the  stream 
velocity,  and  0  the  angle  between  the  stream  direction  and  the 
normal  to  the  boundary  surface.  This  force  must  be  equal 
to  the  magnetic  force  on  the  boundary  which  in  turn  is  the 
magnetic  pressure  just  inside  the  boundary  The 

problem  of  determining  the  shape  of  the  boundary  then  re¬ 
duces  to  the  problem  of  solving  for  the  magnetic  field  in  the 
vacuum  inside  the  cavity,  with  the  boundary  conditions  that 
the  earth’s  dipole  field  exists  near  the  origin  and  that  the 
shape  of  the  cavity  must  be  such  as  to  satisfy  the  pressure 
condition  as  just  stated.  In  the  hypothetical  two-dimen¬ 
sional  case,  this  can  be  done  precisely  by  conformal  mapping 
techniques.21*  22  three-dimensions,  it  is  not  as  yet  possible 
to  obtain  an  analytical  solution  for  the  internal  magnetic 
field,  and  therefore  several  approximations  have  been  used 
to  estimate  the  magnetic  field  just  inside  the  boundary.^^-^s 
The  most  common  of  these  has  been  to  assume  that  just  in¬ 
side  the  boundary  the  magnetic  field  has  a  value  that  is  twice 
what  the  tangential  component  would  have  been  for  a  pure 
dipole  field.24.  26.  27  general  shape  of  the  boundary, 

which  is  obtained  in  this  manner,  is  that  in  the  solar  direction 
the  boundary  occurs  at  about  10  earth  radii.  Its  radius  of 
curvature  in  this  region  is  slightly  larger  than  its  distance 
from  the  earth.  As  one  goes  around  behind  the  earth,  the 
cavity  approaches  a  constant  width.  The  cavity  would  close 
at  a  finite  distance  behind  the  earth  if  one  allowed  for  some 
thermal  motion  in  the  freestream. 

It  should  be  noted  that  the  details  of  the  shape  are  relatively 
insensitive  to  variations  in  the  calculation, 2®  since  the  dipole 
magnetic  field  falls  off  as  the  cube  of  the  radius  and  therefore 
the  magnetic  pressure  as  the  sixth  power.  The  distance  to 
any  point  on  the  cavity  therefore  only  changes  with  the  sixth 
root  of  the  changes  in,  for  example,  density  of  the  stream. 
For  this  reason,  if  we  look  at  the  same  problem  from  the 
continuum  viewpoint,  we  will  find  very  little  difference  in  the 
shape  of  the  cavity;  however,  the  flow  outside  of  the  cavity 
will  be  appreciably  altered.  As  long  as  the  medium  is  as¬ 
sumed  to  have  a  high  electrical  conductivity,  the  flow  will  still 


not  be  able  to  penetrate  into  the  earth’s  field.  As  a  result, 
the  cavity  can  be  represented  as  a  blunt  body  in  a  hypersonic 
flow.  In  this  case  we  expect  a  bow^  shock  some  distance 
ahead  of  the  body  or  magnetosphere  boundary. 29-31  The 
region  between  the  shock  and  the  body  would  then  contain  a 
high-temperature  plasma  as  well  as  appreciable  turbulence 
generated  by  the  shock. 

The  fact  that  the  shape  of  the  magnetosphere  boundary 
will  not  be  altered  significantly  is  seen  most  easily  by  noting 
that  a  rough  approximation  to  the  pressure  distribution  on  a 
hypersonic  body  is  the  Newtonian  distribution.  The  bound¬ 
ary  condition  at  the  surface  is  that  the  pressure  just  outside 
must  equal  the  magnetic  pressure  inside.  The  Newtonian 
distribution  is,  apart  from  a  factor  of  2,  identical  to  the  pres¬ 
sure  required  to  reflect  the  particles  at  the  boundary.  There¬ 
fore,  the  shape  obtained  from  the  free-particle  picture  is 
identical  to  the  shape  obtained  from  the  Newtonian  distribu¬ 
tion  if  the  freestream  density  is  twice  as  high  in  the  New¬ 
tonian  case.  Several  refinements  of  the  aerodynamics  be¬ 
yond  the  Newtonian  distribution  are,  of  course,  possible, 
based  on  our  presently  more  detailed  knowledge  of  the  hy¬ 
personic  flow  over  blunt  bodies. These  would  produce 
some  quantitative  changes  in  the  shape,  particularly  away 
from  the  stagnation  region.  However,  details  some  distance 
behind  the  earth  are  probably  highly  questionable.  An  un¬ 
steady  wake  could,  for  example,  cause  the  downstream  por¬ 
tion  of  the  magnetosphere  cavity  to  oscillate.  Also,  as  will 
be  discussed  in  Sec.  VI,  there  is  some  reason  to  believe  that 
field  reconnection  can  appreciably  affect  the  shape  of  the 
downstream  portions  of  the  cavity. 

In  our  discussion  thus  far,  we  have  neglected  the  effect 
of  the  interplanetary  magnetic  field  on  the  aerod^mamic  cal¬ 
culation,  except,  of  course,  that  we  have  made  use  of  it  to 
justify  the  continuum  approach.  This  is  a  reasonable  ap¬ 
proximation  in  much  of  the  flow.  The  djmamic  pressure  in 
the  interplanetary  plasma  is  so  much  larger  than  the  mag¬ 
netic  pressure  that  behind  a  normal  shock  the  gas  pressure 
will  be  several  times  the  magnetic  pressure,  and,  therefore, 
it  seems  reasonable  to  neglect  the  magnetic  pressure.  There 
is,  however,  at  least  one  exception  to  this  which  occurs  in  the 
neighborhood  of  the  stagnation  point.  If  we  look  at  a  tube 
of  magnetic  field  lines  which  is  moving  toward  the  stagnation 
point,  the  plasma  on  this  field  tube  can  flow  out  along  the 
field  lines.  The  magnetic  field  can,  however,  only  go  around 
the  body  by  moving  sideways.  For  field  lines  close  to  the 
stagnation  streamline,  the  plasma  can  escape  more  rapidly 
than  the  field  lines.  Thus,  we  may  expect  that  the  density 
would  decrease  as  the  stagnation  point  is  approached.  The 
decrease  in  plasma  pressure  would  be  balanced  by  an  in¬ 
crease  in  the  magnetic  pressure.  This  conclusion  may  ex¬ 
plain  the  observation  that,  in  some  cases,  although  the  direc¬ 
tion  of  the  magnetic  field  changes  abruptly  at  the  magneto- 
si^here  boundary,  its  magnitude  is  almost  the  same  on  both 

sides.  33 

In  summary,  the  general  shape  of  the  magnetosphere 
boundary  is  a  blunt  body  that  extends  considerably  further 
behind  the  earth  than  it  does  toward  the  sun.  The  quantita¬ 
tive  description  is  quite  accurate  near  the  stagnation  point, 
but  uncertainties  grow  as  we  move  toward  the  region  behind 
the  earth.  We  would  expect  a  bow^  shock  at  nearly  the  or¬ 
dinary  aerodynamic  standoff  distance  ahead  of  the  stagna¬ 
tion  point. 

Satellite  experiments  have  confirmed  the  existence  of  a 
sharp  magnetosphere  boundary  that  occurs  at  approximately 
the  expected  location  in  the  neighborhood  of  the  stagnation 
point. 33  Behind  the  earth  the  boundary  has  also  been  ob¬ 
served.  3^-  35  Its  position  in  this  region  seems  to  vary  with 
time.  It  is  not  clear  whether  this  is  caused  by  variations  in 
the  strength  and  direction  of  the  solar  wind  or  by  unsteadiness 
in  the  wake.  In  any  event,  observations  of  the  magnetic 
field  strength  in  this  region  are  in  conflict  with  the  simple 
aerodynamic  model.  This  point  will  be  discussed  in  Sec.  VI. 
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The  region  between  the  boundary  and  the  shock  has  been 
shown  to  contain  appreciable  turbulence^®  as  was  to  some 
extent  anticij)ated  by  collision  free  shock  theories.  As  men¬ 
tioned  earlier,  the  shock  wave  itself  may  have  been  seen  on 
very  recent  exi)eriments.^^ 


IV.  Internal  Motions 

It  was  observed  by  Gold^'*’  that  the  resistance  of  the  earth’s 
atmosphere  would  i)ermit  motion  within  the  magnetosphere. 
Since  the  earth  is  a  good  conductor,  the  magnetic  field  lines 
are  solidly  anchored  at  ground  level.  If  there  were  direct  con¬ 
tact  with  the  conducting  plasma  in  the  magnetosphere,  the 
base  of  the  magnetGSi)here  would  have  to  move  with  the 
earth.  However,  with  the  insulation  provided  b}^  the  atmos¬ 
phere,  the  field  and,  therefore,  the  base  of  the  magnetosphere 
are  free  to  slide  over  the  top  of  the  ionosphere.  This  situation 
is  quite  analogous  to  the  case  of  a  co]q)er  disk  placed  between 
the  pole  ])icces  of  a  magnet.  If  the  disk  rotates,  it  will  be¬ 
come  ])olarized  and  have  a  radial  electric  field  within  it.  If 
no  electrical  connection  is  made  to  a  stationary  conductor, 
no  current  will  flow,  and  there  will  be  no  deceleration  of  the 
angular  velocity  of  the  disk.  The  electric  field  within  the 
copper  would  be  such  that  E  v  X  B  =  ().  This  is  just  the 
condition  that,  in  plasma  language,  is  described  as  having  the 
magnetic  field  lines  within  the  coj^per  moving  with  the  cop])er. 
We  thus  have  a  situation  in  which  the  magnetic  field  in  the 
co])per  disk  (magnetosi:>here)  moves  relative  to  the  magnetic 
field  in  the  ])ole  face  (earth). 

The  motions  within  the  magnetos] )here  are,  however, 
severely  restricted.  Since  the  dipole  field  increases  rajudly 
in  magnitude  as  we  move  in  from  the  boundary,  we  would  ex- 
])ect  the  magnetic  i)ressure  to  be  large  compared  to  the 
])lasma  pressures  over  most  of  the  magnetosphere.  As  a  re¬ 
sult,  the  magnetic  field  must  be  very  accurately  force-free. 
This  implies  that  in  these  regions  the  field  will  be  very  close  to 
the  di]wle  field.  Motions  that  are  allowed  must,  therefore, 
leave  the  field  unchanged.  Such  motions  occur  if  an  entire 
magnetic  field  line  interchanges  its  jDOsition  with  another  line. 
Therefore,  if  the  flow  pattern  is  known  on  one  ])lane  inter¬ 
secting  the  magnetosphere,  the  flow  pattern  of  any  other 
plane  can  be  obtained  by  tracing  the  field  lines  to  the  second 
jflane.  We  may  also  note  that,  since  we  have  alread}^  satis¬ 
fied  momentum  balance  b}''  the  force-free  condition,  the  deter¬ 
mination  of  the  flow  pattern  reduces  princi])ally  to  a  kine¬ 
matic  problem.  It  also  should  be  remembered  that  inside, 
but  near  the  boundary  as  well  as  behind  the  earth  where  the 
field  is  weak,  the  foi’egoing  restrictions  do  not  api)ly  since  the 
plasma  stresses  can  be  a])])reciablc. 

Our  knowledge  of  the  flow  of  i)lasma  within  the  magneto¬ 
sphere  is  derived  almost  entirety  from  observations  of  the 
geoi)hysical  i)henomena  that  this  flow  i)roduces.  There  are 
two  categories  of  geoi)hysical  ])henomena  which  can  be  inter- 
l)reted  as  resulting  directly  from  plasma  flow  within  the 
magnetosphere,  namely,  auroral  motions  and  magnetic  dis¬ 
turbances.  The  second  of  these  is  more  comjfletely  under¬ 
stood  because  of  the  com])arative  ease  of  obtaining  and  re¬ 
ducing  magnetic  data.  Also,  since  magnetic  disturbance 
data  may  be  re])resented  by  equivalent  current  systems 
flowing  in  the  ionosphere, the  conservation  of  current 
allows  the  entire  northern  ionosphere  currents  to  be  mapped 
using  simultaneous  observations  at  a  relatively  few  observa¬ 
tories.  However,  in  the  case  of  the  aurora,  to  obtain  a  com¬ 
plete  lecture  of  auroral  phenomena  at  a  given  time  would  re¬ 
quire  enough  observatories  to  see  the  entire  northern  sky. 
Therefore,  magnetos] )heric  motions  have  been  inferred  mostly 
from  magnetic  distuihance  data,  and  these  motions  have 
been  shown  to  be  consistent  with  auroral  observations.  It 
is  well  known  that  the  field  of  ionosj^heric  measurements  and 
auroral  observations  is  characterized  by  a  wealth  of  detail 
that  is  described  in  many  more  or  less  subjective  ways.  We 
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Fig.  1  Taken  from  Fnkiishima  and  Oguti.®^  Idealized 
ionospheric  ciirreiit  system  needed  to  produce  the  observed 
magnetic  disturbance  {DS  component).  1.5  X  10'*  amp 
flows  between  adjacent  streamlines. 

shall,  in  this  i)aper,  give  only  the  barest  outline  of  this  mass 
of  observational  data  and  its  interpretation. 

The  observed  disturbances  of  the  geomagnetic  field  are 
assumed  to  be  due  to  currents  flowing  in  the  ionos))hcre. 
These  ionospheric  current  s3^stems  have  been  derived  for  a 
number  of  magneticalty  disturbed  days,  and  a  model  idealized 
S3' stem'*®  is  shown  in  Fig.  1.  The  pattern  of  motion  of  field 
lines  in  the  ionosphere  is  the  same  as  the  current  i)attern, 
with  the  direction  of  motion  opi)osite  to  the  direction  of 
current.  This  relationshij)  between  the  field  line  motions 
and  the  ionosi)heric  currents  derives  from  two  properties  of 
the  ionosphere,  namel3^,  the  dominance  of  the  Hall  con- 
ductivity^  and  the  immobility  of  ionosi)heric  ions.  Since 
iCT  for  the  electrons  is  large,  the  electron  motions  are  frozen 
to  the  magnetic  field  lines,  E  -^Ve  X  B  ==  0.  The  ions,  on 
the  other  hand,  are  immobile  because  of  frequent  collisions 
with  the  neutrals.  This  imi)lies  that  the  ionospheric  currents 
are  primarily  due  to  the  motions  of  electrons.  Combining 
these  properties  gives  the  approximate  relation  J—  —  neFj?, 
where  J  is  the  ionospheric  current,  n  the  electron  density,  and 
Yb  the  velocity  of  the  magnetic  field  lines.  One  can  now  see 
the  ^Typical”  motion  of  magnetic  field  lines  by  again  referring 
to  Fig.  1.  The  field  line  motions  in  the  plane  of  the  iono- 
si)here  are  along  the  current  streamlines,  but  in  a  direction 
o]q:>osite  to  that  indicated  by  the  arrows.  If  the  current 
densities  and  electron  densities  are  known,  then  the  magnitude 
of  the  field  lines’  velocities  can  also  be  determined. 

There  apj^ear  to  be  two  se])arate,  but  related  closed  ])attcrns 
of  motion  of  the  field  lines.  One  is  a  ])olar  pattern  in  which 
field  lines  move  across  the  polar  region  in  the  antisolar  direc¬ 
tion  and  return  in  a  lower  latitude  band.  This  pattern  is 
tilted  to  the  west  of  earth-sun  line.  The  second  pattern  is 
at  lower  latitudes  and  is  comjwsed  of  two  separate  closed 
S3'Stems,  one  on  the  morning  side  and  one  on  the  evening  side 
of  the  earth.  Each  of  these  two  subsystems  rotates  in  a  sense 
opposite  to  the  adjacent  polar  system. 

Next,  we  look  briefly  at  the  extent  to  which  these  derived 
motions  of  the  field  lines  are  supported  by  auroral  observa¬ 
tions.  The  plasma  in  the  magnetos])here  is  frozen  to  the 
magnetic  field.  Hence,  field  lines  and  plasma  move  together, 
and  this  motion  will  be  reflected  in  the  motion  of  associated 
visual  or  radio  auroras  in  the  ionosphere.  Observations  of 
the  motion  of  auroras'*^  reveal  that  in  the  auroral  zone  (60°- 
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Fig.  2  Magnetic  field  configuration  (heavy  arrows)  and 
plasma  flow  pattern  (open  arrows)  allowing  for  some 
reconnection  of  field  lines.  Note  that  two  neutral  points 
are  required  since,  for  the  whole  flow  field,  the  net  rate  at 
which  interplanetary  field  lines  become  attached  to  dipole 
lines  must  be  zero.  Numbers  indicate  the  motion  of 
individual  field  lines  with  the  motion  progressing  toward 
higher  numbers.  The  figure  is  drawn  in  the  plane  deter¬ 
mined  by  the  earth-sun  line  and  the  earth’s  dipole  axis. 

Details  within  the  shock  layer  have  not  been  shown. 


70®  geomagnetic  latitude)  auroras  move  to  the  west  in  the 
evening  and  to  the  east  in  the  morning.  At  higher  latitudes, 
the  reverse  situation  occurs.  This  can  be  restated  as;  below 
approximately  70°  geomagnetic  latitude  auroras  move  to¬ 
ward  the  sun,  and  above  this  latitude  auroras  move  away 
from  the  sun.  This  is  seen  to  agree  qualitatively  with  the 
polar  pattern  deduced  from  magnetic  disturbances.  The 
crossover  between  eastward-moving  auroras  and  westward- 
moving  auroras  in  the  auroral  zone  has  been  observed  by 
Davis'^^  to  occur  at  approximately  local  magnetic  midnight. 
This  is  about  3  hr  later  than  one  would  expect  from  the  iono¬ 
spheric  current  pattern.  The  difference  might  possibly  be 
due  to  the  earth’s  rotation,  which  produces  an  apparent  west¬ 
ward  motion  of  the  auroras  which  is  comparable  in  magnitude 
to  the  observed  auroral  velocities.  However,  this  point  is 
not  clear.  Motions  corresponding  to  the  subpolar  pattern 
show  up  in  studies  by  Davis^^  of  large  auroral  loops  opening 
to  the  west  near  midnight.  Motions  of  irregularities  along 
a  loop  are  clockwise  if  viewed  from  the  ground,  although  the 
loop  as  a  whole  is  moving  westward  partly  because  of  the 
earth’s  rotation.  This  clockwise  motion  of  auroras  indicates 
a  counterclockwise  directed  current  that  corresponds  to  the 
subpolar  system. 

Several  theoretical  models  have  been  constructed  in  which 
the  high  latitude  currents  and  auroral  motions  are  generated 
in  some  manner,  directly  or  indirectly  by  the  action  of  the 
solar  wind  on  the  geomagnetic  field.  In  the  model  of  Dun- 
gey,^  the  interplanetary  magnetic  field  plays  a  dominant  role. 
He  considers  a  situation  in  which  the  interplanetary  field  has 
a  generally  southward  orientation.  It  will  then  combine  with 
the  earth’s  field  to  produce  a  neutral  point  in  the  subsolar 
region  and  also  one  in  the  antisolar  region.  The  resulting 
steady-state  magnetic  field  and  plasma  flow  configurations 
in  the  plane  containing  the  earth’s  dipole  and  the  solar- wind 
direction  are  shown  in  Fig.  2.  The  field  lines  are  indicated 
by  continuous  lines  with  heavy  arrow  heads  giving  the  sense. 
The  jflasma  motion  is  indicated  by  the  open  arrows;  these 
arrows  also  indicate  the  motion  of  the  field  lines  since  the 
field  is  frozen  to  the  plasma.  (This  figure  omits  some  flow 
and  field  discontinuities  that  are  not  relevant  at  this  point.) 

Since  the  situation  is  assumed  to  be  steady,  the  diagram 
can  be  interpreted  as  being  either  the  total  field  topology  and 
flow  morphology  at  a  given  time  or  a  time  sequence  of  the 
motion  of  an  individual  field  line  and  a  “particle”  of  plasma. 
This  second  interpretation  is  made  explicit  in  the  diagram  by 
labeling  the  order  of  events  with  numbers  increasing  with 
time.  The  subsolar  apex  of  the  field  line  whose  initial  posi¬ 


tion  coincides  with  the  line  labeled  V  moves  sunward  until  it 
reaches  the  subsolar  neutral  point  where  field  line  cutting 
occurs  (which  will  be  discussed  in  Sec.  V).  Here  the  internal 
field  line  connects  to  the  external  field  line,  which  has  moved 
to  the  neutral  point  from  an  initial  position  which  coincides 
with  the  line  labeled  1 ".  The  field  lines  now  coincide  with  the 
position  of  the  lines  labeled  2'  and  2".  The  lines  indicated 
by  3  through  6  coincide  with  the  positions  reached  at  pro¬ 
gressively  later  times  by  our  two  original  field  lines  that  now 
are  joined  and  are  being  swept  back  by  the  solar  wind.  For  a 
steady  flow,  the  rate  at  which  field  lines  become  joined  must 
equal  the  rate  at  which  they  become  detached.  Thus, 
eventually  they  must  reach  a  position  coinciding  with  line  7 
(which  intersects  the  antisolar  neutral  point)  and  separate. 
The  internal  field  line  then  moves  toward  the  earth  8',  and 
the  external  field  line  is  carried  away  by  the  solar  wind  8". 
In  order  to  complete  the  cycle  the  field  line  must  move  from 
position  8'  to  position  1'.  It  is  reasonable  to  suppose  that 
this  is  accomplished  by  moving  some  distance  towards  the 
earth  and  then  going  around  the  earth. 

The  resulting  motion  of  field  lines  in  the  ionosphere  cor¬ 
responding  to  the  sequence  1”8  is  seen  to  be  across  the  poles 
and  in  an  antisolar  direction  (assuming  that  the  wind  comes 
from  a  direction  near  the  sun) .  This  corresponds  exactly  to 
the  solar-directed  currents  in  the  polar  current  system.  As 
the  field  line  returns  from  position  8  to  position  1,  its  motion 
in  the  ionosphere  must  correspond  to  the  lower  latitude  re¬ 
turn  band  of  the  polar  current  system.  The  ability  of  this 
model  to  reproduce  the  general  features  of  the  polar  current 
system  is  not  critically  dependent  on  the  orientation  of  the 
interplanetary  magnetic  field.  As  long  as  some  joining  of 
field  lines  occurs,  the  field  lines  will  be  dragged  in  a  generally 
antisolar  direction  across  the  poles  and  return  at  lower  lati¬ 
tudes. 

Hines  and  Axford^  have  greatly  extended  the  description  of 
the  internal  flow  patterns  in  the  magnetosphere.  They  ob¬ 
serve  that  the  correlations  with  observational  data  that  they 
obtain  are  independent  of  the  driving  mechanism  of  the  con¬ 
vection  pattern.  Although  they  list  several  possible  mech¬ 
anisms,  including  field  reconnection,  they  tend  to  favor  the 
existence  of  a  shear  stress  at  the  magnetosphere  boundary. 
More  recently  Axford^^  has  observed  that  it  would  not  be  un¬ 
reasonable  for  a  transport  of  momentum  across  the  boundary 
by  waves  to  give  the  required  shear  stress.  In  addition  to 
considering  the  convection  pattern  due  to  the  drag  of  the 
magnetosphere  boundary,  they  also  consider  the  effects  due 
to  the  rotation  of  the  earth.  Since  the  feet  of  the  field  lines 
move  around  with  the  earth,  there  will  be  some  superposed 
rotational  motion.  In  this  manner  they  are  able  to  account 
for  some  of  the  observed  evening-morning  asymmetries  of 
high  latitude  geophysical  phenomena  such  as  auroral  break¬ 
up,  magnetic  bays,  and  numerous  ionospheric  disturbances. 
The  inclusion  of  the  rotation  also  allows  them  to  estimate  the 
latitude  at  which  the  polar  current  pattern  returns.  They 
further  postulate  that  the  subpolar  current  system  corre¬ 
sponds  to  a  secondary  convection  zone  driven  by  the  primary 
convection  zone,  which  in  turn  is  driven  by  the  solar  wind. 

This  brief  description  does  not  do  justice  to  the  many  de¬ 
tails  of  the  flow  pattern  and  correlations  with  observations 
that  Hines  and  Axford  have  succeeded  in  enumerating.  We 
have,  however,  tried  to  emphasize  that  their  model  is  based 
primarily  on  convection  cells  driven  by  an  interaction  with 
the  solar  wind.  It  is  interesting  to  note  that  both  they  and 
Dungey  felt  that  the  evidence  for  such  an  interaction  was 
strong  enough  to  require  them  to  postulate  its  existence  even 
though  no  mechanism  was  known  which  required  such  an 
interaction.  In  Secs.  V  and  VI  of  this  paper  we  will  observe 
that  the  rate  at  which  field  lines  are  reconnected  at  the  bound¬ 
ary  provides  an  interaction  that  is  of  the  right  order  of 
magnitude  to  drive  the  primary  convection  cell.  Thus,  re¬ 
connection  of  field  lines  is  probably  the  driving  mechanism 
for  the  internal  flow. 
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V.  Boundary 

Thus  far  in  considering  the  external  flow  between  the 
magnetosphere  boundary  and  the  shock  wave  we  have  been 
able  to  assume  the  plasma  to  have  infinite  conductivity. 
Within  this  approximation,  the  magnetosphere  boundary 
would  be  an  infinitely  thin  layer  containing  a  current  sheet 
which  gives  rise  to  the  required  change  in  magnetic  field 
across  it.  If  we  now  consider  a  finite,  but  high  conductivity, 
this  change  in  field  will  take  i)lace  across  a  narrow  but  finite 
thickness.  In  this  section  we  will  briefly  review  an  analysis^ 
of  this  boundary  layer,  paying  i)articular  attention  to  the  role 
of  the  normal  comi)onent  of  the  magnetic  field  across  the  layer 
which  gives  rise  to  the  coui)ling  between  the  external  and  the 
internal  flows. 

Let  us  first  notice  that  we  expect  an  aj^preciable  change  in 
the  direction  of  the  magnetic  field  across  this  boundary. 
The  external  magnetic  field  will  be  forced  against  the  bound¬ 
ary  by  the  wind.  It  will,  therefore,  lie  essentially  in  the 
the  plane  of  the  boundary,  but  can  have  an  arbitrary  direc¬ 
tion  in  this  plane  determined  by  its  direction  in  the  free- 
stream.  The  internal  magnetic  field  will  also  lie  essentially 
in  the  plane  of  the  boundary,  but  will  have  its  direction  deter¬ 
mined  by  the  dipole  axis  of  the  earth.  Since  these  two  direc¬ 
tions  are  unrelated,  we  would,  in  general,  expect  to  have  an 
appreciable  change  in  the  direction  of  the  magnetic  field  as  we 
cross  the  boundary.  Furthermore,  since  the  magnetic  field 
in  the  intci'iilanetary  jfiasma  is  known  to  fluctuate  consider¬ 
ably,  we  would  expect  to  have  different  changes  in  direction 
at  different  times.  The  simplest  case  to  analyze  is  the  case 
in  which  the  direction  of  the  magnetic  field  changes  by  180°, 
that  is,  the  field  direction  in  the  interi)lanetary  plasma  and 
the  magnetic  field  of  the  earth  are  antii)arallel.  We  will  con¬ 
sider  only  this  case  and  assume  that  the  result  is  not  too  angle- 
sensitive  and  therefore  that  the  results  will  apply  ap])roxi- 
mately  to  any  case  in  which  the  angle  is  large. 

A  sketch  of  the  flow  and  magnetic  field  configuration  of  the 
over-all  flow,  including  some  resolution  of  the  boundary  la3'er, 
is  shown  in  Fig.  3.  The  field  lines  in  the  inter]fianetary 
plasma  are  carried  toward  the  magnetosj)here  b^^  the  solar  wind. 
As  the  field  lines  cross  the  shock,  they  will  be  somewhat  dis¬ 
torted,  but  they  will  continue  to  move  toward  the  magneto¬ 
sphere  boundary.  The  field  lines  will  reach  the  boundary 
first  in  the  neighborhood  of  the  stagnation  point.  Since  the 
magnetic  field  is  of  op])osite  sign  on  the  two  sides  of  the  bound¬ 
ary,  there  must  be  a  point  within  the  boundary  wher-e  the 
magnetic  field  is  zero.  At  such  a  neutral  point  in  the  mag¬ 
netic  field  it  is  i)ossiblc  to  have  magnetic  field  lines  cross. 
The  motion  of  the  magnetic  field  lines  toward  the  boundary 
corresj)onds  to  an  electric  field  ]rcr})endicular  to  the  plane  of 
the  irajrer.  Since  for  a  steady  flow  V  X  E  =  0,  this  electric 
field  cannot  change  across  a  thin  boundary  and  is  therefore 
the  same  on  both  sides  of  the  boundary.  However,  since  the 
magnetic  fields  are  in  ojqwsite  dir-ections,  they  move  in  ojrpo- 
site  dir’ections  on  the  two  sides  of  the  boundary.  In  other 
words,  the  magnetic  fields  on  both  sides  of  the  boundary 
move  toward  the  boundary.  When  these  field  lines  move 
through  the  ci'ossed  configuration  at  the  neutral  ])oint  they 
can  reconnect  themselves  and  move  out  along  the  boundary. 
That  is,  the  top  half  of  the  interplanetary  field  line  becomes 
connected  to  a  field  line  that  goes  to  the  North  Pole  of  the 
earth  while  the  other  half  of  the  interplanetary  field  line  be¬ 
comes  connected  to  the  portion  of  the  earth’s  field  line  coming 
from  the  South  Pole.  This  is  most  easily  visualized  on  Fig. 
3  by  considering  the  successive  field  lines  drawn  as  a  time 
sequence  in  the  history  of  an  individual  field  line.  (This 
particular  feature  is  indicated  more  clearly  in  Fig.  2,  al¬ 
though  the  details  of  the  shock  layer  are  not  shown.)  Now 
such  reconnection  of  the  field  lines  is  only  possible  in  a  finite- 
conductivity  medium.  For  an  infinite-conductivity  medium 
the  condition  E  v  X  B  —  0  applied  at  the  neutral  point 
would  require  zer*o  electric  field.  Zero  electric  field  in  turn 


would  mean  that  the  magnetic  field  lines  approach  the  neu¬ 
tral  point  at  zero  velocity  and,  therefore,  that  no  reconnec¬ 
tion  occurs.  In  the  presence  of  finite  conductivity  this  re¬ 
striction  does  not  apply  since  the  electric  field  does  not  have 
to  vanish  when  the  magnetic  field  vanishes. 

The  foregoing  discussion  of  the  motion  of  the  field  lines  was 
based,  to  some  extent,  on  the  two-dimensional  picture.  In 
the  actual  three-dimensional  case,  a  field  line  does  not  have 
to  continue  to  move  toward  the  neutral  point  and  be  re¬ 
connected,  but  can  move  out  of  the  plane  of  the  paper  and  go 
around  the  magnetosphere.  In  fact,  the  infinite-conductivity 
treatment  of  the  shock  layer  assumes  that  all  of  the  field  lines 
must  go  around  the  body.  The  number  of  field  lines  which 
will  be  reconnected  rather  than  going  around  the  body  de¬ 
pends  then  upon  the  efficiency  of  the  reconnection  process. 

The  flow  in  the  neighborhood  of  a  neutral  point  has  re¬ 
ceived  considerable  attention  in  the  literature. In  partic¬ 
ular,  Parker^^  has  analyzed  a  steady-flow  situation  that  is  in 
some  respects  similar  to  the  case  of  interest  here.  His  model 
is  based  entirely  on  the  diffusion  of  magnetic  fields  due  to  the 
finite  electrical  conductivity  of  the  medium.  The  result  ob¬ 
tained  is  quite  close  to  the  usual  stagnation-point  solution  in 
ordinary  aerodynamics,  namety  that  the  rate  at  which  fluid 
flows  into  the  boundary  layer  decreases  as  the  square  root  of 
the  appropriate  Reynolds  number.  For  the  high  electrical 
conductivity,  which  we  expect  in  the  interplanetary  plasma, 
the  rate  at  which  the  plasma  and,  therefore,  magnetic  field 
lines  move  into  the  boundary  layer  would,  on  this  basis,  be 
extremely  small.  This  analysis,  however,  grossly  under¬ 
estimates  the  rate  at  which  field  lines  can  move  toward  the 
boundar^^  and  get  reconnected. 

In  a  magnetohydrodynamic  fluid  it  is  not  immediately  ob¬ 
vious  that  the  boundary  layer  must  spread  only  by  diffusion 
processes.  For  examjfie,  we  know  that  a  shear  discontinuity, 
which  in  the  absence  of  a  magnetic  field  would  spread  only 
because  of  viscosity,  in  the  presence  of  a  magnetic  field  will 
propagate  along  magnetic  field  lines  as  an  Alfven  wave. 
Since  the  wave-propagation  si:)eed  is  independent  of  the  con¬ 
ductivity  of  the  medium,  the  wave  will  spread  the  informa¬ 
tion  of  the  shear  discontinuity  much  more  rapidly  into  the 
fluid  at  high  electrical  conductivities  than  the  diffusion  proc- 


Fig.  3  Schematic  drawing  of  magnetic  field  (solid  lines) 
and  plasma  flow  (dots)  in  the  subsolar  region.  The  flow 
is  decelerated  by  the  bow  shock.  The  magnetosphere 
boundary  is  resolved  into  an  Alfven  wave  and  a  slow  ex¬ 
pansion  fan. 
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ess.  We  may  therefore  anticipate  that  there  may  be  wave 
processes  associated  with  the  boundary  which  would  spread 
the  boundary  much  more  rapidly  than  diffusion. 

In  a  dissipationless  magnetohydrodynamic  fluid  there  are 
three  different  wave  modes  that  can  propagate.  Although 
the  flow  behind  the  bow  shock  must  be  subsonic  relative  to 
the  fast  propagation  speed,  this  flow  can  still  be  supersonic 
relative  to  the  intermediate  (i.e.,  Alfven)  and  slow  propaga¬ 
tion  speeds.  In  such  a  case  we  might  expect  to  find  standing 
intermediate  and  slow  waves  somewhere  in  the  flow  behind 
the  bow  shock.  Actually,  the  propagation  speed  of  both  the 
intermediate  and  the  slow  waves  perpendicular  to  the  mag¬ 
netic  field  is  zero.  Therefore,  precisely  on  the  stagnation 
streamline  we  cannot  have  a  standing  wave  at  any  flow  ve¬ 
locity.  However,  if  we  go  slightly  away  from  the  stagnation 
point  along  the  boundary,  the  presence  of  field  cutting  at  the 
stagnation  point  can  give  rise  to  a  normal  component  of 
magnetic  field  (Fig.  3).  Therefore,  a  short  distance  away 
from  the  stagnation  point  standing  waves  may  exist.  We 
may  therefore  look  for  a  configuration  in  which  the  changes 
required  across  the  boundary  are  accomplished  by  waves  at 
some  distance  from  the  stagnation  point,  and  diffusion  is  re¬ 
quired  only  in  the  vicinity  of  the  stagnation  point.  We 
might  further  expect  that  for  very  high  conductivities  the 
wave-propagation  velocity  can  compete  with  the  diffusion 
velocity  for  very  small  normal  components  of  the  magnetic 
field  and  therefore  that  the  diffusion  region  can  become  very 
small.  This  reduction  in  the  length  of  the  diffusion  region 
decreases  its  Reynolds  number  and  therefore  has  the  effect  of 
allowing  a  much  more  rapid  flow  through  the  neutral  point 
and  hence  an  appreciably  more  rapid  rate  of  field  reconnec¬ 
tion. 

We  must  now’  ask  whether  it  is  possible  to  construct  a  set 
of  weaves  which  will  take  us  from  the  external  region,  where 
there  is  a  field  of  one  sign  and  finite  gas  pressure,  to  the  region 
behind  the  boundary,  where  the  field  is  essentially  of  the 
opposite  sign  and  where  the  gas  pressure  is  zero.  Such  a  set 
of  weaves  can  be  found  and  are  sketched  in  Fig.  3.  The  field 
reversal  can  be  accomplished  by  an  intermediate  wave  that 
has  the  property  that  the  tangential  component  of  magnetic 
field  can  be  rotated  through  an  arbitrary  angle  including 
180°,  although  its  magnitude  does  not  change.  The  pressure 
and  density  of  the  plasma  also  do  not  change  across  such  a 
wave.  Behind  the  intermediate  wave  we  are  then  left  with 
a  region  in  which  the  magnetic-field  direction  has  already 
been  reversed,  but  the  gas  pressure  is  still  finite.  We 
can  now  get  from  this  condition  to  the  zero  pressure  condition 
by  means  of  a  slow  expansion  fan  in  which  the  magnetic 
pressure  increases  to  balance  the  decrease  in  plasma  pressure. 
We  may  note  that,  as  the  fluid  moves  to  the  intermediate 
wave,  the  sharp  bend  in  the  magnetic  field  lines  gives  it  a 
large  acceleration.  Thus,  behind  the  intermediate  wave  the 
fluid  is  moving  along  the  boundary  at  a  speed  roughly  equal 
to  the  Alfven  speed.  This  rapid  motion  represents  a  signif¬ 
icant  mass  flow  away  from  the  stagnation  region  even  in  a 
thin  layer. 

In  terms  of  rather  gross  arguments  of  momentum  and  mass 
conservation,  it  was  shown®  that  such  a  wave  region  could 
be  matched  consistently  to  the  diffusion  region  which  is  re¬ 
quired  in  the  neighborhood  of  the  stagnation  point.  In  fact, 
this  matching  can  be  done  for  a  whole  range  of  values  of  the 
velocity  of  the  fluid  approaching  the  stagnation  point. 
As  the  velocity  or  the  rate  of  field  reconnection  increases, 
the  length  of  the  diffusion  region  continually  decreases.  The 
existence  of  a  range  of  values  can  be  interpreted  in  terms  of  a 
low  velocity  flow  over  such  a  stagnation  point.  If  the  free- 
stream  flow’  velocity  is  within  the  range  for  which  consistent 
solutions  are  allowed,  then  the  stagnation  streamline  will  not 
slow  down  as  it  approaches  the  stagnation  point.  The  fluid 
coming  in  along  this  line  can  be  pulled  out  fast  enough  by  the 
acceleration  across  the  intermediate  wave.  However,  if  the 
freestream  velocity  exceeds  the  maximum  velocity  allowed 


for  by  the  boundary,  the  presence  of  the  body  will  begin  to 
affect  the  freestream.  The  stagnation  streamline  will  have 
a  velocity  that  decreases  toward  the  stagnation  point.  The 
boundary  will  be  at  the  point  where  the  flow  velocity  just 
matches  the  maximum  allowed  velocity  into  the  boundary 
layer.  In  the  flow  that  we  are  considering,  the  freestream 
velocity  is  very  high;  therefore,  the  rate  at  which  flow  goes 
into  the  boundary  layer  will  be  the  maximum  one  allowed 
by  the  rate  of  field  reconnection. 

The  maximum  rate  at  which  field  lines  can  flow  toward  the 
neutral  point  and  become  reconnected  is  determined  by  the 
fact  that,  in  the  wave  region  as  the  flow  velocity  increases, 
the  normal  component  of  magnetic  field  must  increase.  This 
flux  through  the  boundary  removes  field  lines  from  the  stag¬ 
nation  region,  thus  decreasing  the  magnetic  field  in  that 
neighborhood.  As  this  field  decreases,  the  rate  at  which  field 
lines  diffuse  to  the  neutral  point  decreases,  and  therefore  the 
entire  process  is  self-limiting.  Estimating  this  limit  as 
occuring  when  the  magnetic  field  has  been  reduced  by  a  factor 
of  2  the  following  relation  was  obtained  for  the  maximum 
flow  velocity  through  the  neutral  point: 

^  _ Va _ ^ 

ln[(2M„.x/7x)(B/3)] 

where  Wmax  is  the  maximum  flow  velocity.  Fa  is  the  Alfven 
speed  based  on  the  absolute  magnitude  of  magnetic  field  and 
the  density  in  the  region  slightly  upstream  of  the  stagnation 
point,  cr  is  the  effective  electrical  conductivity  in  electro¬ 
magnetic  units,  R  is  a  scale  length  of  the  flow  field  along  the 
boundary  which  can  be  taken  roughly  as  the  radius  of  the 
magnetosphere,  and  d  is  the  thickness  of  the  boundary  in  the 
diffusion  region.  The  foregoing  relation  was  estimated  to  be 
good  to  about  a  factor  of  2  if  the  electrical  conductivity  is 
known. 

The  significant  feature  of  this  result  is  that  the  rate  of  field 
reconnection  depends  only  logarithmically  on  the  electrical 
conductivity.  Thus,  even  if  the  electrical  conductivity  is 
very  high,  the  rate  of  field  reconnection  will  be  appreciable. 
The  logarithmic  dependence  is  also  extremely  fortunate  in 
that  it  is  quite  insensitive  to  the  considerable  uncertainty 
in  the  value  of  the  effective  conductivity  in  the  turbulent 
medium  which  was  indicated  in  Sec.  II. 

The  foregoing  equation  was  written  also  in  terms  of  the 
thickness  of  the  diffusion  region  since  it  is  probably  easier  to 
estimate  this  thickness  than  it  is  to  estimate  the  conductivity 
itself.  In  order  to  obtain  a  lower  limit  to  the  rate  of  field  re¬ 
connection,  we  may  assume  that  the  boundary-layer  thickness 
in  the  diffusion  region  cannot  be  any  smaller  than  an  electron 
gyroradius.  If  it  were  smaller  than  this  and  carried  the  re¬ 
quired  current,  the  electrons  would  have  to  move  at  a  velocity 
higher  than  their  thermal  speeds  just  ahead  of  the  boundary 
layer.  Such  a  thickness  would  seem  to  be  a  lower  hmit  to  the 
possible  thickness  of  the  boundary.  Taking  the  magneto¬ 
sphere  radius  as  10^  km  and  the  electron  gyroradius  as  3  km, 
the  velocity  of  reconnection  becomes  0.1  Fa.  Probably 
a  more  reasonable  value  for  the  minimum  thickness  of  the 
diffusion  region  would  be  the  ion  gyroradius,  ~  100  km. 
Although  some  satellite  evidence  suggests  this  order  of  mag¬ 
nitude  of  thickness,  the  interpretation  is  somewhat  ambiguous 
because  of  possible  motion  of  the  boundary.  Using  100  km 
for  the  thickness  of  the  diffusion  region,  we  obtain  a  reconnec¬ 
tion  velocity  of  ^  0.2  7a.  We  therefore  conclude  that  the 
rate  of  field  reconnection  at  the  magnetosphere  boundary  is 
at  least  0.1  Fa  and  is  probably  more  like  0.2  7a. 

From  this  rate  of  reconnection  we  may  now  estimate  what 
fraction  of  the  field  lines  that  pass  through  the  bow  shock 
wave  also  pass  through  the  reconnection  region  rather  than 
going  around  the  magnetosphere  without  being  cut.  For  a 
freestream  ratio  of  flow  speed  to  Alfven  speed  of  8,  the  flow 
velocity  behind  a  normal  shock  is  1.1  7a.  The  fraction  re¬ 
connected  is  roughly  the  ratio  of  the  flow  through  the  stag- 
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nation  point  {uB)  to  that  through  the  shock.  If  we  assume 
that  neithei’  the  magnetic  field  strength  nor  the  Alfven  speed 
change  a]:)preciably  as  we  move  from  the  shock  toward  the  stag¬ 
nation  i)oint,  this  would  imply  that  the  fraction  reconnected 
is  ^0.1  or  0.2,  de])ending  upon  the  choice  of  6,  Actually, 
the  variations  in  the  density  and  the  magnetic  field  strength 
mentioned  in  Sec.  Ill  are  in  such  a  direction  that  this  is  an 
underestimate  of  the  fraction  of  the  field  lines  which  will  be¬ 
come  reconnected.  The  lower  limit  to  the  fraction  recon¬ 
nected  is  therefore  0.1.  There  is,  of  course,  an  absolute  upper 
limit  of  unity.  As  a  result,  the  estimate  of  0.2,  which  cor- 
res])onds  to  a  more  likel}"  choice  of  5,  is  fairly  closely  bracketed. 

The  estimate  of  0.2  corresponds  to  a  significant  fraction  of 
the  incident  field  lines  becoming  reconnected  to  the  earth^s 
field  lines.  In  fact  (Sec.  VI),  it  is  sufficient  to  drive  the  in¬ 
ternal  convective  pattern.  However,  most  of  the  field  lines 
still  go  around  the  magnetosphere.  Therefore,  anatyses  of 
the  external  flow  which  neglect  field  reconnection  are  not 
significantly  disturbed  at  least  in  the  stagnation  region,  but 
significant  effects  may  occur  toward  the  wake. 

VI.  Over-All  Flow 

The  estimate  made  in  the  previous  section  of  the  rate  of 
field  reconnection  leads  to  the  possibility  of  quantitative 
evaluation  of  various  couplings  between  the  internal  and  ex¬ 
ternal  flows.  In  addition  to  the  transfer  of  momentum  due 
to  the  dragging  of  the  field  lines  by  the  solar  wind,  the  exis¬ 
tence  of  a  normal  component  of  magnetic  field  allows  the 
flow  of  some  plasma  and  high  energy  particles  across  the 
boundary.  In  the  present  paper  we  will,  however,  restrict 
ourselves  to  the  discussion  of  two  features.  First,  we  will 
show  that  the  quantitative  estimate  of  the  fraction  of  field 
lines  reconnected  leads  to  the  right  order  of  magnitude  of 
auroral  velocities  from  which  it  follows  that  the  reconnection 
rate  is  sufficient  to  drive  the  internal  flow.  Secondly,  we  will 
discuss  the  relation  of  field  cutting  to  the  predictions  of  the 
magnetosjiherc  shajie  behind  the  earth  and  Explorer  X 
measurements  in  this  region. 

As  discussed  in  Sec.  IV,  the  over-all  flow  patterns  observed 
in  the  auroral  regions  are  consistent  with  the  picture  of  some 
reconnection  of  field  lines.  In  order  to  claim  that  field  re¬ 
connection  is  responsible  for  driving  this  internal  flow,  we 
must  still  show  that  it  produces  quantitatively  the  correct 
order  of  magnitude  of  flow.  This  can  be  done  most  directly 
by  comparing  the  total  flow  rate  of  magnetic  field  lines.  The 
flow  rate  of  field  lines  within  the  polar  convection  pattern 
must  equal  the  flow  rate  of  magnetic  field  lines  that 
intersect  the  magnetosphere  boundary.  The  rate  at  which 
field  lines  are  incident  on  the  bow  shock  wave  is  the  product 
of  the  interplanetary  magnetic  field,  5  X  10“®  gauss,  the 
flow  velocity  of  the  solar  wind,  500  km/sec,  and  the  diam¬ 
eter  of  the  magnetosphere  which  we  will  take  as  20  earth 
radii,  or  about  10^  km.  From  our  estimate  that  one-fifth  of 
these  field  lines  become  reconnected,  the  flux  of  field  lines 
that  are  joined  to  the  earth  is  about  one-fifth  of  this  product, 
or  approximately  500  gauss-kmVsec  (or  5  X  10^^  Maxwells/ 
sec).  The  flow  rate  in  the  ionosphere  in  the  polar  regions  is 
the  product  of  the  local  magnetic  field  strength,  0.6  gauss,  the 
width  of  the  region  in  which  the  flow  is  in  one  direction,  which 
can  be  seen  from  Fig.  1  to  be  about  30®  or  3  X  10^  km,  and 
auroral  velocities  that  are  typically  between  0.1  and  0.5 
km/sec. This  gives  a  total  flow  rate  of  200  to  1000  gauss- 
kmVsec.  The  estimated  flow  rate  at  the  magnetosphere 
boundary  is  therefore  in  excellent  agreement  with  the  ob¬ 
served  flow  rates  in  the  ionosphere.  Thus,  field  reconnection 


1  The  flow  rates  derived  from  ionospheri  ccurrents  are  not  as 
well  determined  as  auroral  velocites  because  of  uncertainties  in 
the  electron  density  in  the  ionosphere.  However,  within  these 
uncertainties,  they  agree. 


not  only  gives  qualitatively  the  current  pattern  observed  in 
the  ionosphere,  but  also  gives  a  quantitatively  correct  pre¬ 
diction  of  the  total  flow  rate  involved. 

It  has  been  suggested  that  the  Explorer  X  measurements 
gi  ve  direct  evidence  for  the  existence  of  a  normal  component 
of  magnetic  field  at  the  boundary  of  the  magnetosphere.^^- 
The  orbit  of  this  satellite  had  an  apogee  of  about  40  earth 
radii  in  an  antisolar  direction.  Data  were  recorded  only 
during  one  outward  pass.  In  this  time  the  satellite  ap¬ 
parently  crossed  the  boundary  of  the  magnetosphere  several 
times  most  likely  because  of  the  motions  of  the  boundary. 
At  each  transition  the  average  magnetic  field  was  observed  to 
change  both  in  direction  and  in  magnitude  corresponding  to  a 
transition  between  an  internal  and  an  external  field.  Plasma 
j)robe  measurements  also  indicated  regions  in  which  there 
was  and  was  not  plasma,  the  boundary  being  consistent  with 
the  magnetic  field  indication.  If  a  physical  boundary  is 
drawn  at  each  transition  consistent  with  the  position  of  the 
satellite  and  a  reasonable  wind  direction,  then  the  measure¬ 
ments  of  the  magnetic  field  direction  indicate  a  substantial 
normal  component  of  the  field  to  the  boundary.  This  argu¬ 
ment  has  been  criticized  on  the  basis  that  the  direction  of  the 
boundary  may  not  be  known  with  sufficient  accuracy  to  make 
the  measurement  of  the  direction  of  the  magnetic  field  re¬ 
lative  to  the  boundary  significant.^^ 

In  addition  to  the  foregoing  argument,  which  may  be  open 
to  some  question,  Exjflorer  X  provided  other  evidence  that 
can  be  interpreted  in  terms  of  escaping  field  lines.  The  in¬ 
ternal  magnetic  field  strength  near  the  boundary  drop])ed 
appreciably  more  slowly  than  a  dipole  field  as  the  satellite  in¬ 
creased  its  distance  from  the  earth.  Thus,  at  30  earth  radii, 
the  field  strength  was  about  167.  If  the  field  lines  did  not 
escape  and  currents  w^ere  restricted  to  the  magnetosphere 
boundary,  then  the  image  dijwle  method  could  be  used  to 
estimate  the  strength  of  the  internal  field.  This  procedure 
would  tend  to  give  a  reduction  in  the  field  strength  at  these 
distances  from  the  earth  as  compared  to  the  dipole  field 
strength.  Hence,  the  field  strength  at  30  earth  radii  should 
be  less  than  the  corresponding  dipole  field  strength  which  is 
about  27.  The  observed  field  strength  is  therefore  almost 
10  times  too  large  at  this  point.  This  increased  field  strength 
is  consistent  with  the  observation  that  the  cavity  appears  to 
be  conically  expanding  and  therefore  makes  a  larger  angle 
with  the  wind  direction  than  would  be  expected  from  the 
theoretical  analyses.  These  data  indicate  that  some  stress 
must  exist  which  drags  the  field  lines  with  the  wind  and  there¬ 
fore  increases  the  field  strength  in  these  regions.  It  is  tempt¬ 
ing  to  suggest  that  this  stress  is  provided  by  the  field  lines 
that  escape  through  the  magnetosphere  boundary.  If  this 
can  be  found  to  agree  quantitatively  it  would  indicate  that 
the  field  reconnection  can  also  give  rise  to  significant  changes 
in  the  shape  of  the  magnetos]ffiere. 

Appendix:  Early  Results  from  the  Satellite  IMP 

Since  this  report  was  prepared,  a  considerable  amount  of 
information  received  from  the  IMP  satellite  (Explorer 
XVIII)  has  become  available.  This  satellite  was  launched 
into  a  highly  eccentric  orbit  (apogee  ^  30  earth  radii)  on 
November  27,  1963.  Since  then  it  has  monitored  magnetic 
fields^*^  and  particle  fluxes'*®-  through  a  large  part  of  the 
magnetosphere.  The  results  i)rovide  direct  confirmation  of 
several  features  of  the  magnetospheric  flow  which  had  been 
predicted,  but  which  had  not  hitherto  been  observed.  IMP 
has  already  proven  to  be  a  i)owerful  tool  for  the  study  of  the 
magnetosphere,  and  there  can  be  no  doubt  that  the  analysis 
of  all  the  information  received  will  provide  us  with  a  greatly 
increased  understanding  of  the  charged  particles  and  mag¬ 
netic  fields  in  the  environs  of  the  earth.  Though  all  this 
analysis  is  still  far  from  comi)lete,  the  results  published  thus 
far  have  a  considerable  bearing  on  this  report,  and  we  are 
therefore  pleased  to  adopt  the  suggestion  of  a  reviewer  and 
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Fig.  4  This  figure,  reproduced  from  Ness,  et  shows 

the  shape  of  the  over-all  flow  in  the  magnetosphere  as 
established  by  measurements  of  the  magnetic  field. 
The  origin  of  the  coordinate  system  used  is  the  center  of 
the  earth.  The  X  axis  is  thie  earth-sun  line;  the  Y  axis 
lies  in  the  ecliptic  plane,  and  the  units  on  both  axes  are 
earth  radii.  The  solid  lines  represent  the  positions  of  the 
shock  wave  and  boundary  as  calculated  theoretically  by 
Spreiter  and  Jones^^  and  others.  These  calculations  have 
been  modified  to  allow  for  the  diurnal  change  in  the  tilt 
of  the  earth’s  magnetic  axis  and  the  aberration  effect  due 
to  the  motion  of  the  earth  in  orbit.  The  data  represent  the 
experimental  points;  since  these  were  generally  not  in  the 
plane  of  the  eclipitic,  each  point  was  rectified  by  rotation 
in  a  meridian  plane.  Shown  for  comparison  is  the  orbit 
of  Explorer  X,^^’  similarly  rectified. 


include  here  a  brief  critical  summary  of  the  information 
presently  available  (August  1964), 

In  the  first  place,  the  existence  of  a  clearly  defined  over-all 
flow  pattern  consisting  of  a  shock  wave,  a  transition  region, 
and  an  interface  (boundary)  has  been  amply  demonstrated. 
Both  the  shock  and  the  interface  are  thin  compared  to  their 
separation  distance,  thus  substantiating  the  arguments  given 
in  Sec.  II  for  the  validity  of  the  continuum  analysis.  The 
observed  flow  pattern  is  in  excellent  agreement  with  general 
predictions  as  to  both  its  nature  and  its  shape.  The  positions 
of  the  shock  and  boundary  as  determined  by  the  magnetic 
data  are  shown  in  Fig,  4  (reproduced  by  kind  permission  of 
Ness,  Scearce,  and  Seek).  The  agreement  with  aerodynamic 
theory  (that  of  Spreiter  and  Jones^^  and  others)  is  seen  to  be 
excellent,  especially  when  it  is  recalled  that  the  data  shown 
was  collected  over  a  period  of  about  3  months  during  which 
time  (in  spite  of  a  low  level  of  solar  activity)  the  velocity  and 
density  of  the  solar  wind  could  hardly  have  remained  per¬ 
fectly  constant. 

The  magnetic  field  and  particle  measurements  demonstrate 
clearly  the  existence  of  a  collisionless  shock  wave.  Across 
this  shock,  the  plasma  flow  changes  abruptly  from  supersonic 
to  subsonic  as  evidenced  particularly  by  the  directional  reso¬ 
lution  of  the  plasma  probe.^^  Ahead  of  the  shock  the  flow  is 
highly  directed,  whereas  behind  the  shock  the  flux  is  approxi¬ 
mately  isotropic.  The  magnetic  field  increases  sharply  across 
the  shock  and  also  changes  direction.  Figure  5  (also  repro¬ 
duced  from  Ness  et  al.)^»  shows  the  magnetic  field  strength 
and  variance  as  measured  on  a  single  pass.  The  shock  is 
clearl3^  visible  at  about  22  earth  radii.  It  is  apparent  that 
the  field  becomes  markedly  noisier  behind  the  shock.  This 
presumably  corresponds  to  turbulence  that  was  produced 
within  the  shock  in  order  to  accomplish  the  necessary  dissi¬ 
pation.  . 

At  the  present  time  the  data  have  not  been  analyzed  in 
sufficient  detail  to  determine  the  actual  shock  thickness  or  to 
define  clearly  the  nature  of  the  turbulent  dissipation  process. 
Some  indications  exist,  however,  which  suggest  that  the 
important  scale  length  is  the  ion  gyroradius  as  proposed  in 


Refs.  12-14,  rather  than  the  smaller  scale  lengths  proposed 
in  Refs.  8-10.  In  Fig.  5,  although  the  magnitude  of  the  field 
appears  to  rise  abruptly  in  less  than  the  time  between  ad¬ 
jacent  plotted  data  points,  the  variance  rises  over  a  measur¬ 
able  distance  (^  10^  km)  corresponding  roughly  to  an  ion 
gyroradius  based  on  the  velocity  and  magnetic  field  in  the 
supersonic  stream.  In  data  from  some  other  passes,  the 
rise  in  magnitude  of  the  magnetic  field  also  occurs  over  a 
measurable  distance  of  the  same  order  of  magnitude.  Also, 
the  observation  of  a  variance  in  the  field  comparable  to  the 
average  field  based  on  an  averaging  procedure  which  did  not 
include  frequencies  above  the  ion  cyclotron  frequency  sug¬ 
gests  that  significant  turbulence  resides  in  the  frequency 
range  of  the  ion  cyclotron  frequency  or  below.  Since  these 
frequencies  correspond  to  wavelengths  of  the  order  of  the 
ion  gyroradius  or  longer,  the  basic  scale  of  the  turbulence  is 
probably  in  this  range.  Since  the  raw  data  contain  an  appre¬ 
ciably  better  frequency  response  that  is  represented  by  the 
averages  that  have  been  published  thus  far,  we  may  anticipate 
that  future  analysis  will  provide  a  much  clearer  definition  of 
the  properties  of  collision  free  shock  waves.  One  rather  sur¬ 
prising  observation  is  the  apparent  existence®®  of  a  thin  (< 
500  km)  region  containing  electrons  with  energies  greater 
than  30  kev.  Although  the  possibility  of  heating  electrons 
in  a  collision  free  shock  and  producing  a  uniform  region  of 
energetic  electrons  behind  the  shock  had  been  previously  dis¬ 
cussed,  the  possibility  of  the  existence  of  a  narrow  spike  had 
not  been  anticipated. 

The  evidence  of  IMP  on  the  question  of  field  cutting  and 
reconnection  as  discussed  in  this  report  is  not  yet  clear.  Di- 
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Ness  et  al 

Fig.  5.  These  data,  also  from  the  report  of  Ness,  et  al.,^^ 
show  the  strength  of  the  magnetic  field  and  a  measure 
of  its  noisiness  as  recorded  by  the  satellite  on  an  outbound 
pass.  The  angles  0  and  0  give  the  direction  of  the  mag¬ 
netic  field.  0  determines  a  latitude;  0  =  0  defines  the 
ecliptic  plane.  <f>  determines  a  longitude,  <^  =  0  is  the 
direction  towards  the  sun.  The  dashed  lines  represent 
an  extrapolation  of  the  earth’s  magnetic  field.  The  com¬ 
pression  of  this  field  to  higher  values  as  the  boundary  is 
approached,  and  the  rapid  drop  at  the  boundary  (^16 
earth  radii)  is  clearly  visible.  Although  these  data  could 
be  interpreted  as  supporting  our  prediction  that  the  field 
should  change  direction  (Alfven  wave)  ahead  of  the  place 
where  it  increases  in  magnitude  (slow  expansion),  the 
point  is  not  very  clear.  Most  of  the  other  passes  illustrated 
are  even  less  clear,  so  that  this  question  can  not  yet  be 
regarded  as  settled.  Ahead  of  the  boundary,  the  field 
strength  remains  on  the  order  of  10  7,  with  a  noise  level 
not  much  smaller,  indicating  considerable  turbulence 
until  22  earth  radii)  the  satellite  crosses  the  shock 
wave.  After  that,  the  instrument  records  the  very  steady 
interplanetary  magnetic  field  of  a  few  7’s.  The  variance 
in  this  region  is  equivalent  to  the  noise  level  of  the  in¬ 
strument  and  the  analytical  procedure.  The  spike  in  the 
noise  at  ^  24  earth  radii  appears  on  several  passes  and 
has  been  interpreted^®  as  a  precursor  wave. 
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rect  measurement  of  the  normal  component  of  the  magnetic 
field  at  the  boundary  is  probably  difficult  since  the  predicted 
value  is  only  about  10%  of  the  tangential  component.  How¬ 
ever,  if  the  wave  pattern  illustrated  in  Fig.  3  is  indeed  present, 
it  should  be  the  case  that  the  field  changes  direction  at  one 
place  (Alfven  wave)  and  changes  strength  (slow  expansion) 
at  another.  The  spatial  sei)aration  between  these  two  changes 
depends  upon  the  distance  along  the  boundary  away  from 
the  neutral  line  at  which  the  measurement  is  made.  Since 
the  position  of  the  neutral  line  is  not  known,  the  expected 
sejmration  is  not  clearly  defined.  The  boundary  that  in 
Fig.  5  occurs  at  about  16  earth  radii  shows  a  change  in  both 
magnitude  and  direction;  however,  it  does  seem  to  show  a 
small  separation  between  them,  but  this  is  not  entirely  clear; 
other  passes  were  even  less  clear.  A  small  fraction  of  the 
boundary  crossings  observed  by  Cahill§  with  Explorer  XII 
did  show  such  a  separation,  the  majority,  however,  did  not. 
A  clearer  resolution  of  this  point  must  await  a  more  careful 
analysis  of  the  data. 
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Small  Magnetofluid-Dynamic  Peristaltic  Motions  Inside  an 
Annular  Circular  Cylindrical  Induction  Compressor 

Joseph  L.  Neuringer*  and  James  H.  Turner! 

Avco  Corporation  J  Wilmington ,  Mass. 


The  small  magnetofluid-dynamic  peristaltic  motions  inside  an  annular  circular  cylindiical 
induction  compressor  are  studied.  The  compressor  consists  of  a  circular  cylindrical  traveling 
wave  tube  of  radius  ro  on  which  is  impressed  a  purely  sinusoidal  current  sheet  of  the  form  nl 
expi(kz  —  o)t)0,  where  nl  is  the  number  of  ampere  turns  per  unit  length,  k  the  wave  number, 
and  CO  the  circular  frequency.  Inside  the  tube,  an  annulus  To  >  r  >  ri  is  filled  with  a  highly 
eonducting  fluid  that  is  constrained  at  the  ends  not  to  move  in  the  axial  direction.  The  fluid 
to  be  pumped  moves  in  an  annulus  ri  >  r  >  r2  and  is  separated  from  the  conducting  fluid  by 
an  impermeable  flexible  diaphragm.  The  eleetromagnetically  induced  motions  of  these  two 
inviseid  and  incompressible  fluids,  when  the  electromechanical  coupling  is  weak,  i.e.,  in  the 
limit  of  small  magnetic  Reynolds  number  (based  on  wave  speed  and  wavelength),  are  examined 
analytically.  From  the  nature  of  the  axial  component  of  the  body  force  induced  in  the  con¬ 
strained  conducting  fluid,  it  is  shown  that  a  time-averaged  constant  axial  pressure  gradient  is 
induced  which  is  transmitted  to  the  pumped  fluid  by  virtue  of  the  mechanical  coupling  be¬ 
tween  them.  If  now,  the  induced,  purely  oscillatory,  radial  force  component  is  sufficient  to 
pinch  and  trap  the  pumped  fluid,  the  ensuing  motion  of  the  latter  would  consist  of  trapped 
packets  of  fluid  traveling  in  the  wave  direction  with  the  wave  speed  of  the  diaphragm  (equal 
to  the  speed  of  the  traveling  current  sheet)  against  the  pressure  gradient  induced  in  it. 


I.  Introduction 

Recently,  a  great  deal  of  interest  has  been  shown  in 
the  application  of  the  principles  of  magnetofluid-dynam¬ 
ics  to  the  compression  and  acceleration  of  poorly  conducting 
liquids  (e.g.,  sea  water),  with  an  eye  toward  its  possible  ap¬ 
plication  to  the  propulsion  of  undersea  craft.^.  ^  To  date, 
most  of  all  of  the  schemes  proposed  involve  the  direct  inter¬ 
action  of  the  magnetic  and  electric  fields  with  the  poor  cori- 
ductor.  Since  the  electrical  conductivity  of  sea  water  is 
approximately  six  orders  of  magnitude  less  than  ordinary 
liquid  metal  conductors,  such  schemes  are  doomed  to  failure 
because  the  magnitudes  of  the  induced  currents  are  so  small 
that  tremendous  field  strengths  are  required  to  produce 
significant  forces.  However,  this  low  conductivity  limita¬ 
tion  could  be  circumvented,  for  example,  if  a  pumping  scheme 
could  be  devised  wherein  the  electromagnetic  field,  instead 
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of  acting  directly  on  the  poor  conductor,  is  made  to  act  di¬ 
rectly  on  an  intermediate  working  fluid  of  large  conductivity. 
If  now,  the  working  fluid  and  the  fluid  pumped  are  me¬ 
chanically  coupled,  the  large  forces  induced  in  the  working 
fluid  could  conceivably  be  transmitted  to  the  pumped  fluid. 

A  possible  scheme  that  utilizes  the  foregoing  concept  is 
shown  schematically  in  Fig.  1.  An  annulus  ro  >  r  >  n,  in¬ 
side  a  circular  cylindrical  tube  of  radius  ro,  is  filled  with  a 
highly  conducting  fluid  that  is  constrained  at  the  ends  not 
to  move  in  the  axial  direction.  The  pumped  fluid,  moving 
in  the  annulus  r2  ;<  r  <  ri,  is  separated  from  the  conducting 
fluid  by  a  flexible  impermeable  diaphragm.  Impressed  on  a 
transmission  line,  in  the  form  of  a  coil  wound  around  the 
cylinder,  is  a  purely  sinusoidal  traveling  current  sheet  of  the 
form  nl  expiikz  —  co0,  where  nl  is  the  amplitude  of  the 
number  of  ampere  turns  per  unit  length,  k  the  wave  number, 
CO  the  circular  frequency,  and  co/A;  =  7,  the  wave  speed.  If 
the  relative  speed  between  the  fluid  conductor  and  wave  is 
different  from  zero,  then  from  the  circular  symmetry,  closed 
azimuthal  currents  will  be  induced  in  the  conductor.  These 
currents,  when  crossed  with  the  radial  and  axial  components 
of  the  traveling  B  field  associated  with  the  traveling  current 
sheet,  produce  axial  and  radial  body  forces,  respectively. 
Since  the  conducting  fluid  is  constrained  at  the  ends  not  to 
move  in  the  axial  direction,  the  axial  velocity  of  the  fluid 


DECEMBER  1964 


SMALL  MAGNETOFLUID-DYNAMIC  PERISTALTIC  MOTIONS 


2077 


conductor  averaged  across  its  annulus  per  cycle  is  zero,  so 
that  an  axial  pressure  gradient  is  induced  in  the  conductor 
given  by 

aVBr‘^  -  dp/dz  (1) 

where  Br  is  the  radial  component  of  the  traveling  B  field  and 
p  is  the  fluid  pressure.  This  pressure  gradient,  which  is  never 
negative  because  of  the  quadratic  dependence  on  the  radial 
magnetic  field  component,  is  transmitted  to  the  pumped 
fluid  via  the  mechanical  coui)ling  between  the  fluids.  If 
now  the  radial  forces  (which  will  be  shown  to  be  purely  os¬ 
cillatory)  in  the  conductor  are  sufficient  to  pinch  and  trap 
the  i)umped  fluid,  the  ensuing  motion  of  the  pumped  fluid 
would  consist  of  trapped  packets  of  fluid  traveling  with  the 
wave  speed  of  the  diaphragm  (equal  to  the  speed  of  the  travel¬ 
ing  current  sheet)  against  the  pressure  gradient  induced  in  it 
by  virtue  of  the  axial  body  forces  induced  in  the  conducting 
liquid.  In  effect,  this  peristaltic  action  could  be  comjiared  to 
a  series  of  comi:>ressors,  each  giving  a  finite  pressure  rise  to 
the  pumped  fluid,  each  wavelength  corresponding  to  a  single 
compressor  stage. 

The  twofold  purpose  of  this  paper  is  as  follows:  1)  to 
investigate  analytically  the  nature  of  the  electromechanically 
induced  motions  inside  the  compressor,  both  of  the  fluid 
conductor  and  the  })iimped  fluid,  when  the  electromechanical 
coupling  is  weak,  i.e.,  in  the  limit  of  small  magnetic  Reynolds 
number  (based  on  wave  speed  and  wavelength),  and  2)  to 
examine,  in  this  limiting  case  of  small  motions,  under  what 
conditions  and  to  what  extent  the  forementioned  conjectured 
behavior  of  the  compressor  is  predicted  analytically. 


II.  Vector  Potential  and  Induced  Forces 


In  order  to  carry  out  the  magneto  fluid-mechanical  calcu¬ 
lation,  we  must  first  find  the  appropriate  expressions  for  the 
indiujcd  forces  in  the  fluid  conductor.  Let  us  assume  that 
the  pumped  fluid  has  zero  conductivity  and  free  space 
permeability  mo,  so  that,  as  far  as  the  electromagnetics  is 
concerned,  the  region  between  ri  >  r  >  0,  where  n  is  the 
equilibrium  ])osition  of  the  diaphragm,  is  considered  a  homo¬ 
geneous  vacuum.  We  denote  this  region  as  region  1.  The 
annular  region  filled  with  conducting  fluid  ro  >  r  >  n  is  denoted 
as  region  2,  and  the  region  outside  the  tube  co  >  r  >  ro  as 
region  3.  Starting  with  Maxwell’s  equations,  neglecting  the 
displacement  current,  introducing  the  vector  potential,  and 
following  the  deirvation  of  Ref.  3,  the  following  partial  differ¬ 
ential  equations  and  boundary  conditions  are  obtained  for 
the  corresjmnding  azimuthal  component  of  the  vector  po¬ 
tential  : 


^!£!i  j_  1  Ml  _  _i_ 

dr-  r  dr  dz‘^ 


ri  >  r  >  0  (2) 


dh\2  .  1  d.U  vU  ,  bds 

dfi  r  dr  r-  dz^  dt 


r  dr 

at  r  =  ro, 


dz^ 


djU/dz  = 


ro  >  r  >  ri  (3) 
oo  >  r  >  ro  (4) 

(5) 


C-I2)  -  -  ^  C-'s)  =  ml  exin(fe  -  oit)  (6) 
r  or  r  or 


at  r  =  ri. 


dAJdz  =  d.U/dz 

i^(r-t2)  Ml)  =  0 

r  dr  r  or 


(7) 

(8) 


with  the  requirements  that 

A I  be  finite  at  r  =  0  (9) 

/U  ^  0  as  r  — >  00  (10) 


Fig.  1  Schematic  diagi’am  of  peristaltic  annular  circular 
cylindrical  induction  compressor. 


In  Eq.  (3),  cr2  represents  the  conductivity  of  the  fluid  con¬ 
ductor,  and  unlike  the  corresponding  equation  of  Ref.  3, 
we  have  set  the  zero-order  velocity  of  the  constrained  con¬ 
ducting  fluid  equal  to  zero. 

The  solution  of  the  three  region  system  (2-10)  is  given  in 
Ref.  3.  In  particular,  we  obtain  the  following  solution  for 
the  azimuthal  component  of  the  vector  potential  in  region  2 : 


A2(r,  2,  t)  = 

r  ,  M,Ki{kro)Ii(ar)  -b  M,K,{kro)Kt{ar) 

L'‘“  - mm  +  MM - ^ 

exp[i'(A;«  —  (11) 

where 

ilf2  =  Ki(ari)Io{kri)  —  aIi{kri)Ko{ari) 

Ms  =  aIo(aro)Ki{kro)  —  kIi{aro)Ko{kro) 

(12) 

71/4  =  aIi(kri)lo{ari)  —  7i(ari)/o(/c7’i) 

Ms  =  aKo{aro)Ki{kro)  -  kKi{arQ)Ko{kro) 

In  (11)  and  (12),  Iq  and  h  represent  the  modified  Bessel 
functions  of  the  first  kind  of  order  zero  and  one,  respectively, 
whereas  Kq  and  Ki  represent  the  corresponding  Bessel  func¬ 
tions  of  the  second  kind.  The  symbol  a  is  defined  by 

^2  =  jt2(l  -  il3)  (13) 


where  ^  =  po(r2(^/k’^  and  represents  the  fluid  magnetic 
Reynolds  number  based  on  wave  speed  and  wavelength. 
Expanding  (11)  about  small  jS,  and  using  the  identity 

h{kro)Ki{kro)  -  Ii{kro)Ko{kro)  =  -(l/W 


we  obtain,  to  the  zeroth  order  in  /8, 

A2{r,z,t)  =  —  ponIroKi(kro)Ii{kr)  cos{kz  —  o)t)  (14) 

From  the  definitions  of  the  azimuthal  component  of  the 
current  density  and  radial  and  axial  components  of  the 
magnetic  field  in  terms  of  the  vector  potential,^  we  have 

je  =  —(72{^A2/bt)  =  ^ 

(j20iponIroKx{kr^U{kr)  fim(kz  —  o)t) 


=  -{dA^/dz)  = 

—kfJionIroKi{krQ)Ii{kr)  sin(A;2:  —  cot) 


(15) 


B-  =  {l/r){d/dr)irA2)  = 

—kponIroKi{kr^Io{kr)  cos(/c2  —  co£) 


Thus,  the  radial  and  axial  components  of  the  induced  body 
force  acting  on  the  fluid  conductor,  to  order  jS,  are  given  by 


Fr  =  (j  X  B)r  =  jeBz  = 

^Ppon^J'^k^H’^Kx^{kro)h{kr)Io{kr)  sm2(kz  —  cot)  (16) 
=  (j  X  B),  =  -jeBr  = 

i^Pon^PkWKiKkro)IiKkr)[\  -  Gos2{kz  -  cot)]  (17) 
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It  is  to  be  noted  from  (16)  and  (17)  that  the  radial  force 
component  is  purely  sinusoidal,  propagating  at  twice  the 
frequency  of  the  traveling  current  sheet,  whereas  the  axial 
component  (which  is  never  negative)  consists  of  the  sum  of  a 
nonpropagating  part  plus  a  propagating  component,  at 
twice  the  input  frequency,  which  is  90°  out  of  phase  with  the 
radial  vibration. 

III.  Fluid  Flow  Equations  and  Boundary 
Conditions 

We  treat  the  fluid  flow  problem  under  the  following  five 
assumptions:  1)  the  motion  is  axisymmetric,  2)  both 
fluids  are  inviscid,  3)  no  azimuthal  component  of  velocity 
(this  is  reasonable  since  the  assumption  that  j  is  purely 
azimuthal  implies  that  no  azimuthal  forces  are  induced  in  the 
conducting  fluid;  thus  if  the  conducting  fluid  has  zero  azi¬ 
muthal  velocity  initially,  it  will  have  zero  azimuthal  velocity 
for  all  time  thereafter),  4)  both  fluids  are  incompressible 
and,  in  order  to  avoid  gravitational  effects,  are  assumed  to 
be  of  the  same  density  p,  and  5)  the  electromagnetic  force 
in  the  poorly  conducting  pumped  fluid  is  taken  to  be  zero. 
Let  the  subscripts  c  and  w  refer  to  the  fluid  mechanical 
variables  of  the  fluid  conductor  and  the  pumped  fluid,  respec¬ 
tively. 

Letting  ==  ^{VcT  +  Uc^)  and  Pc  =  Poc  +  idpc,  where 
0Vc  and  ^Uc  are  the  perturbed  radial  and  axial  velocity  com¬ 
ponents,  respectively,  Pqc  the  undisturbed  pressure,  and 
/3pc  the  perturbation  pressure,  the  continuity  and  momentum 
equations,  to  order  jS,  in  the  fluid  conductor  Tq  >  r  >  Tij 
are 


bvc  _L  ^  p 


duc 


^  +  -F 
dz  ^  ^  ‘ 


(18) 

(19) 

(20) 


where  Fr  and  are  given  by  (16)  and  (17),  respectively. 

Again,  letting  =  UqZ  +  +  uS)  and  P  w  P  Olv  + 

I3pw,  where  Uo  is  the  unperturbed  uniform  axial  velocity  of 
the  pumped  fluid  through  its  annulus  ^2  <  r  <  ri,  the  con¬ 
tinuity  and  momentum  equations,  to  order  jS,  in  the  pumped 
fluid  are 


this  case,  the  fluid  velocities  normal  to  the  diaphragm  sur¬ 
face  is  given  by  Vc  and  Vw^  Thus,  we  have  the  boundary 
condition 

Vein,  z,  t)  =  z,  t)  (26) 

The  second  boundary  condition  requires  that  the  total 
pressure  (magnetic  plus  fluid  mechanical)  be  continuous  across 
the  unstressed  diaphragm.  Since  the  magnetic  field  com¬ 
ponents  are  continuous  across  the  diaphragm  (no  current 
sheet),  the  magnetic  pressures  are  automatically  equal. 
Hence,  we  require 

Poc  =  Pow  Vein,  z,  t)  =  p«;(ri,  0,  t)  (27) 

One  final  boundary  condition  must  be  considered,  i.e.,  that 
imposed  by  the  ends  of  the  device.  We  assume  that  at  the 
ends  of  the  device  the  conducting  fluid  is  bounded  by  walls 
such  that  Wc  =  0  at  the  ends.  Away  from  the  ends  there  is 
therefore  allowed  no  time-average  mass  flow  of  conducting 
fluid  across  any  position  z.  Mathematically, 

I  2Trdr  =  0  (28) 

*7  Tl 

We  now  seek  a  solution  of  the  system  (18-23)  subject  to 
the  boundary  conditions  (24-28). 


IV.  Solution 


A.  Fluid  Conductor  Region 

Consider  the  fluid  conductor  region  first.  Multiplying 

(19)  and  (20)  by  r,  differentiating  (19)  with  respect  to  r  and 

(20)  with  respect  to  z,  adding,  and  dividing  by  r,  w^e  obtain, 
using  continuity  (18), 


0  =  - 


Id 
r  dr 


d^Pc  1 

dz^  ^ 


I  r  dr 


irFr)  + 


dz  j 


Using  the  definitions  of  Fr  and  F^  given  by  (16)  and  (17) 
and  carrying  out  the  differentiations  indicated  by  the  right- 
hand  side,  we  obtain 


-  —  (r  4- 

r  dr  \  dr  )  dz’^ 


[h^ikr)  —  lo'^ijcr)]  sin2(A:2:  —  cot) 


(29) 


It  is  readily  verified  by  direct  substitution  that 

Pc  —  ifjLon^Pk%‘^Ki\kro)Io^{kr)  8m2{kz  —  cot) 


P 

P 


^  («'»)  +  ^  (™«-)  =  0 


^duw  ,  jj  duy 

(  dt  dz 


dpv, 

dr 


)= 

J  dz 


(21) 

(22) 

(23) 


The  boundary  conditions  that  the  system  (18-23)  must 
satisfy  are  as  follow^s.  At  the  rigid  walls  r  —  r^  and  r  =  r2? 
we  require 


VeiXo,  0,  0  =  0  (24) 

Vw{r2y  z,t)  =0  (25) 


The  following  considerations  lead  to  the  boundary  conditions 
that  must  be  satisfied  at  the  equilibrium  position  of  the 
diaphragm  r  —  n.  The  diaphragm,  representing  a  material 
surface,  requires  that  the  component  of  fluid  velocity  normal 
to  the  instantaneous  position  of  the  diaphragm  surface  in 
each  of  the  fluid  regions  be  equal  to  the  velocity  of  the 
diaphragm  in  its  normal  direction.  Since  a  small  perturba¬ 
tion  solution  is  being  generated,  we  assume  that  the  ampli¬ 
tude  of  the  diaphragm  is  very  small  compared  to  its  wave¬ 
length  and  that  its  instantaneous  slope  is  of  order  /3.  In 


is  the  particular  integral  of  Eq.  (29) .  We  take  as  our  general 
solution 

Vc  =  \pQri^Pk'^rii^Ki\kr^lQ^{kr)  sin2(A:2;  —  cot)  + 

[CM2kr)  +  CiIU{2kr)]  mi2{kz  ~  cot)  + 

{Cz  +  C,  \nr)z  +  Mt)  (30) 

where  it  is  again  easily  verified  that  each  of  the  terms  in  the 
second  row  satisfies  the  homogeneous  equation  and  where 
the  unknown  function  fi{t)  and  constants  Ci,  C2,  Cz,  and 
remain  to  be  determined. 

Substituting  (16)  and  (30)  into  (19)  yields 

p{dvc/dt)  =  —  pon^PkhQ^KF{kro)li{kr)Io{kr)  8m2{{kz  —  cot)  — 
2k[CiIi^2kr)  -j-  C2i^i(2A;r)]  sin2(fc2  —  c^ot)  —  Ciz/r 
Integrating  yields 

pVc  =  —  {l/2co) pon^Pk%^Ki^{kro)Ii{kr)lQ{kr)  cos2(kz  —  cot)  — 
k/co[CiIi{2kr)  +  C2Ki(2kr)]  cos2{kz  -  cot)  -  Q,zt/r 

The  boundary  condition  (24)  requires  vdr^^  z,  t)  =0  for  all 
z  and  t,  hence  C4  =  0  and 

CiJi(2;i:ro)  +  C2K,i2kro)  - 

-iponn%VKiKkro)Ii(kro)Io(kro)  (31) 
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Substituting  (17)  and  (30)  into  (20)  yields 

p{duj^t)  =  ^tM,n‘‘Pkhi,'‘Ki^{kro)Ii^(kr)  — 

y,n‘‘Pk%‘‘KiKkro)[hKkr)  -b  loHkr)]  cos2{kz  - 

cot)  —  [C'i7o(2A'?-)  +  C^K,i{2kr)]2k  cos2(fc2  —  cot)  —  Cj 
Integrating  yields 

p«c  =  htmn%WKiKkr,)h\kr)t  +  {\ / 4.o}) X 
Ki^{kr^[l?{kr)  +  h^kr)]  sm2(kz  —  cot)  + 
k/ia[Cih(2kr)  -b  C2Ko{2kr)]  sin2(fc2  -  cot)  -  Cjt  (32) 

We  have  then,  at  this  point,  Uc  given  by  (32),  Vc  and  pc 
given  by 

pv,  =  -{l/2o3)pon^PkWKi‘‘(kro)h{kr)Io{kr)  (ios2(kz  - 

cot)  -  k/o3lCiIi{2kr)  -b  C2Ki{2kr)]  cos2(fcz  -  cot)  (33) 
Pc  =  lpon^Pk%^KiKkr(,)I<,‘‘{kr)  sin2(fc2  -  cot)  + 

[Ci7o(2fcr)  -b  C2Ko(2kr)  ]  sin2(fc2  -  cot)  -b 

C3Z-b/i(t)  (34) 

and  the  relation  (31)  coming  from  the  boundary  condition 
(24). 


B.  Pumped  Flviid  Region 

Multiplying  (22)  and  (23)  by  r,  differentiating  (22)  with 
respect  to  r  and  (23)  with  respect  to  0,  adding,  and  dividing 
by  r,  gives,  using  continuity  (21), 


We  take  as  general  solution  of  (35) 

p.o  =  [C,Io{2kr)  +  C,Ko(2kr)]  sm2{kz  -  o^t)  + 

(Ct  +  Ca  lnr);3  +  f2{t)  (36) 

Substituting  (36)  into  (22)  gives 

-2k[CJ,{2kr)  -b  C,KA2kr)]  sin2(fcz  -  cot)  -  Cs  ? 


Integrating  yields 

pv^  =  r-^\rT\  [C,hi2kr)  -b  CeK,{2kr)]  X 
(co  —  UqK) 

Ca 

cos2(Jcz  —  Oil) - - 

r  zUo 

The  boundary  condition  (25),  requiring  Vu^ir^,  t)  ^  0  for 
all  z  and  t,  gives  Cg  =  0  and 

amkr^)  +  C6Ki(2^r2)  =  0  (37) 

Substituting  (36)  into  (23)  gives 

-^2k[CJ(i{2kr)  +  C&KQ{2kr)]  sm2{kz  -  w/)  -  C^ 
Integrating  yields 

P«»  =  7 - KtTs  lCM2kr)  +  C,Koi2kr)]  X 

(cx)  —  Uak) 

sm2  {kz  ~  coO  —  C-jt  (38) 

We  have  then,  at  this  point,  given  by  (38),  Vw  and  p«,  given 
by 

pv„  =  ,  ~’lyjr  lCM2kr)  -b  C,K,{2kr)]  X 
(co  —  Uok) 


p»  =  [C'57o(2A:r)  -b  CeKo(2kr)  ]  sin2(fc2  -  cot)  + 

C^z+Mt)  (40) 

and  the  relation  (37)  coming  from  the  boundary  condition 
(25). 


C.  Solution  (continued) 

The  boundary  condition  (26),  using  (33)  and  (39),  gives 

Cihi2kr,)  +  C2Ki{2kn)  -  Ci  - ’^^^j^h{2kn)  - 

(co  —  U(^fc) 

^  JJ  .Ki{2kTi)  =  —  ^  pon272A;V/<^iH^^"o)/i(^n)/o(A;ri) 
(co  —  Uok)  2 

(41) 

The  boundary  condition  (27),  using  (34)  and  (40),  gives 

C,  =  (77  flit)  =  /2(0  (42) 

CM2kn)  +  C2Koi2kn)  -  CM^kn)  -  CoKoi2kn)  = 

- \m^PkWKi\kro)U\kn)  (43) 

Equations  (31,  37,  41,  and  43)  form  a  system  of  four 
inhomogeneous  linear  algebraic  equations  for  the  four  un¬ 
known  constants  ft,  ft,  ft,  and  ft.  Inspection  of  the 
inhomogeneous  terms  shows  that  each  of  these  constants  is 
proportional  to  •  Thus,  let 

ft  = 

ft  =  ^pon^I%WKi\kTo)CKc 
ft  ==  ^110'^'^1‘^khQHii^QcT^C  iw 
ft  =  \ponVkWKiKkro)CKw 
Hence,  from  (32-34  and  38-40)  we  obtain 

pUc  =  ^pon‘^i^kho‘^Ki^{kr^Ii^i]cr)t  —  Czt  + 

(l/2co)/ion2/2;^¥o^XiHW{i[AH^O  +  hKl^r)]  + 

CicIoi2kr)  +  CKcKQi2kr)]  •  sin2(fc2  —  U)  (44) 
pvc  =  —il/2oi)fion^Pk%^Ki^ikrQ)  {liikr)lQikr)  + 

Cich&kr)  +  CKcKii2kr)}  •  cos2ikz  —  o)t)  (45) 
p,  =  ipionWro^Ki^ikro){yoKkr)  +  Cichi2kr)  + 

CKcKoi2kr)}  ^m2ikz  -  coO  +  ft^  +/i(0  (46) 
==  W} - ^  t7i\  P^'^‘^^‘^kho'^Ki^ikro)  X 

2(co  —  Uok) 

[Ciwlo&kr)  -f  CKwKoi^kr)]  sin2(A;z  —  o^t)  —  Czi  (47) 

=  “  o7 - ^  rr  tA  PQn^PkWKx\kro)  X 

2(c*;  —  Uok) 

[Ciwlii^kr)  +  CKwKii^kr)]  cos2(A;2  —  oit)  (48) 
Vw  =  Jpo^^^^^V^i^(^^"o){ftTr/o(2A:0  + 

CKwKoi2kr)}  ^\n2ikz  —  oit)  +  CzZ  +/i(i)  (49) 

where  we  have  still  to  evaluate  Cz  and/i(0. 

The  constant  ft  is  determined  from  the  boundary  condi¬ 
tion  (28).  Substituting  (44)  into  (28),  and  remembering 
that  the  average  of  the  periodic  term  over  a  cycle  is  zero, 
we  obtain 

t  f'°  {^p<in'^PkWKiKkr^)lvKkr)  -  C42TTrdr  =  0 

J  n 

Thus, 

/*ro 

rli^ikr)dr  = 

Ti 

^P4n,^I%%^Ki^{kro){^P[Ii^{kr)  —  7o(fcr)72(A:r)  ]),'■» 


Cz  = 


Pon'‘Pkh-Q‘‘Ki^(kro) 

2W  -  n^) 


{fo’*[7i2(A:ro)  -  7o(fcro)72(A:ro) ]  - 
u^lPKkn)  -h{kn)Ukn)]\  (50) 


cos2(bz  —  <jit)  (39) 
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The  unknown  function /i®  is  afforded  the  same  interpreta¬ 
tion  as  is  given  to  the  integration  function  in  the  usual 
derivation  of  the  nonsteady  Bernoulli  equation,  that  is,  fi(t) 
is  determined  from  the  time  dependence  of  the  perturbed 
input  pressure  of  the  incoming  fluid  being  pumped. 

Finally,  the  motion  of  the  diaphragm  is  obtained  as  follows. 
Let  ^Td  be  the  radial  displacement  of  the  diaphragm  to  order 
j3,  then 

dvd/dt  =  Vein,  z,  t) 

Integrating  (45)  with  respect  to  we  obtain 

Tdiz,  t)  =  {Ii{kr,)U{kn)  H- 

Cicli{2kri)  -j-  CKcKi(2kr^)}  ^m2{]cz  —  o)t)  (51) 

V.  Discussion 

The  resulting  fluid  mechanical  motions  inside  the  annular 
traveling  wave  peristaltic  compressor,  in  the  weak  coupling 
limit,  are  given  by  Eqs.  (44-49)  with  the  motion  of  the 
tensionless  diaphragm  separating  the  two  fluids  given  by 
Eq.  (51).  Apart  from  the  particular  radial  dependence 
generated  by  the  solution,  the  following  behavior  for  the 
different  fluid  mechanical  variables  in  each  of  the  fluid 
regions  is  observed : 

1)  The  axial  velocity  component  in  each  region  consists 
of  the  sum  of  a  linear  time-dependent  term  superimposed 
on  a  purely  sinusoidal  traveling  component  of  the  same  wave 
speed  but  of  twice  the  frequency  of  the  input  current  sheet. 
The  generation  of  the  linear  time-dependent  term  is  due  na¬ 
turally  to  the  existence  of  the  nonperiodic  part  in  the  ex¬ 
pression  for  the  axial  body  force.  The  solution  generated, 
then,  is  both  a  small  time  and  small  coupling  solution  and  is 
invalid  for  large  times.  In  any  actual  case,  however,  the 
magnitude  of  the  axial  velocity  component  cannot  increase 
indefinitely  with  time,  being  limited  eventually  both  by 
viscous  effects  and  the  fact  that  when  the  velocity  reaches 
the  wave  speed  coupling  ceases,  the  electromagnetic  force 
goes  to  zero,  and  the  fluid  coasts  thereafter. 

2)  The  radial  velocity  component  in  each  region  consists  of 
a  purely  sinusoidal  traveling  component  only,  which  is  90° 
out  of  phase  with  the  corresponding  periodic  component  of 
the  axial  velocity.  It  should  be  noted  that  the  singularity 
Uo  =  oy/k  in  Eqs.  (47)  and  (48)  is  only  apparent.  Examina¬ 
tion  of  the  linear  set  of  equations  from  which  the  constants 
Ctw  and  C/ctt  are  derived  shows  that  each  constant  is  pro¬ 
portional  to  (co  —  Uo^). 

3)  As  conjectured  in  the  Introduction,  the  diaphragm  mo¬ 
tion  is  indeed  characterized  by  the  axial  propagation  of  a 


purely  sinusoidal  wave  down  the  diaphragm  whose  speed  is 
equal  to  that  of  the  traveling  current  sheet  but  at  twice  the 
frequency,  and  whose  amplitude  (and  therefore  pinching 
and  trapping  ability)  is  proportional  to  juo(w7)2,  i.e.,  the  mag¬ 
netic  pressure  associated  with  the  current  sheet. 

4)  The  pressure  in  each  region  consists,  apart  from  the 
integration  functions /i(0  =  /2(0,  of  a  purely  sinusoidal  travel¬ 
ing  part  plus  a  term  linear  in  z.  The  existence,  in  the  pumped 
fluid,  of  this  latter  term  is  the  crux  of  the  entire  analysis  and 
makes  its  appearance  only  when  the  axial  motion  in  the 
conducting  fluid  is  constrained.  If  the  motion  in  the  con¬ 
ductor  were  not  constrained,  this  term  would  never  appear 
and  the  device  would  behave  like  an  accelerator  rather  than 
a  pump.  As  an  accelerator,  the  axial  body  force  would 
simply  go  into  developing  a  purely  sinusoidal  pressure 
gradient  plus  increasing  the  axial  velocity  of  the  working 
fluid.  However,  as  conjectured  in  the  Introduction,  as  a 
pump,  the  work  that  ordinarily  would  be  done  by  the  axial 
body  force  in  accelerating  the  conducting  fluid  now  goes 
into  the  work  done  in  pumping  the  incoming  fluid  against 
the  pressure  gradient  induced  in  it  by  virtue  of  the  me¬ 
chanical  coupling  between  the  two  fluids.  Further,  one 
would  imagine  that  the  constant  pressure  gradient  induced 
in  the  pumped  fluid  would  be  proportional  to  the  time- 
averaged  axial  body  force  evaluated  at  ri,  i.e.,  at  the  equilib¬ 
rium  position  of  the  diaphragm.  Examination  of  C3,  how¬ 
ever,  shows  that  the  pressure  gradient  is  equal  to  the  time- 
averaged  axial  body  force  averaged  over  the  conductor 
annulus.  Since  the  magnitude  of  the  body  force  decreases 
inward  from  the  coils,  the  analysis  predicts  a  pumping  force 
larger  than  suspected. 

In  conclusion,  although  one  cannot,  in  general,  predict 
the  behavior  of  a  nonlinear  system  from  the  periodic  be¬ 
havior  of  the  corresponding  linear  one,  still,  it  may  well 
be  that  the  compressor  behavior,  when  the  electromechanical 
coupling  is  strong,  corresponds  to  some  limit  cycle  situation 
whose  gross  features  (apart  from  the  linear  time-dependent 
terms)  are  similar  to  these  just  obtained.  In  any  case, 
the  proof  of  the  pudding  lies  in  experimental  verification. 
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Energy  Transfer  Processes  in  a  Partially  Ionized, 
Two-Temperature  Gas 

Donald  M.  Dix* 

Aerospace  Corporation^  El  SegundOy  Calif, 

The  elementary  situation  of  convective  energy  transfer  between  parallel  plates  at  dilferent 
temperatures  is  analyzed  for  partially  ionized,  nonreacting,  monatomic  hydrogen  wherein  the 
electrons  may  be  at  a  temperature  different  from  that  of  the  heavier  species.  The  gas  condi¬ 
tions  considered  are  such  that  an  ion  sheath,  less  than  a  mean  free  path  in  spatial  extent, 
forms  on  the  fully  catalytic  colder  surface.  The  numerical  results  obtained  indicate  that  1) 
the  gross  features  of  the  continuum  solution  are  rather  insensitive  to  the  models  of  sheath 
and  transition  regions  employed;  2)  the  energy  transfer  between  ions  and  electrons  due  to  the 
electric  field  external  to  the  sheath  is  appreciable,  particularly  in  its  effect  of  reducing  electron 
temperature;  3)  thermal  non  equilibrium  effects  on  total  heat  transfer  are  not  as  great  as 
might  be  anticipated  because  of  the  energy  transfer  between  species  by  electric  fields  and  the 
contribution  of  diffusional  processes;  and  4)  magnetic  field  effects  on  total  heat  transfer  are 
less  than  the  effect  on  electronic  thermal  conductivity  would  indicate  and  are  further  lessened 
by  thermal  nonequilibrium  effects. 


Nomenclature 


Aw  ~  velocity  ratio  defining  edge  of  transition  region 

VA,t/VAy  s 

B  =  magnetic  induction 

Cj  =  mean  thermal  speed  of  species  j 

Cp  =  specific  heat  at  constant  pressure 

Djk  =  binary  diffusion  coefficient  of  mixture  of  species 

j  and  k 

Da  —  ambipolar  diffusion  coefficient  (2>^  =  2 Art) 

E  =  electric  intensity 

e  =  magnitude  of  electronic  charge 

/  =  neutral  fraction  =  Unlini  +  rin) 

Fw  =  diffusion  flux  of  ions 

j  =  current  density 

k  =  Boltzmann's  constant 

/cy  =  thermal  conductivity  of  species  j  in  the  total  mix¬ 

ture 

L  =  distance  between  plates 

Le  =  Lewis  number,  prCppDooAoo 

m  —  particle  mass 

n  =  particle  number  density 

p  ^  total  pressure  of  mixture 

pj  =  partial  pressure  of  species  j 

Qq  =  factor  for  variation  of  ion-neutral  diffusion  coeffi¬ 

cient,  defined  by  Eq.  (28) 

Q  =  collision  cross  section 

Sc  =  Schmidt  number,  pico/prf)=» 

T  —  temperature 

u,  V,  w  =  mass  velocity  of  mixture 

ua,  va,  wa  =  mass  velocity  of  ions  relative  to  the  mixture 

Xy  y,  z  =  Cartesian  components 

OL  =  current  fraction,  defined  by  Eq.  (2) 

i3  =  Hall  parameter  =  (wr) 

y  —  C  IkJPe,  8 

Jl  =  e  fkTe,  t 

8  =  Ml  -f)/7niV/<T 

Sen  =  energy  exchange  effectiveness,  defined  by  Eq.  (20) 

Crt  =  negative  ionization  energy 

=  coefficient  of  collisional  energy  transfer  from  spe¬ 
cies  k  to  species  j 

p  =  mass  density  of  mixture 

0-  =  electrical  conductivity 

(f)jk  =  electrical  potential  between  points  j  and  k 
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I.  Introduction 

The  occurrence  of  an  appreciable  degree  of  ionization  in  a 
gas  introduces  some  features  quite  different  from  those 
encountered  in  chemical  dissociation  primarily  because  of  the 
presence  of  electrons.  First,  the  extremely  low  mass  of  the 
electrons  yields  a  species  possessing  a  thermal  conductivity 
that  can  be  much  greater  than  that  of  the  other  species 
present;  second,  the  collisional  energy- transfer  processes 
between  electrons  and  heavy  particles  are  relatively  slow, 
giving  rise  to  the  possible  situation  wherein  the  electrons 
may  have  a  temperature  much  different  from  that  of  the 
heavy  species,  even  though  the  energy-transfer  processes  are 
adequately  described  by  continuum  equations;  third,  the 
charged  species  are  sensitive  to  electromagnetic  fields,  yield¬ 
ing  a  possible  method  of  controlling  the  associated  compo¬ 
nents  of  energy  transfer  and  further  yielding  an  additional 
mechanism  for  energy  transfer  between  electrons  and  ions; 
fourth,  when  such  a  gas  is  in  contact  with  a  cold  surface,  a 
space  charge  sheath  is  formed  which  may  appreciably  affect 
the  energy  transfer  to  the  surface.  The  physical  situations 
in  which  these  unique  features  of  appreciably  ionized  gases 
are  likely  to  manifest  themselves  are  becoming  more  fre¬ 
quent,  both  in  the  laboratory  and  in  practical  applications. 
Therefore,  it  appears  that  investigations  aimed  toward  ob¬ 
taining  a  physical  appreciation  of  these  phenomena  are  ap¬ 
propriate;  this  view  is  supported  by  the  recent  appearance 
in  the  literature^'  ^  of  two  investigations  in  the  general  prob¬ 
lem  area  where  the  electrons  present  in  a  gas  are  not  thermally 
equilibrated  with  the  heavy  particles. 

Camac  and  Kemp^  have  formulated  the  shock  tube  end  wall 
boundary-layer  problem  in  appreciably  ionized  argon,  at 
conditions  where  the  Debye  length  is  less  than  the  ion-neutral 
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Fig.  1  Geometry  of  parallel- 
plate  problem. 


electrons  due  to  the  electric  field  external  to  the  sheath;  4) 
thermal  nonequilibrium  between  electrons  and  heavy  par¬ 
ticles;  and,  finally,  5)  the  effect  of  a  magnetic  field  parallel 
to  a  cold  surface. 

II.  Problem  Formulation 


mean  free  path,  and  have  obtained  two  numerical  results; 
one  for  the  limiting  case  of  complete  thermal  equilibrium 
and  the  other  for  the  limiting  case  of  no  collisional  energy 
transfer  between  ions  and  electrons,  both  results  being  based 
upon  the  local  similarity  approximation.  Although  these 
results  are  closely  related  to  a  clearly  physical  situation, 
it  is  difficult  to  extract  the  roles  of  the  various  energy-transfer 
processes  from  only  these  results,  and  the  interpretation  is 
further  complicated  by  the  use  of  the  local  similarity  approxi¬ 
mation.  For  these  reasons,  the  entirely  different  approach 
employed  in  the  present  investigation  (described  in  the  next 
paragraph;,  aimed  specifically  toward  obtaining  an  under¬ 
standing  of  the  roles  of  the  various  energy-transfer  processes, 
appears  to  have  some  merit,  although  the  formulation  of  the 
basic  equations  and  boundary  conditions  are  closely  related 
to  that  of  Camac  and  Kemp.  Chung  and  Mullen^  have 
investigated  thermal  nonequilibrium  effects  in  a  stagnation- 
point  boundary  layer  in  a  slightly  ionized  gas,  with  primary 
emphasis  on  electrical  characteristics,  rather  than  energy 
transfer.  The  major  differences  in  the  formulation  of  the 
basic  equations  and  the  cold  surface  boundary  conditions 
utilized  by  Chung  and  Mullen  and  those  to  be  employed 
here  are  that  the  former  considers  the  sheath  to  be  collision 
dominated  and,  in  addition,  incorporates  the  assumptions 
that  the  energy  transfer  between  ions  and  electrons  due  to 
electric  fields  is  negligible  everywhere  and  that  the  diffusional 
velocities  are  proportional  to  gradients  ip  mass  fractions, 
rather  than  partial  pressures.  These  latter  assumptions  are 
not  justifiable  in  the  general  case. 

As  any  detailed  analysis  of  an  appreciably  ionized  gas  is 
necessarily  complex,  the  situation  considered  here  is  the 
elementary  one  of  a  gas  between  parallel  plates  of  different 
temperatures  (to  be  described  more  fully  in  the  succeeding 
section)  for  which  results  can  be  obtained  without  resorting 
to  approximate  techniques.  The  purpose  of  the  investigation 
of  this  elementary  situation  is,  in  addition  to  presenting  new 
computational  results,  to  obtain  a  physical  appreciation  of 
the  aforementioned  features  of  ionized  gases,  which  is  not 
readily  obtainable  in  previous  work,  in  the  belief  that  the 
results  obtained  can  be  used  as  a  qualitative  indication  of  the 
effects  in  more  complicated  flow  situations  (e.g.,  boundary 
layers)  as  well  as  a  guide  to  permissible  simplifications  in  these 
more  complex  lu’oblems.  Specific  emphasis  is  placed  upon 
the  effects  on  energy  transfer  to  a  cold  surface,  including 
the  effects  on  the  individual  processes  (thermal  conduction 
and  diffusional  transport  by  both  electrons  and  heavy  par¬ 
ticles)  of  the  following  phenomena:  1)  the  role  of  the  space 
charge  sheath  (in  which  a  continuum  description  is  not 
strictly  valid  and  which  can  be  solved  in  only  very  crude 
ways)  in  determining  the  appropriate  boundary  conditions 
for  the  continuum  equations:  this  follows  closely  the  work 
of  Camac  and  Kemp,^  with  some  additional  considerations 
of  sheaths  in  which  the  ion  temperature  is  not  negligible,  as 
well  as  sheaths  in  which  the  electron  and  ion  flow  processes 
are  each  considered  adiabatic  rather  than  spatially  isothermal; 

2)  the  presence  of  the  transition  region  between  the  sheath  and 
the  region  where  the  usual  continuum  equations  are  valid; 

3)  the  contribution  of  the  energy  transfer  between  ions  and 

CONTirJUUM  FLOW,  V,^«Cj  ,  r\.=  r\Q 
- y| 

TRANSITION  REGiON.v,>  C;,n.= Fig.  2  Flow  regimes  near  a 
_ cold  surface. 

SHEATH  REGION, 


2,1  Problem  Definition 

The  physical  situation  considered  here  is  that  of  partially 
ionized  atomic  hydrogen  placed  between  two  electrically 
conducting  plates  at  different  temperatures  (see  Fig.  l).t 
The  steady-state  solution  is  desired  wherein  all  quantities 
are  a  function  of  the  single  spatial  variable  y  only.  It  is 
further  assumed  that  1)  there  is  no  net  mass  transfer  between 
the  gas  and  the  cold  surface  at  2/  =  0,  hence  t;(0)  ==  0;  2) 
the  applied  magnetic  field  is  uniform  and  in  the  positive  x 
direction;  3)  the  applied  electric  field  vanishes  in  the  x  and  z 
directions,  hence  Ex  —  Ez  ~  4)  the  magnetic  field  due  to 

currents  existing  in  the  gas  is  negligible  (this  can  be  shown 
to  be  the  case  at  the  conditions  encountered  here),  hence, 
Bz  =  By  ^  0,  Bx  =  Bq\  5)  the  total  pressure  gradient  in  the 
y  direction  is  negligible  [this  is  valid  if  (cor)«(cor)i  «  1]. 
With  these  assumptions,  the  governing  equations  (Sec.  2.2) 
indicate  that,  if  the  magnetic  field  and  a  net  current  flow  do 
not  occur  simultaneously,  there  is  no  net  mass  motion  of  the 
gas,  and  diffusion  and  current  flow  (if  it  exists)  occur  only 
in  the  direction  normal  to  the  plates.  If  the  magnetic  field 
and  a  net  current  flow  normal  to  the  plates  exist  simul¬ 
taneously,  then,  in  addition  to  diffusion  normal  to  the 
plates,  mass  motion,  current  flow,  and  diffusion  also  occur 
in  the  z  direction. 

The  conditions  considered  in  the  present  investigation  are 
such  that  near  the  cold  surface,  which  is  assumed  fully 
catalytic  to  electron-ion  recombination,  J  the  Debye  length 
is  less  than  a  heavy  particle  mean  free  path.  In  this  case,  it 
is  well  known  that  the  following  three  rather  distinct  regions 
exist  near  the  surface  (Fig.  2) :  1)  away  from  the  wall,  the 

gas  is  quasi-neutral,  the  ion  diffusion  velocity  is  small,  and 
the  behavior  of  the  gas  in  this  region  is  described  by  contin¬ 
uum  equations;  2)  near  the  wall  (but  not  adjacent  to  it), 
the  gas  remains  quasi-neutral,  but  the  ion  diffusion  velocity 
is  comparable  to  the  ion  sound  velocity  and  the  usual  equa¬ 
tions  are  not  valid;  this  region  will  be  referred  to  here  as 
the  “transition”  region;  and  3)  adjacent  to  the  wall,  a  space 
charge  sheath,  on  the  order  of  a  Debye  length  in  spatial 
extent,  exists  wherein  the  gas  is  no  longer  quasi-neutral 
(in  all  cases  considered  here,  the  sheath  is  composed  of  excess 
ions,  yielding  an  electric  field  that  acts  to  repel  electrons). 
A  major  difficulty  exists  in  connection  with  the  latter  two 
regions  in  that,  to  obtain  precise  solutions,  it  is  necessary  to 
solve  the  Boltzmann  (or  Vlasov,  as  appropriate)  equation 
for  each  species,  and  at  present  this  does  not  constitute  a 
tractable  problem.  The  approach  employed  here,  in  this 
regard,  is  to  obtain  crude  solutions  in  these  regions,  which 
relate  the  species'  temperatures  and  velocities  at  the  edge  of 
the  transition  region  to  the  known  properties  of  the  cold 
surface.  Combined  with  the  observation  that  the  spatial 
extent  of  these  regions  is  negligible  compared  to  the  plate 

t  The  hotter  “plate”  is  actually  best  described  as  a  control 
surface  in  this  investigation  in  that  the  temperatures  of  the 
species  and  the  mixture  composition  are  prescribed  here,  thus 
permitting  diffusion  to  occur  across  the  surface  and  allowing 
a  nontrivial  steady-state  solution  to  be  obtained.  Further, 
with  this  interpretation,  the  radiative  properties  of  the  hotter 
plate  are  then  determined  by  the  properties  of  the  gas  and  the 
amount  that  exists  above  this  surface. 

J  It  is  assumed  that  only  monatomic  hydrogen  is  produced  by 
recombination  at  the  surface.  This  may  be  unrealistic  for  hy¬ 
drogen  since  some  of  the  diatomic  species  may  be  formed,  de¬ 
pending  upon  the  catalytic  properties  of  the  surface.  However, 
the  results  to  be  obtained  are  qualitatively  similar  for  any 
monatomic  gas 
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separation,  these  solutions  are  employed  to  provide  boundary 
conditions  at  ?/  =  0  for  the  continuum  equations  in  an  at¬ 
tempt  to  determine  the  extremes  of  behavior  to  be  expected 
and  the  resultant  effects  upon  the  solution  to  these  equa¬ 
tions.  The  continuum  equations  are  presented  in  Sec.  2.2, 
and  a  detailed  formulation  of  the  boundary  conditions  is 
presented  in  Sec.  2.4. 

To  conclude  the  problem  definition,  the  following  as¬ 
sumptions  are  employed  in  the  derivation  of  the  continuum 
equations  presented  in  the  next  section:  1)  the  mixture 
remains  quasi-neutral;  2)  the  ratio  of  electron  to  ion  mass 
is  negligible  compared  to  unity;  3)  the  diffusional  velocity 
of  each  species  is  negligible  compared  to  its  thermal  (or 
sonic)  velocity;  4)  the  temperatures  of  ionic  and  neutral 
species  are  equal;  5)  energy  transfer  due  to  radiation  is 
negligible;  and  6)  there  exists  no  gas-phase  chemical  reac¬ 
tion.  The  first  three  assumptions  are  rather  common,  and 
merit  no  additional  comment.  Because  of  the  essentially 
equal  masses  of  the  heavier  species,  assumption  4  must  be 
valid  in  continuum  flow.  The  validity  of  the  last  two  as¬ 
sumptions  depends  in  detail  upon  the  gas  conditions,  sur¬ 
face  properties,  and  the  particular  geometrical  configuration 
contemplated.  For  radiative  transfer  considerations,  it 
can  be  shown  by  utilizing  the  work  of  Bates  and  Kingston^^ 
that,  for  monatomic  hydrogen  at  conditions  of  interest 
(p  ^  O.l-l.O  atm,  T  ^  15,000°-50,000°K),  the  gas  is  trans- 
])arent  over  the  length  in  which  appreciable  thermal  non¬ 
equilibrium  is  likely  to  occur;  further,  the  emitted  radiation 
from  this  depth  is  appreciably  smaller  than  the  convective 
energy  transfer.  For  example,  for  hydrogen  at  50, 000*^ K 
and  1  atm,  the  length  over  which  appreciable  thermal  non¬ 
equilibrium  exists  is  approximately  0.4  mm,  and  the  ratio  of 
the  convected  energy  transfer  through  this  depth  to  a  cold 
surface  to  the  emitted  radiation  is  approximately  150.  Thus, 
if  a  boundary-layer  situation  is  visualized,  a  depth  of  gas  of 
approximately  6  cm  is  required  before  the  total  emitted 
radiation  is  equal  to  the  convective  energy  transfer  across  a 
boundary  layer  of  0.4  mm  thickness.  For  heavier  gases,  the 
relative  importance  of  radiation  would  probably  be  somewhat 
greater. 

The  amount  of  gas-phase  reaction  is,  of  course,  determined 
by  the  ratio  of  the  residence  time  of  a  particle  between  the 
plates,  which  is  governed  by  the  diffusion  process,  to  a  char¬ 
acteristic  reaction  time.  Gas-phase  reaction  in  the  presence 
of  thermal  nonequilibrium  is  somewhat  more  complex  than 
that  at  thermal  equilibrium  since,  in  addition  to  the  im¬ 
portance  of  the  recombination  mechanisms  at  lower  tem¬ 
peratures  near  thermal  equilibrium,  the  ionization  mechan¬ 
isms  are  likely  to  become  important  at  low  gas  temperatures 
if  the  electron  temperature  is  sufficiently  high.  A  more  de¬ 
tailed  discussion  of  this  matter  is  beyond  the  scope  of  the 
present  work;  however,  it  can  be  stated  that,  as  pressure 
and/or  plate  spacing  are  decreased,  the  relative  importance 
of  gas-phase  reaction  decreases,  and  it  is  probable  that  condi¬ 
tions  do  exist  in  which  they  are  unimportant.  It  should  be 
em])hasized  at  this  point  that  the  primary  purpose  of  this 
investigation  is  to  examine  the  nature  of  two  temperature 
effects  alone  on  convective  energy  transfer.  As  will  be  seen, 
this  exhibits  several  important  effects  even  in  the  absence 
of  other  complicating  phenomena.  Thus,  although  the 
matters  of  radiative  transfer  and  gas-phase  reaction  are 
certainly  legitimate  areas  for  further  investigation,  since 
both  can  contribute  im])ortantly  to  the  energy  transfer  be¬ 
tween  electrons  and  heavy  particles,  it  is  believed  by  this 
writer  that  the  present  investigation  is  justified  by  the  merits 
of  revealing  important  effects  as  well  as  providing  a  helpful 
guide  in  the  investigation  of  these  other  phenomena. 


2.2  Governing  Continuum  Equations 

Utilizing  the  previous  assumptions,  the  continuum  equa¬ 
tions  for  the  parallel  plate  configuration  can  be  written  as 


follows.  Conservation  of  mass§  requires  t?  ^  0;  conserva¬ 
tion  of  ions  requires,  after  integration  with  respect  to  y, 

p(]  —  f)vA  =  Fw  =  const  (1) 

Conservation  of  current  requires 


Jy 


■  . «p(i  -  /)  „ 

■  Jw  Oi  Va 


(2) 


which  also  serves  to  define  the  current  fraction  a.  The  z 
component  of  the  momentum  equation  is  the  only  nontrivial 
one: 


(d/dij)  [yin{dw/dy)  ]  =  jyBo  (3) 

where  is  the  viscosity  of  the  heavy  particle  mixture  (the 
viscosity  due  to  electrons  is  negligible). 

Since  the  primary  case  of  interest  here  is  the  situation  where 
the  electron  temperature  is  different  from  that  of  the  heavy 
particles,  two  energy  equations  are  required.  For  the  heavy 
particles,  one  obtains 

dy\  dy  /  mi 


whereas  the  electron  energy  equation  is 


dy\  ‘  dy) 


epjl  -  f) 

nii 


VAEy 


Eyjy  ~  \ch{Te  —  T g)  -\- 


(5) 


where  each  species  is  assumed  to  behave  as  a  perfect  gas. 
It  is  pointed  out  that,  in  addition  to  the  usual  terms,  these 
equations  contain  a  term  representing  energy  transfer  be¬ 
tween  light  and  heavy  species  due  to  collisional  processes 
[\e).{Te  —  Tg)]  and  a  term  representing  energy  transfer 
between  charged  species  due  to  motion  in  an  electric  field 
(first  term  on  the  right  side  of  both  equations). 

The  generalized  form  of  Ohm’s  law  yields  y*  =  0  and 


(1  +  M 


Ey  -h  wBq  -h 


mi 


dpe 

ep{l  -  f)  dy 


(6) 


jz  =  0rjy 

Similarl^q  the  diffusion  equation  yields  Ua  =  0  and 


(7) 


2(1  -f)p 


Da[1  +  (1  -fKT./Tg)] 


d 

Va  -  fjzBo  =  -  ^  (Pi  +  P«) 


(8) 


2(1  -  f)p 

Da[1  +  (1  -f)(T,/T,)] 


Wa  =  —fjvBa 


(9) 


It  is  noted  that  the  scalar  electrical  conductivity  in  (6) 
can  be  related  to  the  binary  diffusion  coefficients^  by  utilizing 
the  diffusional  relations  presented  by  Hirschfelder,  Curtiss, 
and  Bird,'^  suitably  modified  by  the  fact  that  the  mo¬ 
mentum  transfer  between  electrons  and  heavier  species 
is  governed  by  the  electron  temperature  when  the  tempera¬ 
tures  are  unequal,  and  further  neglecting  the  effects  of  thermal 
diffusion  and  strong  electric  and  magnetic  fields  on  the  velocity 
distribution  functions.  The  latter  assumptions  are  not 
wholly  justifiable  in  the  general  case,  but  their  use  will  not 
alter  the  character  of  the  results  for  effects  of  magnetic 


§  A  more  detailed  development  of  the  multidimensional  form 
of  the  governing  equations,  consisting  primarily  of  algebraic 
manipulation  of  the  conservation  relations  for  each  species  in 
which  all  terms  are  retained,  can  be  found  in  Ref.  3;  develop¬ 
ment  of  the  present  one-dimensional  form  can  be  found  in  Ref. 
12.  Unfortunately,  space  does  not  permit  presentation  of  these 
developments  here. 

%  The  ‘ffiinary”  coefficients  are  here  defined  as  the  value  of 
the  diffusion  coefficient  in  the  binary  mixture  at  the  same  num¬ 
ber  densities  and  temperatures  as  exist  in  the  total  mixture. 
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fields  and  electron  temperature  nonequilibrium  on  energy 
transfer  (which  is  the  purpose  of  the  investigation),  but  will, 
of  course,  cause  the  quantitative  results  to  be  somewhat  in 
error.  These  assumptions  are  further  supported  by  the 
fact  that,  in  the  case  treated  here,  the  electronic  Hall  param¬ 
eter,  —  (o^T)e,  is  restricted  to  values  less  than  six.  The 
resulting  relation  is 


V  (1-  +  -lA  pg  -/) 

\n,ej  2DJ  (1  -  /  +  TJT,) 


(10) 


As  has  been  previously  noted  by  Kemp,®  the  ion  diffusion 
velocity  is  proportional  to  partial  pressure  gradients  in  (8) 
rather  than  the  more  common  case  of  concentration  gradi¬ 
ents.  Actually,  the  former  is  the  more  fundamental  form, 
with  the  importance  of  the  distinction  lying  in  the  fact  that 
this  form  reduces  to  the  common  one  involving  concentra¬ 
tion  gradients  (expressed  in  terms  of  mass  fractions)  only  if 
the  temperatures  of  all  species  are  equal. 

Equations  (1-8),  with  the  thermal  equations  of  state  for 
each  species,  form  a  set  of  eleven  equations  in  the  unknowns 
T„  Tg,  Va,  /,  p,  jy,  jz,  W,  Ey,  Pi,  Pe  with  (9)  providing  a  deter¬ 
mination  of  wa  (which  will  not  be  of  interest  here).  To 
nondimensionalize  these  equations,  it  is  first  convenient  to 
introduce  the  quantity  5  =  [ep{l  --  f)/miY/ a  to  replace  the 
electrical  conductivity  and  then  to  introduce  the  following 
normalization  quantities:  Lr  =  L,  pr  =  hpJ^CygT^,  = 

To-.,  Pt  =  Pr  =  Mco,  h  =  k^,  Da,  r  =  Da,,  8r  =  pJDa,, 
\r  =  kJL‘^,  Er  =  kTJeL,  Br  =  Bq,  Va,  t  =  Da,/L,  Wr  =  Erj 
Br,  Eu>.  r  =  PrVA,  7,  and  jV  =  {e/mi)prVA,  r*  The  subscript  co  re¬ 
fers  to  conditions  at  the  upper  (hot)  plate,  and  /)«,  is  taken 
as  the  value  of  Da  at  pa,  and  T*,  assuming  only  a  trace  of 
ionization.  The  dimensionless  parameters  Le  =  prCpgDa,/ 
ka>,  Sc  =  paa/prDaa,  aud  / iriikT a,  arise  as  a  conse¬ 

quence  of  the  normalization  scheme.  The  preceding  equa¬ 
tions,  in  terms  of  the  dimensionless  variables,  become  (after 
some  manipulation)  ** 


p(l-/)^^  =  ^.  (11) 


dy 


dy 


FwVa 


0:5(1  +  l3e^)VA^  —  FwW  — 
d 


dy 


(£•)] 


+  -  T,)  (13) 


FyVA 


-  I  (ie)(l  0,8(1  +  - 

/T\l  dT 

-  )  -  {Le)a  -  a)F^^  -  XekiT.  -  Tg)  (14) 

J  dy 

n  .  rln 

(15) 


dy 


Va  = 


_ Ha _ ^ 

2p(l  -  })Tg{l  -  m  dy 


T, 


where 


£„  =  +  A  W  -  w  -  i'A  ( , 

F iD  dy  \va 


P  =  [T,+  il 

6  —  {eB(iD^/kTa)aDAf/2Tg 

g=f/[\+(l  -S)(T./Tg)] 


) 


(16) 

(17) 

(18) 
(19) 


In  this  form,  Eqs.  (12-15)  represent  a  coupled  set  of  four 
nonlinear  differential  equations  in  the  variables  (for  example) 
Tt,  Tg,  w,  and  Va- 


**  Hereafter,  dimensional  quantities  will  be  denoted  by  a 
prime,  unless  otherwise  specified. 


2.3  Transport  Propertiesft 


To  obtain  the  values  of  the  various  transport  properties 
of  the  mixture,  it  is  necessary  to  obtain  the  properties  ot  the 
pure  species  I J  and  then,  in  the  case  of  viscosity  and  thermal 
conductivity,  to  compute  the  mixture  properties  by  standard 
(although  approximate)  mixture  rules.  It  should  be  re¬ 
marked  that  experimental  determination  of  these  values  is 
rather  sparse  and  often  nonexistent  at  the  temperatures  of 
interest,  hence  the  following  theoretical  predictions  are  sub¬ 
ject  to  error.  Further,  these  theoretical  predictions  may 
not  be  the  best  available;  however,  it  is  believed  that  all 
significant  qualitative  trends  are  faithfully  reproduced,  which 
is  adequate  for  the  present  purposes. 

In  this  connection,  it  is  pointed  out  that,  although  the 
properties  are  computed  for  partially  ionized  monatomic 
hydrogen  (which  is,  in  a  sense,  unrealistic  because  of  the  possible 
presence  of  H2),  these  properties  are  qualitatively  similar 
for  any  partially  ionized  monatomic  gas,  and  hence  some 
insight  into  the  behavior  of  these  other  gases  can  be  gained 
from  the  results  for  hydrogen.  To  elaborate  somewhat  on 
this  remark,  if  it  is  desired  to  extrapolate  the  results  obtained 
for  hydrogen  to  some  other  gas,  the  features  of  the  transport 
properties  which  must  be  accounted  for  are  the  change  in 
characteristic  magnitudes  and  the  change  in  temperature- 
composition  dependence. §§  Of  these  two  features,  the 
change  in  characteristic  magnitudes  can  always  be  accounted 
for  by  an  appropriate  nondimensionalization  scheme  and 
hence  causes  no  difficulty.  If,  however,  the  change  in 
temperature-composition  dependence  of  a  particular  property 
is  markedly  different  in  two  gases,  there  exists  no  way  to 
extrapolate  the  results  from  one  gas  to  the  other.  For¬ 
tunately,  this  is  not  the  case  in  the  transport  properties  of 
hydrogen  as  computed  here  and  the  transport  properties  of 
the  noble  gases,  since  the  relevant  particle  cross  sections  are 
not  significantly  different  (with  the  single  exception  of  the 
electron-neutral  cross  section,  which  does  not  play  an  im¬ 
portant  role  at  the  gas  conditions  of  interest).  For  ex¬ 
ample,  if  the  thermal  conductivities  of  the  electronic  com¬ 
ponent  and  the  ion-neutral  component  and  the  ion-neutral 
diffusion  coefficient  as  computed  by  Camac  and  Kemp^  for 
argon  are  multiplied  by  one,  ten,  and  three,  respectively,  it 
is  found  that  the  results  are  very  close  to  the  corresponding- 
properties  as  computed  here  for  monatomic  hydrogen,  with 
no  qualitative  change  in  temperature-composition  depend¬ 
ence.  Thus,  it  is  expected  that  the  results  obtained  in  the 
present  investigation  can  be  qualitatively  applied  to  argon, 
provided  that  the  change  in  characteristic  magnitudes  are 
accounted  for  by  nondimensionalization.  Accordingly,  the 
following  theoretical  predictions  are  presented  without 
further  apology. 

The  transport  properties  of  a  mixture  of  equal  numbers  of 
ions  and  electrons  have  been  computed  by  Braginskii,®  with 
the  following  results^^ : 


{pi)p  =  0.246 


{ki)p  -  0.18 


^kTgy 


fY)  ,1/2 


ft  All  quantities  in  this  section  are  dimensional. 

If  As  the  transport  properties  of  charged  species  are  most 
readily  available  in  terms  of  a  fully  ionized  gas,  the  subsequent 
discussion  considers  a  mixture  of  equal  numbers  of  ons  and 
electrons  as  a  pure  species. 

§§  Any  transport  property  q  can  be  written  as  q  =  qrF(Tj,  nj), 
where  qr  is  the  value  of  the  transport  property  at  some  point 
in  the  flow.  In  the  present  terminology^  qr  is  referred  to  as  the 
characteristic  magnitude  and  F  as  the  temperature- composition 
dependence. 

IFH  The  notation  employed  is  that  a  quantity  enclosed  in 
parentheses  denotes  a  property  of  an  individual  species,  the 
inner  subscript  referring  to  that  species  and  the  outer  subscripts 
referring  to  the  number  of  species  present:  i,  e,  n  =  ions,  elec¬ 
trons,  or  neutrals,  only,  respectively;  p  =  ions  and  electrons; 
no  outer  subscript  indicates  all  species  are  present. 
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(21) 


Du  =  0.293 


IhA^ 


(22) 


(23) 


where  the  subscrii)t  |1  refers  to  the  direction  parallel  to  the 
magnetic  field  and 

InA^.,  =  {3/2e^){k^T,,  (24) 

r„-  =  37n.i/2(j^^rj3/2/4(27r)i/26%,  InA,  (25) 

Reasonable  a])proximations  of  the  results  of  Vanderslice, 
et  al"^  for  the  viscosity  and  thermal  conductivity  of  atomic 
hydrogen  are 

(fXn)n  =  1.03  X  10“«T,  (kg/m-sec)  (26) 

(kn)n  =  3.20  X  10-^T^,  (joules/m-sec-°K)  (27) 

The  value  of  the  ion-neutral  binary  diffusion  coefficient  is 
obtained  from  the  data  of  Brown^  for  helium  and  from  as¬ 
suming  that  the  coefficient  varies  as  the  inverse  square  root 
of  the  atomic  mass,  with  the  result 


Din  =  7,60  X  10-‘®T,VPi«Qo  (mVsec)  (28) 


where  pu,  denotes  the  partial  pressure  (in  atmosjffieres)  of  the 
ion-neutral  mixture  and  Qo  =  1-  As  this  result  is  subject 
to  considerable  error,  the  factor  Qo  is  included  as  a  simple 
method  for  investigating  possible  changes  in  Din. 

For  want  of  other  data,  the  electron-neutral  cross  section 
is  assumed  to  be  =  10”^^  m^,  with  the  corresponding  mean 
free  time  between  collisions  of  =  (n„(3,n(7«)“k  The  re¬ 
sulting  energy  exchange  coefficient  is 

where  dm  =  1  is  a  good  approximation  for  the  effectiveness 
of  a  (collision  in  transferring  energy  in  monatomic  gases. 
The  electron-neutral  diffusion  coefficient  is 


Dm  =  2.52  X  lO^^T.^i'^TJpin  (mVsec)  (30) 


where  pin  is  in  atmospheres. 

The  properties  of  the  total  mixture  can  be  computed  from 
the  pro])erties  of  the  j^ure  species  by  standard  mean  free 
path  considerations  proposed  by  Fay^  and  will  not  be  dis¬ 
cussed  further  here.  The  results  are  as  follows:  for  the 
viscosity  of  the  ion-neutral  component, 


P>in  (m«)« 


(1  -  /)  . 


1  +  1.35  . 7—  Qo  '  + 


/ 


te),[l  +  (.3.SX10-.)(j^)^”]"  (31) 


for  the  thermal  conductivity  of  the  ion-neutral  (components, 


/c.„  =  [l  +  1.35  (^-y^)  Qo]  '  + 

ik),  [l  +  (3.8  X  ]0-«) 
for  the  thermal  conductivity  of  the  electrons, 

fc,  -  («„[l  +  (2.0XI0-”)(jyjg]‘'  (33) 

for  the  total  energy  exchange  coefficient, 

(34) 


and  for  the  electronic  Hall  parameter, 

(cor).  =  (3.92  X  10-^)  (0  X 

_ 1  +  (1  ^  f){Tc/Tg) _  .  . 

(1  -  /)lnA,  +  (2.0  X  10-i«)/r/  ^ 

where  B  is  in  webers  per  square  meter,  p  in  atmospheres,  and 
T  in  degrees  Kelvin.  Finally,  the  thermal  concluctivity  of 
the  electrons  transverse  to  the  magnetic  field  (the  only 
direction  of  interest  here)  is  taken  as 

k,  [1  +  (a;r)*2]-ifclj  (36) 

It  should  be  mentioned  that  the  ionic  contributions  to  the 
thermal  conductivity  and  viscosity,  as  well  as  the  contribu¬ 
tions  of  electron-neutral  interaction  to  energy  exchange  and 
to  the  value  of  the  Hall  parameter,  are  essentially  negligible 
at  the  conditions  encountered  in  the  present  investigation. 


2.4  Boundary  Conditions 

At  the  conditions  of  interest  here,  the  most  appropriate 
analysis  of  the  sheath  to  date  has  been  given  by  Schulz  and 
Brown.  Their  analysis  incorporates  the  assumptions 
that  the  electrons  are  isothermal  in  the  sheath  and  that  the 
directed  energy  of  the  ions  is  much  greater  than  the  thermal 
energy;  solution  of  the  continuity  and  momentum  equations 
(in  the  absence  of  transport  effects),  in  conjunction  with 
Poisson's  equation,  yields  the  result  that  the  ion  diffusion 
velocity  at  the  sheath  edge  must  satisfy  the  inequality  (in 
dimensional  form) 

va,  >  kTe,  Jmi  (36a) 

and  the  corresponding  potential  drop  across  the  sheath 
satisfies 


7  = 


_  C  I  <j)tw  j 


kTe. 


-  K4|!'a.,|(l  -  «)) 


(36b) 

.  (1  -  O') 


where  a  is  the  ratio  of  the  net  current  flow  to  the  wall  to  the 
ion  current  (the  analysis  being  restricted  to  |  a]  <  1).  Some 
elementary  extensions  of  this  solution  which  indicate  the 
effect  of  other  plausible  assumptions  are  as  follows.  First, 
if  the  ion  thermal  energy  is  not  neglected  and  both  electrons 
and  ions  are  assumed  isothermal  in  the  sheath,  the  corre¬ 
sponding  results  are 


>  {k/mi){Te,  a  +  Tg^  s)  (37a) 


__e\^sw\  {mi/2'Kmcy<^ 

“  kT,. ,  -  (1  -«)(!  +  n,  ./T., .)'« 


(37b) 


Similarly,  if  both  electrons  and  ions  are  assumed  to  be 
adiabatic  in  the  sheath,  the  results  become 


Va,  a^  >  ^{k/mi){Tt.  a  +  Tg,  a) 

e\(j>su>\  &ni/lQTrmeyi^ 

kTe,  a  -  (1  -  a)(l  +  Tg,./Te,ay’^ 


(38a) 

(38b) 


At  the  sheath  edge  then,  the  appropriate  boundary  condi¬ 
tions  on  the  ion  temperature  and  ion  diffusion  velocity  are 
that  Tg  =  Tv,  (since  the  ions  are  in  thermal  equilibrium 
with  the  neutrals)  and  Va  =  va,  «,*  respectively.  The  bound¬ 
ary  condition  relevant  to  the  electron  temperature  is  obtained 
by  calculating  the  energy  flux  across  the  sheath  edge  carried 
by  the  electrons 

qew^  =  pi,  sVa.  «(1  —  a)(2  +  y){icpaTe, «)  (39) 

which  is  the  result  of  Jukes^i  quoted  by  Camac  and  KenqA 
and  may  be  obtained  by  assuming  the  electron  velocity  dis- 


*  The  equalities  in  the  sheath  relations  are  assumed  to  hold.^“ 


^eh  —  ^ei  "b  ^en 
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ti’ibution  to  be  Maxwellian  at  the  sheath  edge  and  com¬ 
puting  the  energy  flux  carried  toward  the  wall  by  electrons 
possessing  sufficient  energy  to  penetrate  the  sheath  poten¬ 
tial.  It  should  be  pointed  out  that,  although  only  a  very 
small  fraction  of  the  electrons  incident  on  the  sheath  edge 
succeeds  in  penetrating  it,  this  small  fraction  originates  in 
the  high  energy  portion  of  the  Maxwellian  distribution  and 
hence  carries  a  significant  amount  of  energy.  Further,  the 
energy  flux  by  electrons  across  the  sheath  edge  does  not  rep¬ 
resent  the  energy  flux  by  electrons  to  the  wall,  since  most  of 
this  energy  is  transferred  to  the  ions  in  the  sheath  (via  electric 
fields) . 

The  problem  remains  to  relate  the  quantities  Te,  Tg,  and 
Va  at  the  edge  of  the  transition  region  to  relevant  properties 
at  the  sheath  edge.  In  the  work  of  Camac  and  Kemp,^  the 
transition  region  was  neglected,  so  that  the  boundary  condi¬ 
tions  for  the  continuum  equations  became  Tg  =  Tg,  ^  == 
Tu-,  Va  =  Va,  >  and 

[~ke{dT,/dy)  +  —  oi)CpgT,,  = 

[pMi  -  a){2+  y)(icM].  (40) 


where  va,  s  and  y  were  given  by  Eqs.  (36).  Boundary 
conditions  of  this  type  will  also  be  considered  here.  In 
addition,  it  is  proposed  that  the  transition  region  is  of  very 
small  spatial  extent  and  therefore  may  be  treated  in  a  way 
analogous  to  the  sheath  treatment.  The  edge  of  the  transi¬ 
tion  region  will  be  defined  by  the  relation  va,  i/va,  *  =  A^; 
that  is,  the  ion  diffusion  velocity  at  the  transition  edge  is 
some  fraction  of  the  velocity  at  the  sheath  edge.  Then  the 
continuity,  momentum,  and  energy  equations  for  ions  and 
electrons  in  the  transition  region  (where  rii  ~  and  trans¬ 
port  effects  are  again  neglected)  may  be  solved  with  the 
same  assumptions  as  led  to  Eqs.  (36-38),  respectively,  to 
yield  for  the  potential  difference  across  both  the  sheath  and 
transition  region : 


7i 


^  {mi/2Trm,y>^ 
~  (1  -  «) 


+  2  (i  ~  AJ) 


(41) 


The  heat  transfer  to  the  cold  surface  is  given  by  (in  dimen¬ 
sionless  form) 

(jw  =  (lei  +  Qili  +  Qce  +  Qde  +  (jis 

where  the  transfer  by  conduction  due  to  ions  and  neutrals  is 

Qci  ]y=0 

the  transfer  by  diffusion  of  recombination  energy  is 

Qdi  ~  Eu,(L6)(  €n) 

the  transfer  by  conduction  in  the  electrons  is 
Qce  ^  [hidTe/dy)]y^o 

the  transfer  by  diffusion  of  electron  thermal  energ}'  is 
Qde  =  —Fw{Le)(l  —  a){Tc)y=o 

and  the  energy  transfer  due  to  the  gain  of  energy  by  the  ex¬ 
cessions  in  crossing  the  sheath  is 

Qsi  =  -OAFy,(Le)ayi(Te)y-o 

The  dimensional  heat-transfer  is  related  to  the  dimension¬ 
less  quantity  by  =  qJL/ko,To..  To  complete  the  prob¬ 
lem  formulation,  the  boundaiy  conditions  at  the  upper  sur¬ 
face  are  (in  dimensionless  form)  at  g  =  1:  T*  =  Tj,  =  1, 
/  =  /oo,  and  dw/dy  =  0,  and,  in  addition,  at  the  cold  surface, 
=  0.  The  fluid  motion  (which  occurs  only  in  the  presence 
of  net  current  flow  and  a  magnetic  field)  is  assumed  to  be 
unimpeded  at  the  upper  surface. 

It  is  rather  evident  from  the  form  of  the  equations  and 
the  transport  properties  that  numerical  solutions  are  indi¬ 
cated.  Such  solutions  have  been  obtained,  although  with 
some  difficulty;  space  does  not  permit  discussion  of  the 
numerical  technique  involved. 

III.  Results  and  Discussion} 

3.1  Discussion  of  Numerical  Results§ 


for  the  cold  ion,  isothermal  electron  case; 

imi/2Trmey’'^  ,  1 


7i  S 


<  In  ; 


(1  -  q:)(1  -h  Tg,  t/Te,  2 

for  the  isothermal  ion  and  electron  casef;  and 

)l/2 


+  o  (1  -  ^4.^)  (42) 


-  4  4  -  aY  (1  -  «)(1  +  f,.  ,/ 


+ 


5(1  -  AJ) 
2(4  -  AJ) 


(43) 


for  the  adiabatic  electron  and  ion  case.  The  boundary 
conditions  at  the  edge  of  the  tra;nsition  region  become  then 
Tg,  t  =  Ty,  (the  ions  are  still  assumed  to  be  in  thermal  equilib¬ 
rium  with  the  neutrals,  and  the  transition  region  is  assumed 
sufficiently  small  so  that  the  temperature  is  essentially  the 
wall  temperature),  Va,  t  =  AyPA, and  the  energy  balance  for 
electrons  yields  a  relation  identical  to  (40)  with  y  replaced 
by  7i,  if  (41)  or  (42)  apply,  whereas  if  (43)  applies,  y  in  (40) 
should  be  replaced  by 


72 


1  -  AY 
2(4  -  AY) 


+ 


3/  (Smi/10Tmy>^ 

4  V  4  -  AY/  (1  -  «)(1  +  Tg,  YTe,  tY^^ 


(44) 


In  dimensionless  form,  (40)  becomes,  at  g  =  0, 


kAdTe/dy)  =  FYLe)(l  -  a)  (0.2  -  0.47^)^ 


t  It  is  mentioned  that  the  results  for  the  isothermal  assump¬ 
tion  are  basically  inconsistent,  since  collisional  and  transport 
effects  were  neglected  in  the  equations  of  motion;  hence  there 
exists  no  mechanism  to  maintain  isothermality. 


3.1,1  Sheath ’transition  region  model  and  energy 
transfer  by  electric  fields 

The  effect  of  incorporating  a  transition  region  near  the 
cold  surface  on  temperature  profiles  and  total  heat  transfer 
is  shown  in  Fig.  3  for  the  case  Xoo  ^  (Xe/i)c»  =  0.140  and  Too  = 
50,000°K.  The  cold  ion,  isothermal  electron  sheath  model 
[Eqs.  (36a,  36b,  and  41)  ]  has  been  employed.  In  one  case 
(curve  2,  =  1 .0)  the  transition  region  has  been  neglected,  and 

the  continuum  equations  are  assumed  to  be  valid  to  the  sheath 
edge,  whereas  in  the  other  case  (curve  4,  Aw  =  0.25)  the 
transition  region  begins  when  the  ion  drift  velocity  is  25% 
of  that  at  the  sheath  edge.  The  differences  in  the  two  re¬ 
sults  are  attributable  to  the  fact  that  the  transition  region 
model  employed  yields  less  energy  transfer  between  electrons 
and  ions  by  electric  fields  than  if  the  continuum  equations 
are  assumed  valid  to  the  sheath  edge.  It  is  observed  that 
the  differences  are  small,  and  it  therefore  may  be  concluded 
that  the  solution  is  not  greatly  affected  by  the  transition 
region.  This  conclusion  is  further  supported  by  the  observa¬ 
tion  that  the  boundary  condition  on  electron  temperature 
diminishes  in  importance  as  thermal  equilibrium  is  ap¬ 
proached,  and  hence  the  effect  of  the  transition  region  will 
diminish  at  higher  values  of  X:o.  Of  course,  if  the  value  of 
the  ion  drift  velocity  at  the  transition  region  edge  is  assumed 


t  A  more  detailed  presentation  of  the  results  of  this  investiga¬ 
tion,  including  some  useful  analytical  solutions,  can  be  found  in 
Ref.  12. 

§  Unless  otherwise  specified,  the  following  values  of  the  param¬ 
eters  are  employed  in  the  numerical  computations:  p  =  1  atm, 
L  =  10“3m,  Tu  =  500°K,  Qo  =  2,  /3ecc  =  0,  a  =  0.  Variations 
in  Xco  =  (Xca)oo  are  for  parametric  purposes  primarily;  physically, 
they  may  be  construed  as  variations  in  L. 
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successively  smaller,  a  point  will  eventually  be  reached  where 
the  mole  fraction  of  ions  existing  at  the  transition  region 
edge  will  be  substantial  compared  to  the  mole  fraction 
existing  at  the  upi^er  surface.  This  indicates  that  the  spatial 
extent  of  the  transition  region  so  defined  is  not  negligible. 
The  resultant  effect  is  to  decrease  the  flux  of  ions  toward 
the  wall,  thereby  decreasing  heat  transfer.  For  example, 
the  results  of  a  calculation  with  =  0.05,  when  compared 
with  those  for  A,,  =  0.25,  yielded  a  decrease  in  ion  flux  of 
14%,  a  decrease  in  heat  transfer  of  11%,  and  an  increase  in 
electron  wall  temperature  of  13%. 

The  influence  of  the  models  of  the  sheath-transition  region 
proposed  in  Sect.  2.4  have  been  investigated  by  comparing 
the  results  of  the  cold  ion,  isothermal  electron  model  calcu¬ 
lation  at  Tco  “  50,000®K,  Xoo  =  0.140,  and  Aw  ~  0.5  with  the 
results  of  calculations  at  the  same  conditions  for  the  com¬ 
pletely  isothermal  model  [Eqs.  (37a,  37b,  and  42)]  and  the 
adiabatic  model  [Eqs.  (38a,  38b,  43,  and  44)  ].  The  resulting 
variations  in  heat  transfer  and  electron  wall  temperature 
effected  by  these  models  were  not  gi’eat  (maximum  vari¬ 
ations  of  0.7  and  7.4%,  respectively).  It  is  concluded  that 
the  solution  is  not  greatly  affected  by  the  sheath-transition 
region  model  employed.  In  all  subsequent  calculations,  ex¬ 
cept  for  those  discussed  in  the  next  paragraph,  the  isothermal 
sheath  model  is  employed  with  Aw  =  0.5. 

In  Fig.  3,  the  curves  labeled  1  and  3  have  been  computed 
identically  to  curves  2  and  4,  respectively,  with  the  exception 
that  energy  transfer  between  ions  and  electrons  by  electric 
fields  is  neglected  in  the  region  external  to  the  sheath-transi¬ 
tion  region.  It  is  observed  that  this  energy-transfer  mech¬ 
anism  has  an  appreciable  effect  on  the  electron  tempera¬ 
ture  profile  and  the  total  heat  transfer  to  the  wall.  It  should 
be  noted  that  the  major  part  of  this  electric  field  energy  trans¬ 
fer  occurs  near  the  cold  surface  where  Ey  is  large;  this  ac¬ 
counts  for  the  decreased  effect  when  a  transition  region  is 
included.  This  observation  indicates  that  a  useful  approxi¬ 
mation  in  more  complex  problems  may  be  to  assume  a  value 
of  ylu,  as  low  as  is  consistent  with  neglecting  the  spatial  ex¬ 
tent  of  the  transition  region  and  then  neglect  the  electric 
field  energy  transfer  external  to  the  sheath.  This  is  affirmed 
by  the  previously  discussed  calculation  for  Aw  =  0.05  wherein 
the  difference  in  total  heat  transfer  resulting  from  neglecting 
this  energy  transfer  was  3.6%;  the  fact  that  this  value  of 
Aw  is  somewhat  too  low  to  neglect  the  spatial  extent  ot  the 
transition  region  is  of  little  consequence  in  this  regard. 

The  ju’cceding  remarks  are  qualitatively  applicable  to 
different  gas  conditions  or  other  noble  gases.  The  quanti¬ 
tative  effects  are  modified  by  the  fact  that,  in  situations 
where  the  nonequilibrium  contribution  of  electrons  to  energy 
transfer  is  relatiA^ely  greater,  the  differences  resulting  from 


Fig.  3  Sheath-transition  region  and  electric  field  energy 
transfer  effects  on  temperature  profiles;  Too  =  50,000 °K, 
Xoo  =  0.140,  cold  ion  sheath  model. 


the  use  of  the  various  sheath-transition  region  models  will  be 
somewhat  more  pronounced. 

3.1.2  Thermal  nonequilibrium  effects  on  property 
profiles  and  energy  transfer 

The  parameter  that  best  characterizes  the  degree  of  thermal 
nonequilibrium  is  =  (\ch)JA/(k/)a>.  It  represents  the 
ratio  of  the  collisional  energy-transfer  rate  between  electrons 
and  heavy  particles  to  the  energy-transfer  rate  by  thermal 
conduction  in  electrons.  If  this  ratio  is  small,  the  electrons 
are  essentially  thermally  uncoupled,  whereas  if  this  ratio  is 
large,  thermal  equilibrium  prevails.  The  chief  virtue  of  this 
parameter,  as  the  results  will  show,  is  that  the  value  required 
for  virtually  complete  nonequilibrium  is  insensitive  to  the 
relative  magnitudes  of  fce,  kin,  and  Da;  hence,  the  value  is 
not  sensitive  to  gas  conditions. 

Because  of  the  dependence  of  the  transport  properties  on 
temperature  and  composition,  it  is  necessary  to  appreciate 
the  effects  of  thermal  nonequilibrium  on  the  temperature 
and  composition  profiles  before  the  effects  on  heat  transfer 
can  be  fully  understood.  These  effects  of  thermal  nonequilib¬ 
rium,  characterized  by  X^,,^  on  the  temperature  and  composi¬ 
tion  profiles  are  shown  in  Fig.  4.  The  most  important  effect 
portrayed  in  this  figure  is  the  change  in  the  heavy  particle 
temperature  profile  as  X^  varies.  This  change  in  tempera¬ 
ture  profile  is  largely  due  to  the  change  in  temperature  and 
composition  dependence  of  the  effective  thermal  conductivity. 
For  example,  at  ==  0,  the  heavy  particle  thermal  con¬ 
ductivity  determines  Tg,  and  since  kin  ^  f^o/if  +  (1  — 
f)Qo]  exhibits  a  maximum,  the  slope  of  the  heavy  particle 
tem])erature  profile  exhibits  a  minimum.  This  is  clearly 
evident  in  Fig.  4.  On  the  other  hand,  at  Xa.  —  the  elec¬ 
tron  thermal  conductivity  is  significant  in  determining  Tg, 
and  since  ke  ~  this  tends  to  yield  a  temperature  pro¬ 
file  with  a  continually  decreasing  slope;  this  is  also  evident 
in  Fig.  4.  The  net  result  of  this  effect  is  to  decrease  the 


Fig.  4  Thermal  noiiequilibrium  effects  on  temperature 
and  composition  profiles;  Too  =  50,000°K. 


1[  The  parameter  Xoo  employed  in  the  figures  is  actually 
i\eh')coL^/lke'  T  ki„')o^.  This  differs  from  the  parameter  Xoo 
discussed  in  the  text  by  the  factor  {ke'  4-  kin')co/{ke')co;  how¬ 
ever,  for  all  cases  considered  here,  this  factor  is  1.04,  and  hence 
the  difference  in  the  two  parameters  is  not  significant. 
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heavy  particle  temperature  everywhere  as  thermal  non¬ 
equilibrium  becomes  more  pronounced.  As  will  be  seen, 
since  both  kin  and  Da  are  functions  of  Tg,  this  change  plays 
an  important  role  in  determining  the  magnitude  of  thermal 
nonequilibrium  effects  on  total  heat  transfer. 

Two  additional  features  evident  in  Fig,  4  are  worthy  of 
note.  First,  the  electron  temperature  is  not  constant  be¬ 
tween  the  plates  when  0.  This  is,  of  course,  due  to 
the  energy  transfer  by  electric  fields  between  electrons  and 
ions.  As  mentioned  in  Sec.  3.1.1,  a  minor  portion  of  this 
energy  transfer  occurs  external  to  the  sheath- transition  re¬ 
gion,  whereas  the  major  portion  occurs  in  this  region  (evi¬ 
denced  by  the  boundary  condition  on  electron  temperature). 
Second,  the  region  of  thermal  nonequilibrium  is  not  well 
confined  near  the  cold  surface  at  higher  values  of  Xoo.  This 
is  due  to  the  strong  temperature  dependences  of  the  collisional 
energy  coupling  and  the  thermal  conductivities.  It  is  re¬ 
marked  in  passing  that  calculations  performed  for  Co  —  1, 
resulting  in  a  factor  of  2  increase  in  Da,  indicate  that  the 
influence  of  thermal  nonequilibrium  on  the  temperature 
profiles  in  Fig.  4  is  not  qualitatively  altered.  The  major 
effect  of  the  increase  in  jDa  is  a  decrease  in  electron  wall 
temperature  in  the  nonequilibrium  situation  due  to  increased 
electric  field  energy  transfer  between  electrons  and  ions. 
Finally,  it  is  noted  that  the  effects  exhibited  in  Fig.  4  are 
not  expected  to  be  altered  in  the  noble  gases  because  of  the 
previously  mentioned  similarity  in  temperature-composition 
dependence  of  the  transport  properties. 

The  most  important  effects  of  thermal  nonequilibrium  on 
diffusional  processes,  as  indicated  in  Fig.  5,  are  twofold. 
First,  the  heat  transfer  due  to  recombination  at  the  cold 
surface  (q^i)  is  essentially  a  constant  fraction  of  the  total 
heat  transfer,  regardless  of  the  degree  of  nonequilibrium. 
This  reflects  the  fact  that  qai  ^  Da  ^  Tg.  As  observed  in 
the  preceding  discussion,  Tg  decreases  as  Xoo  decreases;  hence 
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Fig.  5  Thermal  non  equilibrium  effects  on  heat  transfer 
due  to  various  sources.  (The  heat  transfer  due  to  elec¬ 
tronic  conduction  is  indistinguishable  from  that  due  to 
diffusion  of  electron  thermal  energy.) 


Fig.  6  Thermal  nonequilibrium  effects  on  total  heat 
transfer  and  electron  temperature. 

qdi  does  likewise.  Second,  the  heat  transfer  due  to  the  dif¬ 
fusion  of  electron  thermal  energy  {qde),  as  well  as  the  related 
heat  conduction,  becomes  an  appreciable  part  of  the  total 
heat  transfer  as  complete  nonequilibrium  is  approached. 
It  should  be  noted  however,  that  the  total  heat  transfer 
decreases  as  Xoo  0,  as  shown  in  Fig.  6.  This  indicates 

that  the  tendency  for  diffusion  to  increase  the  electronic 
contribution  to  heat  transfer  in  the  nonequilibrium  condition 
is  not  sufficient  to  overcome  the  factors  tending  to  decrease 
this  heat  transfer.  These  factors  are  of  course  the  loss  of  the 
electronic  contribution  to  conduction  in  the  equilibrium 
condition,  the  decrease  in  recombinational  heat  transfer,  and 
finally,  the  decrease  in  heav}^  particle  conduction  as  complete 
nonequilibrium  is  approached.  This  last  effect  is  again  due 
to  the  decrease  in  Tg  as  Xoo  decreases,  since  ~  kin  ^  Tg. 

The  relative  roles  of  the  conduction  and  diffusion  processes 
in  both  electrons  and  heavy  particles  in  the  presence  of  ther¬ 
mal  nonequilibrium  effects  can  be  more  fully  appreciated  by 
examining  the  results  for  two  different  upper  surface  tem¬ 
peratures.  These  results  are  also  shown  in  Figs.  5  and  6. 
Because  of  the  temperature  dependences  of  the  transport 
properties  kin  ^  Tg,  pDa  Tg),  it  is  to  be  ex¬ 

pected  that  the  electronic  contribution  to  heat  transfer  will 
be  relatively  less  at  a  lower  temperature  level,  while  the  con¬ 
tribution  of  recombination  will  be  relatively  greater.  The 
lesser  contribution  of  the  electrons  at  lower-temperatures  is 
evidenced  in  Fig.  5  by  both  the  decreased  fraction  of  the  total 
heat  transfer,  which  is  directly  attributable  to  the  electronic 
component,  and  the  decreased  effect  of  nonequilibrium  on 
the  heat  transfer  due  to  heavy  particle  conduction.  The 
greater  contribution  of  recombination  to  the  total  heat 
transfer  at  the  lower  temperature  is  also  evident  in  Fig.  5. 
Superficially,  it  might  be  expected  that  thermal  nonequilib¬ 
rium  effects  on  total  heat  transfer  would  be  considerably  less 
at  lower  temperatures  because  of  the  decreased  contribution 
of  electrons.  Figure  6  indicates,  however,  that  nonequilib¬ 
rium  effects  are  only  slightly  less  at  Ten  =  25,000®K  than 
at  Ta>  ~  50,000  °K.  This  is  of  course  due  to  the  increased 
importance  of  recombinational  heat  transfer  at  the  lower 
temperature  and  the  fact  that  the  appreciable  effect  of  non¬ 
equilibrium  on  this  quantity  is  not  very  sensitive  to  these 
temperature  levels.  It  is  also  worthy  of  note  that  the 
fractional  change  in  total  heat  transfer  from  equilibrium  to 
complete  nonequilibrium  is  only  slightly  less  when  the  diffu¬ 
sion  coefficient  is  doubled  (Fig.  6):  again,  this  is  primarily 
because  of  the  insensitivity  to  nonequilibrium  effects  of  the 
fraction  of  the  total  heat  transfer  due  to  recombination. 

However,  at  temperature  levels  where  the  gas  at  the  hot 
surface  is  no  longer  fully  ionized,  the  recombinational  energy 
transfer  becomes  much  less  sensitive  to  nonequilibrium 
effects.  This  is  due  to  the  fact  that  the  variation  of  kin{Tg,  f) 
is  such  that  the  nonequilibrium  heavy  particle  temperature 
differs  much  less  from  the  equilibrium  profile  than  at  higher  tern- 
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peratAires.  Hence,  it  is  exj^ected  that,  at  these  conditions, 
the  total  heat  transfer  is  much  less  sensitive  to  nonequilibrium 
effects.  This  has  been  verified  by  a  computation  at  T'o,  = 

1 5,000  °K  where /co  =  0.45,  which  yielded  a  decrease  in  total 
heat  transfer  from  equilibrium  to  complete  nonequilibrium 
of  only  7.7%.  This  result  is  in  qualitative  agreement  with 
the  result  obtained  by  Camac  and  Kemp^  in  argon. 

Finally,  it  should  be  noted  in  Fig.  6  that  the  values  of  Xco, 
which  are  indicative  of  transition  from  thermal  nonequilib¬ 
rium  to  equilibrium,  are  not  sensitive  to  temperature  level 
or  the  magnitude  of  the  ion-neutral  diffusion  coefficient. 
Specifically,  the  value  of  Xa,  required  for  a  change  in  total 
heat  transfer  (from  nonequilibrium  toward  equilibrium)  of 
90%  of  the  total  change  is  in  the  range  2.8-4.4,  whereas  the 
value  for  a  similar  change  of  10%  is  in  the  range  0.02-0.03, 
with  the  higher  value  occurring  at  the  lower  temperature. 
It  is  also  remarked  that  calculations  indicate  that  the  presence 
of  a  magnetic  field,  which  significantly  alters  the  relative 
importance  of  the  electronic  thermal  conductivity,  does 
not  have  a  significant  effect  on  the  transitional  values  of 

Xco  • 

The  preceding  discussion  allows  two  general  conclusions 
with  regard  to  thermal  nonequilibrium  effect  on  total  heat 
transfer  in  gases  other  than  hydrogen.  First,  for  gases  in 
which  the  electronic  contribution  to  the  thermal  conductivity 
is  gi-eater  relative  to  the  heavy  particle  contribution  and  the 
contribution  from  diffusion al  processes,  thermal  nonequilib¬ 
rium  will  have  a  greater  effect  in  reducing  heat  transfer. 
Generally,  in  any  heavier  gas  at  the  same  temperature  and 
ionization  level  as  hydrogen,  the  relative  electronic  contribu¬ 
tion  will  be  greater.  This  is  confirmed  in  the  specific  case 
of  argon  by  the  brief  discussion  of  transport  properties  given 
in  Sec.  2.3.  The  second  general  conclusion  is  that  the  values 
of  X«  indicative  of  transition  from  thermal  equilibrium  to 
nonequilibrium  are  not  appreciably  different  for  other  gases. 
Both  of  these  conclusions  of  course  presuppose  that  the 
temi)erature-composition  dependences  of  kin  and  Da  in  other 
gases  are  similar  to  those  in  hydrogen,  and,  hence,  these  con¬ 
clusions  are  limited  to  the  noble  gases. 

Before  terminating  this  discussion  of  thermal  nonequilib¬ 
rium  effects  on  energy  transfer,  it  should  be  pointed  out  that 
another  ]:)Ossible  approximation  to  the  chemical  state  of  the 
gas,  not  treated  here,  is  that  where  the  ion  and  electron 
densities  are  in  chemical  equilibrium  with  the  neutrals  at  the 
electron  temperature.  This  approximation  may  be  valid 
at  sufficiently  high  temperatures,  and,  for  the  present  cases, 
would  yield  a  fully  ionized  gas  everywhere,  except  for  a  thin 
layer  near  the  cold  wall,  for  electron  temperatures  above 
25,000  °K.  In  this  case,  diffusional  processes  and  thermal 
conduction  by  neutrals  would  play  a  very  minor  role  in  de¬ 
termining  the  total  energy  transfer,  and  thermal  nonequilib¬ 
rium  would  have  a  considerably  more  drastic  effect  in  reduc¬ 
ing  heat  transfer. 

3.1.3  Magnetic  field  effects  on  heat  transfer 

In  the  absence  of  a  net  current  passing  between  the  plates, 
it  is  evident  from  the  governing  equations  and  transport  prop¬ 
erties  that  the  sole  effect  of  a  magnetic  field  is  to  decrease  the 
electronic  thermal  conductivity.  It  is  to  be  expected  then 
that  the  magnetic  field  will  decrease  the  total  heat  transfer 
in  both  equilibrium  and  nonequilibrium  situations;  this  is 
clearly  evident  in  the  numerical  results  shown  in  Fig.  7. 
These  results  also  indicate  that  nonequilibrium  effects  on 
total  heat  transfer  are  less  in  the  presence  of  a  magnetic 
field;  this  merely  reflects  the  fact  that  the  effects  of  thermal 
equilibrium  on  heat  transfer  decrease  when  the  electronic 
contributions  decrease.  Further,  the  previous  discussion  of 
thermal  nonequilibrium  effects  on  heat  transfer  has  indicated 
that  the  electronic  contributions  are  greater  at  equilibrium 
than  at  nonequilibrium.  In  the  presence  of  a  magnetic 
field,  this  fact  is  evidenced  in  Fig.  5  by  the  increased  fraction 


of  the  total  heat  transfer  due  to  recombination  at  equilibrium 
relative  to  that  at  nonequilibrium.  Hence,  it  is  expected 
that  the  effect  of  the  magnetic  field  in  decreasing  heat  trans¬ 
fer  would  be  less  as  the  amount  of  thermal  nonequilibrium 
increases;  this  feature  is  also  evident  in  Fig.  7. 

It  is  of  interest  to  compare  the  numerical  results  of  Fig.  7 
with  the  effect  of  the  magnetic  field  on  heat  transfer  if  elec¬ 
tronic  and  ionic  heat  conduction  were  the  only  processes  of 
importance.  This  has  been  accomplished  by  means  of 
analytical  solutions  for  the  case  of  a  fully  ionized  gas  in 
thermal  equilibrium,  in  which  no  neutrals  are  present  and 
diffusion  vanishes.  Such  a  situation  could  be  envisioned  if 
the  cold  surface  were  noncatalytic  to  recombination.  As¬ 
suming  that  ke  ki  ^  and  (cor)<.  ~  the 

governing  equations  can  readily  be  solved  for  n  =  0, 1 .75,  and 
2.33.  These  results  are  shown  in  Fig.  7  for  kjki  =  25, 
which  is  the  value  appropriate  for  fully  ionized  hydrogen. 
Comparison  of  the  results  for  w  =  0  and  n  =  2.33  shows  the 
considerable  effect  of  the  temperature  dependence  of  (cor)«  in 
reducing  the  effects  of  the  magnetic  field  on  heat  transfer. 
Since  the  actual  dependence  of  (cor)e  is  essentially  this 
effect  should  be  slightly  more  pronounced  in  the  actual  case 
than  the  two  curves  indicate.  The  differences  between  the 
analytical  result  for  n  =  2.33  and  the  actual  numerical  re¬ 
sults  indicate  the  importance  of  the  other  energy-transfer 
mechanisms,  notably  diffusion  and  heavy  particle  conduction, 
in  determining  the  total  heat  transfer. 

The  point  deserving  emphasis  in  this  discussion  is  that  the 
large  effect  of  the  magnetic  field  in  reducing  the  electronic 
thermal  conductivity  at  the  hot  surface  does  not  have  a  cor¬ 
respondingly  large  influence  on  total  heat  transfer;  this  is, 
of  course,  partly  due  to  sources  of  heat  transfer  other  than 
electronic  conduction  and  partly  due  to  the  strong  tempera¬ 
ture  dependence  of  (ajr)«.  This  observation  must  be  tem¬ 
pered  by  the  fact  that,  for  other  gases  where  the  contribution 
of  the  electronic  thermal  conductivity  to  the  total  heat  trans¬ 
fer  is  a  greater  fraction  than  in  hydrogen,  the  effect  of  the 
magnetic  field  will  be  correspondingly  greater. 

3.1.4  Effect  of  net  current  on  electrical  characteristics 

The  effect  of  passing  a  net  current  between  the  plates  on 
various  potential  differences  and  on  the  electron  wall  tem¬ 
perature  is  shown  in  Fig.  8  for  the  complete  nonequilibrium 
conditions  (X^  =  0).  It  should  be  noted  that  the  current 
comsists  of  an  excess  ion  flux  to  the  cold  surface,  which  tends 
to  repel  more  electrons  as  it  is  made  more  negative  with 
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Fig.  7  Magnetic  field  effects  on  heat  transfer.  Broken 
lines  are  analytical  results  for  a  fully  ionized  gas  (non¬ 
catalytic  M'all)  assuming  (wr)e  Tg”  and  r  =  kdkin  =  25. 
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Fig.  8  Effect  of  net  current  on  various  potential  dif¬ 
ferences;  Too  =  50,000°K. 


respect  to  the  hot  wall,  thus  accounting  for  the  increase  in 
as  the  current  increases.  By  conventional  Langmuir 
probe  theory,  in  which  both  the  electron  temperature  at  the 
sheath  edge  and  the  total  ion  flux  to  the  cold  surface  are  as¬ 
sumed  to  be  unaffected  by  the  net  current,  the  slopes  of  the 
curves  labeled  e<j)sw/kTa,  and  e(j>sw/kTew  in  Fig.  8  should  be 
equal  to  T^w/To,  and  unity,  respectively.  This  allows  the 
values  for  indicated  on  each  curve,  to  be  deduced  from 
these  slopes  (evaluated  at  the  point  of  zero  net  current) .  The 
fact  that  the  temperature  deduced  from  e4)sw/kTtw  is  not 
equal  to  that  of  the  electrons  at  the  sheath  edge  indicates 
that  the  ion  flux  is  not  independent  of  net  current  (the  ion 
flux  increases  by  6.7%  as  the  current  increases  over  the  range 
shown  in  Fig.  8).  The  temperature  deduced  from  e<j>sw/kT^ 
(62,000  °K)  differs  drastically  from  the  actual  value  at  the 
sheath  edge  (36,000  °K)  which  is  somewhat  surprising  in  view 
of  the  rather  modest  change  in  Te^  with  j.  The  rather 
obvious  significance  of  this  discussion  is  that  interpretation 
of  a  conventional  Langmuir  probe  characteristic  in  terms  of 
the  electron  temperature  at  these  conditions  is  highly  unre¬ 
liable,  unless  the  voltage  is  varied  at  a  rate  that  allows 
insufficient  time  for  the  electron  temperature  at  the  sheath 
edge  to  change. 

3.2  ConcJiitions 

The  major  conclusions  that  can  be  drawn  from  the  present 
investigation  are : 

1)  The  gross  features  of  the  continuum  solution  are  rela¬ 
tively  insensitive  to  the  sheath-transition  region  model 


employed.  The  energy  transfer  between  electrons  and  ions 
by  electric  fields  external  to  the  sheath-transition  region  is 
sensitive  to  the  ion  diffusion  velocity  at  the  edge  of  the 
transition  region  and,  in  general,  may  not  be  neglected. 

2)  The  ratio  (X^Ooo  =  \JL‘^/{k/)a,  is  a  valid  indicator  of 
thermal  nonequilibrium  effects.  In  the  cases  studied, 
(Xi7)aD  <  0.02  resulted  in  essentially  no  collisional  energy 
transfer  between  electrons  and  heavy  particles,  whereas 
(Xje:)^,  >  4.0  resulted  in  virtual  thermal  equilibrium. 

3)  Thermal  nonequilibrium  effects  on  total  heat  transfer 
are  strongly  influenced  by  the  relative  importance  of  elec¬ 
tronic  heat  conduction  to  the  other  heat-transfer  mechanisms 
and,  in  addition,  by  the  temperature  and  composition  de¬ 
pendences  of  the  heavy  particle  thermal  conductivity  and 
the  ion-neutral  diffusion  coefficient. 

4)  Magnetic  field  effects  on  total  heat  transfer  are  much 
less  than  the  effect  on  the  electron  thermal  conductivity; 
departures  from  thermal  equilibrium  result  in  further  de¬ 
creased  magnetic  field  effects. 

5)  A  simple  interpretation  of  the  conventional  Langmuir 
probe  characteristic  in  terms  of  electron  temperature  at  the 
sheath  edge  is  not  possible. 
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We  consider  the  hypersonic  flow  of  a  cold  gas  past  an  axially  symmetric  body  containing  a 
magnetic  dipole  with  its  axis  oriented  parallel  to  the  flow.  The  magnetic  moment  of  the  di¬ 
pole  and  the  size  of  the  body  are  of  arbitrary  proportions.  A  uniform  scalar  conductivity  a  is 
turned  on  by  the  shock,  and  the  magnetic  Reynolds  number  is  low.  We  introduce  an  inter¬ 
action  parameter  S  =  where  e(«l)  is  the  reciprocal  compression  ratio  across  a 

strong  shock.  Bo  is  the  magnetic  field  strength  at  the  shock,  is  the  shock  radius  of  curva¬ 
ture,  and  Pea  and  Uoo  are  the  density  and  velocity  in  the  freestream.  When  S  «  the  flow  is 
quasi-aerodynamic.  Certain  discrepancies  existing  in  the  literature  on  the  flow  in  this  re¬ 
gime  are  reconciled.  When  S  »  a  thin  layer  somewhat  akin  to  a  shock  layer  is  formed 
behind  the  shock,  but  this  whole  layer  is  separated  from  the  body  by  an  extensive  region  of  low 
Mach  number  flow.  When  S  «  1.6,  the  entire  flow  field  can  be  supported  by  the  magnet,  i.e., 
without  the  hot  gas  touching  the  body.  Assuming  a  large  compression  ratio  across  the  shock, 
a  simple  analysis  can  be  performed.  Calculations  covering  various  representative  cases  are 
exhibited;  the  validity  and  significance  of  these  calculations  are  discussed. 


Nomenclature 


X,  ?/,  r,  e, 

H,  <fi,  n,  s, 
f,  n,  t 

u,  V  = 

p 

p  = 

B 

Br,  Be,  Bs,  Bn  - 
3 

a  = 

e  = 

Yc,  Vs,  n,  A,  5  = 

K  ~ 

k 

rj  = 

I,  M,P 
i 

G,  h,  fi,  f2  — 


various  coordinates 
velocity  components 
pressure 
density 
magnetic  field 

various  magnetic  field  components 

current  density 

conductivity 

stream  function 

interaction  parameter 

limiting  shock  compression  ratio 

various  distances 

curvature 

reference  pressure  gradient 
magnetic  field  line  parameter 
integral  quantities 
dummy  variable 
auxiliary  functions 


Subscripts 


0 

00 

M 

L 


reference  quantity 
freestream  value 
matching 
deceleration  layer 


I.  Introduction 


WE  consider  the  interaction  between  a  hypersonic  flow 
and  a  fixed  magnetic  field  under  conditions  for  which 
the  magnetic  Reynolds  number  is  negligibly  low.  Such 
flows  can  be  regarded  as  entirely  aerodynamic  in  structure, 
although  differing  from  traditional  ty])es  of  aerodynamic 
flows  in  that  the  ai)plied  forces  act  through  a  volume  rather 
than  at  sui'faces.  In  addition  to  assuming  that  the  magnetic 
Reynolds  number  will  be  small,  we  shall  suiipose  that  the  con- 
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ductivity  of  our  gas  will  be  'Turned  on''  by  a  strong  bow  shock 
wave.  This  assumption  corresponds  to  the  conditions  en¬ 
countered  in  hypersonic  flight  in  planetary  atmospheres. 
We  shall  see  later  on  that  it  will  be  legitimate  to  consider 
this  conductivity  as  a  constant  over  an  interesting  part  of 
the  flow  field.  Now  these  general  conditions  have  formed 
the  basis  of  quite  a  few  studies.  We  can  distinguish  two 
groups  of  such  studies,  namely,  those  in  which  the  flow  is 
considered  to  be  primarily  aerodynamic  and  is  modified  by 
the  magnetic  field,  and  these  in  which  the  flow  is  dominated 
by  the  magnetic  interaction  and  the  presence  of  a  body  is  of 
secondary  importance.  We  shall  be  concerned  with  both 
categories,  but  will  emphasize  in  particular  those  flows  in 
which  forces  exerted  at  solid  surfaces  play  a  negligible  role. 
However,  it  will  be  useful  to  review  briefly  both  categories 
of  studies  in  order  to  establish  a  perspective. 

A  group  of  papers  by  Kemp,i  Bush,^  and  Lykoudis^  deals 
with  the  modification  by  a  magnetic  field  of  the  hypersonic 
flow  of  gas  over  a  body.  The  points  of  difference  between 
these  papers  are  largely  in  the  choice  of  method,  the  actual 
problem  being  similar  in  all  cases.  Although  not  explicitly 
stated  in  all  the  papers,  the  general  idea  is  that  the  magnetic 
forces  are  less  than  those  exerted  at  the  surface  of  the  body. 
Bush,  however,  does  suggest  the  possibility  of  the  opposite 
extreme.  The  results  of  all  these  papers  are  given  in  terms 
of  calculated  modifications  of  the  aerodynamic  flow.  Thus, 
the  effect  of  the  magnetic  field  is  to  reduce  the  stagnation- 
point  velocity  gradient,  to  increase  the  shock  standoff  dis¬ 
tance,  and  therefore  to  reduce  the  convective  stagnation- 
point  heat  transfer.  The  drag  is  largely  unaffected. 

A  different  approach  is  given  in  a  paper  of  Levy  and  Pet¬ 
schek.'*  Here,  a  rather  special  two-dimensional  problem  is 
studied  with  a  view  to  describing  a  flow  in  which  the  body 
is  entirely  absent.  The  results  of  such  a  study  clearly  can¬ 
not  be  stated  with  reference  to  any  standard  aerodynamic 
flow.  Rather,  such  parameters  as  the  location  of  the  shock 
are  given  in  terms,  for  instance,  of  the  current  flowing  in  the 
magnet.  An  important  feature  of  this  type  of  flow  is  the 
existence  of  an  inner  boundary  to  the  flow  behind  which  the 
gas  density  is  very  low.  If  the  body  that  hoirses  the  magnet 
is  inside  this  inner  zone,  it  is  essentially  not  in  contact  with 
the  flow  at  all,  and  the  convective  heat  transfer  to  it  should 
be  very  small. 

In  the  present  paper,  we  attempt  to  combine  features  of 
both  the  foregoing  problems.  The  geometry  we  study  is 
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Fig.  1  Illustration  of  the  principal  features  of  the  flow  to 
be  expected  when  S  ~  1,  The  conductivity  is  zero  ahead  of 
the  shock. 

the  physically  reahstic  geometry  of  the  first  group  of  papers, 
but  we  use  the  methods  of  Levy  and  Petschek  and  concen¬ 
trate  strongly  on  the  case  in  which  the  body  plays  a  negligible 
role  in  the  flow.  In  the  course  of  the  work,  certain  dis¬ 
crepancies  existing  in  the  first  group  of  papers  are  resolved, 
and  the  flow  corresponding  to  the  limit  discussed  by  Bush 
is  extensively  described.  In  subsequent  sections,  we  will 
analyze  the  flow  in  greater  detail  and  discuss  particularly 
the  limiting  cases  in  which  the  flow  is  principally  supported 
by  either  the  magnetic  field  or  the  body.  In  the  last  section, 
we  will  draw  some  general  conclusions  from  our  study  and 
also  describe  some  of  the  23hysical  limitations  on  the  validity  of 
our  analysis. 

The  entire  analysis  described  in  this  paj^er  has  been  ex¬ 
tended  to  the  corresponding  two-dimensional  problems  by 
Levy  et  al.®;  this  reference  also  treats  the  subject  matter 
of  t  his  paper  at  greater  length. 

II.  Description  and  Analysis  of  the  Flow 

The  general  features  of  the  flow  to  be  treated  are  illustrated 
in  Fig.  1,  and  the  coordinate  sj^stems  and  other  dimensions 
used  in  the  analysis  are  shown  in  Fig.  2.  A  strong  shock  is 
formed  in  the  gas  ahead  of  the  object;  behind  this  shock  the 
gas  is  weakly  conducting.  We  neglect  heat  conduction  and 


Fig.  2  Illustration  of  the  coordinate  systems  used  in  the 
text.  C  is  the  center  of  curvature  of  the  deceleration  layer 
at  the  point  P.  The  components  (ujr)  of  the  velocity  are 
polar  and  are  referred  to  the  coordinate  system  (r,  6)  with 
origin  at  C. 


viscosity  since  the  viscous  Reynolds  number  is  high;  when 
there  is  no  body  in  the  flow  there  will  not  even  be  a  thin  vis¬ 
cous  boundary  layer.  The  current  flow  (in  the  absence  of 
Hall  effect)  is  in  the  azimuthal  direction,  and  it  follows  that 
j*E  =  0.  Thus,  in  our  case,  each  streamline  is  isolated 
energetically  and  therefore  has  a  constant  total  enthalpy.  It 
follows  that  the  total  enthalpy  is  constant  throughout  the 
flow  and  equal,  since  the  flow  is  hypersonic,  to  In 

the  region  where  the  Mach  number  is  low  (behind  the  normal 
part  of  the  shock,  for  example),  the  static  enthalpy  will  be 
approximately  constant.  We  shall  assume  that  the  proper¬ 
ties  of  the  gas  are  such  that  the  electrical  conductivity  may 
be  treated  as  constant  when  the  enthalpy  is  constant,  even 
though  the  gas  may  undergo  a  considerable  expansion. 
This  assumption  will  allow  us  to  take  the  conductivity  as 
constant  through  a  large  part  of  the  flow.  We  also  assume 
that  the  gas  conditions  are  such  that  the  Hall  effect  may  be 
neglected;  in  the  last  section  we  shall  estimate  limits  to  the 
validity  of  this  assumption. 

The  statement  that  the  gas  is  weakly  conducting  behind 
the  shock  is  to  be  taken  to  mean  that  the  magnetic  Reynolds 
number  is  low.  The  general  features  of  flows  at  low  mag¬ 
netic  Reynolds  numbers  have  been  outlined  elsewhere.®- 
In  order  to  have  a  substantial  exchange  of  momentum  be¬ 
tween  the  field  and  the  flow,  the  product  of  the  magnetic 
Reynolds  number  and  the  ratio  of  magnetic  to  dynamic 
pressures  must  be  of  order  unity.  We  call  this  product  the 
interaction  parameter  and  denote  it  by  S.  Throughout  this 
paper,  we  will  use  an  interaction  parameter  defined  by  S  = 
eaBo'^Vc/po^Uo,,  where  e(«  1)  is  the  reciprocal  coinj^ression 
ratio  across  the  shock,  a  the  conductivity  behind  the  shock, 
Bo  the  field  strength  at  the  normal  point  of  the  shock,  and 
Tc  the  radius  of  curvature  of  the  shock. 

The  geometrical  configuration  shown  in  Fig.  1  is  generically 
the  same  as  that  treated  by  Bush  et  al.  The  body  is  taken 
to  be  axially  symmetric  but  need  not  be  spherical.  The 
magnetic  field  is  that  due  to  a  dipole  whose  axis  coincides 
with  the  axis  of  the  body  and  with  the  flow  direction.  The 
location  of  the  dipole  is,  within  the  limitations  of  symmetry, 
arbitrary,  except  that  it  is  supposed  not  to  be  right  at  the 
stagnation  point  of  the  body.  Also,  we  do  not  make  any  a 
priori  assumption  about  the  shape  or  the  location  of  the  shock. 

We  define  the  deceleration  layer  (Fig.  1)  as  the  region  just 
behind  the  shock  for  which  the  velocity  conq^onent  parallel 
to  the  shock  is  larger  than  the  component  normal  to  the 
shock.  (The  deceleration  layer  reduces  when  there  is  no 
magnetic  interaction  to  the  aerodynamic  shock  layer.  The 
reason  for  this  choice  of  terminology  will  become  apparent 
later  on.)  Although  this  definition  breaks  down  near  the 
place  where  the  shock  is  normal,  it  can  be  extended  in  a  con¬ 
sistent  manner  to  the  stagnation  streamline  by  using  the 
gradient  of  the  velocity  component  parallel  to  the  shock, 
multiplied  by  the  radius  of  curvature  of  the  shock.  The 
important  thing  to  notice  is  that,  because  of  the  requirement 
of  continuity,  the  deceleration  layer  as  defined  is  thin. 
In  fact,  since  the  ratio  of  the  velocity  components  perpendicu¬ 
lar  and  parallel  to  the  shock  is  on  the  order  of  e,  the  continuity 
equation  tells  us  that  the  thickness  of  the  layer  is  approxi¬ 
mately  eVc,  where  Vc  is  the  radius  of  curvature  of  the  shock. 
Since  e  <3C  1,  we  introduce  in  the  deceleration  layer  the  ex¬ 
panded  coordinate  f  defined  by  f  =  e“^(l  —  r/Vc),  so  that 
f  =  0  at  the  shock  and  is  of  order  unity  at  the  back  of  the 
layer. 

We  commence  our  detailed  analysis  of  the  flow  problem  in 
that  part  of  the  deceleration  layer  which  is  close  to  the  place 
where  the  shock  is  normal.  We  nondimen sionalize  all  the 
flow  quantities  in  accordance  with  the  general  picture  of  the 
flow  anticipated  in  the  deceleration  layer.  Thus,  the  pres¬ 
sure  is  nondimensionalized  with  the  freestream  dynamic 
pressure,  the  density  with  the  density  behind  a  strong 

shock,  pa>/e,  all  distances  with  Vc,  the  velocity  components 
in  the  radial  and  tangential  directions  with  eWoo  and  Uoo,  and 
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the  magnetic  field  with  Bq.  In  the  deceleration  layer  we 
shall  neglect  1/r  compared  with  d/dr  =  (  — l/erc)(d/df). 
We  also  neglect  the  change  in  the  field  components  across 
the  layer. 

The  energy  equation,  as  has  already  been  explained,  has 
for  an  integral  the  condition  of  constant  total  enthalpy 
throughout  the  flow.  We  shall  suppose  the  gas  to  be  so  close 
to  perfect  that  the  enthalpy  ma}^  be  taken  to  be  proportional 
to  p/p.  Then,  with  the  nondimensionalization  just  described, 
the  energy  equation  reduces  to 

p  —  p{l  —  v^)  (2.1) 

with  the  neglect  of  terms  of  order  v,  Be,  and  j  are  odd  func¬ 
tions  of  6,  and  all  other  quantities  are  even  functions  of  6. 
Hence,  on  the  stagnation  streamline  0  =  0, 

p  =  P  (2.2) 

The  equation  of  continuity  reduces,  on  the  stagnation  stream¬ 
line,  to 

d{pu)/dr  =  2p  dv/dS  (2.3) 

The  quantities  aj^pcaring  in  (2.2)  and  (2.3)  are  regarded  as 
functions  of  f  only.  This  method  gives  the  appearance  of 
treating  the  stagnation  streamline  by  itself,  but  is,  in  fact, 
no  different  in  princi]:)le  from  the  methods  common  in  aero¬ 
dynamics^  involving  expansions  in  powers  of  6.  On  the  stag¬ 
nation  streamline  the  current  (nondimen sionali zed  with 
cri/cn  ^o)  is  given  by 

bj/dd  =  eubBe/de  -  B^bv/bd  (2.4) 

This  is  the  appropriate  form  of  Ohm’s  law.  We  shall  assume 
that  bBg/bO  «  e~^Br.  This  condition  implies  only  that  the 
dipole  is  not  located  right  at  the  back  of  the  deceleration 
layer.  A  result  of  this  assumption  is  that  we  may  take  the 
current  in  the  deceleration  layer  to  be  given  on  the  stagnation 
streamline  by 

dj/be  =  -bv/bd  (2.5) 

The  radial  momentum  equation  reduces  in  the  deceleration 
layer  to 

pv^  +  dp/df  +  SBev  =  0  (2.6) 

On  the  stagnation  sti’eamline,  this  gives 

dp/df  =  0  and  therefore  p  =  I  (2.7) 

Thus,  to  this  approximation,  the  pressure  on  the  stagnation 
streamline  is  constant.  From  (2.2)  we  immediately  deduce, 
also  for  the  stagnation  streamline,  that  the  density  is  con¬ 
stant,  or  p  =  1 .  Applying  this  to  the  continuity  equation 
as  written  for  the  stagnation  streamline  (2.3)  gives 

du/df  =  2  bv/b  6  (2.8) 

We  shall  use  (2.6)  to  deduce  the  pressure  gradient  at  the 
back  of  the  deceleration  layer  when  we  have  found  a  suitable 
profile  for  v.  We  therefore  differentiate  it  twice  with  respect 
to  6  and  set  0  =  0  to  find  (since  p  ==  1) 

d{b^^p/be^)/df  =  -2{bv/bey  -  2S(bBg/bd)(bv/bd)  (2.9) 

We  shall  return  to  this  equation  in  due  course.  The  tangen¬ 
tial  momentum  equation  in  the  deceleration  layer  reduces  on 
the  stagnation  streamline  (after  differentiation  with  respect 
to  0)  to 

-ud{bv/bd)/df  +  {bv/bdy  -|-  +  Sbv/bd  =  0 

(2.10) 

We  can  neglect  the  i)ressure  gradient  in  this  equation  as  long 
as  we  do  not  integrate  beyond  the  point  where  the  other 
terms  become  comparable  to  the  pressure  gradient.  Thus, 

-ud{bv/bd)/df  +  {bv/bey  +  Sbv/bd  =  0  (2.11) 


This  must  be  solved,  together  with  (2.8).  The  boundary 
conditions  at  the  shock  are  u  =  —1,  bv/bS  =  1.  The 
solution  may  be  written  implicity  as 

f  =  {[1  -  +8)}  - 

[8/(1  +  Sy]  \n[(-uy^Kl  +  8)  ~  8]  (2.12) 

f  =  [{I  -  bv/bO)  -  81ndy/d0](l  +  8)-2 

These  equations  show  the  principal  features  of  the  be¬ 
havior  of  the  flow  in  the  deceleration  layer.  The  inward 
radial  velocity  tends  to  the  limit  8V(1  "b  whereas  the 
tangential  velocity  decreases  without  limit  as  we  approach 
the  back  of  the  layer.  In  order  to  find  the  back  of  the  de¬ 
celeration  layer,  we  use  the  profile  of  (2.12)  in  (2.10)  and  see 
at  what  point  the  equation  is  no  longer  a  balance  between 
two  terms  both  larger  than  the  pressure  gradient  term.  Sub¬ 
stitution  shows  that  we  must  distinguish  two  cases: 

1)  If  8  is  small,  (2.10)  can  be  considered  as  a  balance  be¬ 
tween  the  two  convective  terms.  This  is  the  aerodynamic 
limit.  At  a  distance  f  «  1,  bv/bd  -  and  the  pressure 
gradient  becomes  important.  At  this  point  ~ii  ~  e. 

2)  If  8  is  large,  (2.10)  can  be  considered  as  a  balance  be¬ 
tween  the  first  of  the  two  convective  terms  and  the  magnetic 
term.  This  is  the  magnetohydrodjmamic  limit.  At  a  dis¬ 
tance  f  =  8(1  +  8) -2  In  (8/e),  Sibv/bd)  =  e,  and  the  pressure 
gradient  becomes  important.  At  this  point  —u  =  8*2(1  + 
8)^2. 

This  leads  to  an  interesting  situation;  apart  from  extremely 
small  values  of  the  interaction  parameter,  the  transverse 
component  of  the  velocity  at  some  distance  back  from  the 
shock  may  fall  to  low  values  before  we  reach  the  body  (the 
body  is  where  the  radial  velocity  vanishes).  By  our  defini¬ 
tion,  the  place  where  the  two  components  are  comparable  in 
magnitude  is  the  back  of  the  deceleration  layer.  Thus,  in 
the  magnetohydrodynamic  case,  there  may  be  an  outflow 
from  the  back  of  the  deceleration  layer.  There  is,  there¬ 
fore,  an  additional  flow  region  behind  the  deceleration  layer 
which  will  have  to  be  studied  in  order  to  complete  the  solu¬ 
tion  to  the  whole  flow  problem.  In  view  of  the  fact  that  in 
this  region  both  velocity  components  are  of  order  we 
call  it  the  “slow  flow  region”  (see  Fig.  1).  Since  the  Mach 
number  is  very  low,  the  convection  of  momentum  in  it  will 
be  negligible  compared  to  the  pressure  gradients  and  the 
magnetohydrodynamic  forces.  The  balance  of  these  last 
two,  therefore,  determines  the  nature  of  the  flow.  Two  addi¬ 
tional  remarks  concerning  the  slow  flow  region  are  important. 
First,  since  the  velocity  components  in  both  directions  are 
comparable,  the  equation  of  continuity  shows  that  the 
dimensions  of  the  slow  flow  region  are  roughly  comparable 
in  all  directions.  Secondly,  since  there  is  no  magnetohydro¬ 
dynamic  force  along  the  field  lines,  the  pressure  is  a  given 
constant  for  each  field  line. 

Now,  in  order  to  solve  the  flow  in  the  slow  flow  region,  we 
must  know,  from  stuch^  of  the  deceleration  layer,  the  pressure 
on  each  field  line  and  the  flow  velocity  across  the  boundary 
between  the  regions.  We  have  shown  how  to  calc\ilate  the 
latter,  and  it  remains  to  determine  the  pressure  at  the  back 
of  the  layer.  This  is  done  using  (2.9).  Now  b^p/bd^  =  —2 
at  the  shock,  f  =  0,  since  p  ^  cos20.  Therefore,  integrating 
(2.9)  and  evaluating  it  at  the  back  of  the  deceleration  layer 
where  bv/bd  is  small,  we  find 

^  c)2p  I  ,  2/3  8[1  +  ibBg/bff/] 

*  ~  =1  (1  +  Sr  (1  + 

2S^{dB,/dd) 

(1  +  ^  ^ 

The  first  of  these  terms  represents  the  pre.ssure  gradient  at 
the  shock,  the  second  is  the  centrifugal  effect,  and  the  last 
two  are  the  magnetohydrodynamic  effect.  For  the  dipole, 
as  shown  in  Fig.  2, 

c)50/^0/ta..  pt.  =  (3  -  20/2r3  (2.14) 
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Fig.  3  Illustration  of  the  reduction  in  the  stagnation-point 
velocity  gradient  elFected  by  introducing  a  magnetic  field. 
The  calculation  is  reasonable  only  as  far  as  1, 

If  the  dipole  happens  to  be  right  at  the  center  of  curvature 
of  the  shock,  —  1.  We  see  that  the  centrifugal  effect  is 
always  weakened  by  the  presence  of  a  magnetic  field  and  that 
the  magnetohydrodynamic  effect  can  be  of  either  sign,  de¬ 
pending  on  whether  the  field  lines  in  the  deceleration  layer 
appear  to  diverge  from  a  point  ahead  of  or  behind  the  center 
of  curvature  of  the  deceleration  layer.  These  remarks 
explain  the  difference  in  the  sign  of  the  change  in  the  body 
pressure  gradient  in  the  work  of  Kemp  and  Bush.  Kemp 
has  a  pole  at  the  center  of  curvature  of  the  deceleration  layer. 
The  onlj^  effect  on  the  pressure  is,  then,  that  the  centrifugal 
effect  is  reduced.  As  a  result,  the  pressure  at  the  body  is 
higher  than  in  the  aerodynamic  case,  and  the  stagnation- 
point  pressure  gradient  is  reduced.  Bush,  on  the  other 
hand,  has  a  dipole  at  the  center  of  curvature  of  the  shock 
layer.  Thus,  the  magnetic  force  is  outward,  the  pressure 
on  the  body  is  reduced,  and  the  stagnation-point  pressure 
gradient  is  increased. 

In  order  to  find  the  remaining  details  of  the  deceleration 
layer  near  0  =  0,  we  substitute  k  for  the  pressure  gradient 
in  (2.10).  This  will  not  affect  the  solution  near  the  front 
of  the  layer  (where  —  =  —2  not  k)  but  is  important 

at  the  back,  where  d'^p/dd^  is  equal  to  k.  Equation  (2.10) 
becomes 

-ud(dv/de)/dr  +  (bv/dO)^  +  Sdv/dO  -  ke  =  0  (2.15) 

Equations  (2.8)  and  (2.15)  have  been  integrated  by 
Lykoudis^  on  the  assumption  that  A;  ==  f,  its  aerodynamic 
value,  obtained  from  (2.13)  by  setting  jS  =  0.  We  have 
repeated  the  integration  using  (2.13)  as  appropriate.  The 
stagnation-point  velocity  gradient  ratio  is  plotted  in  Fig.  3, 
The  standoff  distance  is  plotted  in  Fig.  4.  The  differences 
from  Lykoudis^  calculation  are  small  when  is  small. 

The  line  on  Fig.  3  marked  e  =  0  corresponds  exactly  to 
Lykoudis’  calculation  in  the  sense  that  if  e  =  0,  but  is 

finite,  S  must  be  zero  and  hence  k  takes  its  aerodynamic 
value.  Also  shown  in  Fig.  4  are  the  thicknesses  of  the 
deceleration  layer,  defined  as  the  region  where  I  >  —u  > 

(1  -h  S)  The  difference  between  these  two  lengths  is  the 
incipient  slow  flow  region.  All  the  lengths  in  Fig,  4  are  nor¬ 
malized  with  respect  to  the  aerodynamic  standoff  distance, 
e[l  (8e/3)^^2]"h  It  can  be  seen  that,  with  increasing 
the  deceleration  layer  thickness  does  not  change 
veiy  much,  whereas  the  total  standoff  distance  grows  rapidly. 
This  merely  confirms  our  previous  discussion  in  which,  for 
large  we  divided  the  flow  into  a  thin  deceleration  layer 

and  a  fat  slow  flow  region.  Figure  4,  therefore,  illustrates 


the  incipient  growth  of  the  slow  flow  region.  It  cannot, 
however,  be  used,  as  Lykoudis  has  used  it,  to  determine  the 
distance  between  the  body  and  the  shock  when  > 

about  1.  The  reasons  for  this  are  that  the  assumptions 
that  went  into  (2.15)  from  which  the  numbers  appearing  in 
Fig,  4  were  calculated  are  violated  as  follows  in  the  region 
-u<S\l^S)-\ 

1)  The  tangential  velocity  is  reduced  to  the  same  order 
of  magnitude  as  the  radial  velocity,  so  that,  referring  to  (2.4), 
the  current  is  no  longer  given  by  (2.5). 

2)  The  fact  that  the  velocity  components  are  equal  in 
order  of  magnitude  implies  that  the  scale  of  the  problem  is 
no  longer  compressed.  Thus,  the  flow  now  extends  over 
regions  comparable  in  size  in  all  directions  with  the  body, 
and  the  pressure  gradient  can  no  longer  be  treated  as  constant. 

3)  The  deceleration  layer  can  no  longer  be  assumed  con¬ 
centric  with  the  body  and  the  dipole. 

To  conclude  this  part  of  the  work,  we  point  out  that  the 
type  of  analysis  used  here,  in  the  magnetohydrodynamic  as 
in  the  aerodynamic  case,  gives  the  standoff  distance  of  the 
shock  in  terms  of  the  shock  radius  of  curvature,  but  does 
not  give  the  radius  of  curvature  of  the  body.  To  establish 
the  body  radius  of  curvature,  we  must  consider  the  flow  at 
greater  distances  from  the  stagnation  streamline. 

We  next  turn  to  the  study  of  the  slow  flow  region,  which 
intervenes  between  the  deceleration  layer  and  the  body  and 
in  which  both  velocity  components  are  of  order  eWco.  Since 
this  velocity  is  strongly  subsonic,  the  enthalpy  is  effectively 
constant  and  from  (2.1), 

P  -  P  (2.16) 

although  these  quantities  will  vary  considerably  through  the 
region.  We  note  that  this  isenthalpic  motion  may  involve 
a  considerable  rise  in  the  entropy.  Since  the  flow  is  subsonic, 
we  may  neglect  the  convection  of  momentum  and  consider 
the  flow  to  be  governed  by  the  remains  of  the  momentum 
equation : 

Vp  =  Six  B  (2.17) 

The  neglect  of  the  inertia  term  in  (2.17)  will  result  in  in¬ 
finite  velocities;  these  should  be  interpreted  as  sonic.  The 
equation  of  continuity  is 


Vpu  =  0 


(2.18) 


These  equations  may  be  considered  to  have  been  nondimen- 
sionalized  just  as  before,  with  two  exceptions.  Both  com¬ 
ponents  of  velocity  are  now  nondimensionalized  with  respect 
to  and  distances  are  referred  simply  to  Vc.  The  current 
now  involves  contributions  from  both  velocity  components. 
We  shall  find  it  convenient  to  work  in  the  polar  coordinates 
(R,<f))  fixed  at  the  dipole  and  define  the  radial  and  tangential 
velocity  components  in  these  coordinates  by  means  of  a  stream 
function  nondimensionalized  with  respect  to  Ua,  ?*c. 
The  components  are 


1  jb 

pR  sin<^  d0 


{\t/  sin0) 


_1  A 

pR  dR 


(m 


(2.19) 


Note  that  this  stream  function  is  defined  like  a  vector  po¬ 
tential,  that  is  to  say,  the  mass  flow  vector  is  represented  as 
the  curl  of  a  vector  of  magnitude  xp  pointing  in  the  azimuthal 
direction.  Thus,  the  streamlines  are  represented  not  by 
xp  =  const,  but  by  R  smcjixp  =  const.  The  choice  of  defini¬ 
tion  is  arbitrary,  but  the  distinction  must  be  remembered 
when  plotting  streamlines.  We  multiply  (2.17)  hy  p  =  p 
and  find 


iVp^  =  S(pv  X  B)  X  B  (2.20) 


When  we  substitute  from  (2.19)  in  (2.20),  we  find  two  linear 
equations  [the  components  of  (2.20)  ]  for  the  two  unknowns 
p^  and  \p.  The  field  components  are 

B  =  {Ts/RY  Goscp  iYs/R)^  sin0  (2.21) 
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Resolution  of  (2.20)  along  the  magnetic  field  gives  the  result 
that  p  is  a  function  only  of 

7]  —  sin20  (2.22) 

so  that  the  pressure  has  a  constant  value  on  any  field  line. 
Resolution  of  (2.20)  across  the  field  lines  and  use  of  the 
knowledge  that  p  =  p{ri)  lead  to 


In  view  of  the  fact  that  dp^/drjj  like  p,  is  a  function  of  p  alone, 
we  can  find  solutions  of  (2.23)  of  the  form 

^  =  ~{l/S)(dp^/dp)G(R,<t>)  (2.24) 


G  satisfies  the  equation 

(S)‘  [?  4  » +  4  ^  ”*>]  -  ** 

A  particular  solution  of  this  equation  is 

G  =  sin-i’<^  sin'-’idi  (2.26) 


In  addition,  any  function  (R  sin^)"^  h(r})  satisfies  the  homo- 
geneous  part  of  (2.25)  so  that  the  general  solution  of  the 
problem  is 


1  dp^  1 
S  dr)  Rr,^  sine/) 


2R^  r4> 

_sin^2<^  Jo 


BiTi^Hdi  + 


(2.27) 


This  equation  tells  us  everything  we  need  to  know  about 
the  slow  flow  region.  We  notice  in  particular  that  xj/  vanishes 
on  three  separate  lines:  first,  on  the  stagnation  streamline 
since  (by  symmetry)  dp /dr]  vanishes;  second,  on  the  bod}^ 
where  the  quantity  in  brackets  vanishes.  Since  hir/)  is 
arbitrary,  any  body  can  be  described.  Finally,  xf/  vanishes 
on  the  two  symmetrically  placed  field  lines  for  which  p 
vanishes. 

We  find  some  relationships  among  ^S,  r,,  and  n  by  using 
the  results  just  obtained.  At  the  back  of  the  deceleration 
layer  the  pressure  is  given  for  small  values  of  9  (and  therefore 
for  small  7])  by 

p  «  1  ~  ^kr^T}  (2.28) 


from  (2.13)  and  the  definition  of  tj  (2.22).  Since,  in  the 
slow  flow  region,  p  is  a  function  of  7]  alone,  (2.28)  is  valid  for 
any  r  between  the  shock  and  the  body.  Next,  we  specialize 
the  general  solution  for  the  stream  function  in  the  slow  flow 
region  (2.27)  to  the  stagnation  streamline.  This  gives  us 

^  «  {rdk/Srs^)l(RV7)  +  [/i(0)r,V^^]t  (2.29) 

From  this  relation,  we  can  find  the  flow  near  6  =  0  all  the 
way  from  the  shock  to  the  body.  In  particular,  at  the  shock 
we  can  calculate  the  radial  velocity 

u  «  (— l/prs</))  b{xp(t>)/d(j>  »  {—l/9)d{}pd)/dd\e  =  o\r  =  i 

(2.30) 

However,  this  radial  velocity  has  already  been  calculated  in 
(2.12).  It  is  just  the  residual  radial  velocity  at  the  back  of 
the  deceleration  layer.  Thus,  we  find  the  important  matching- 
condition 

[S/{1  +  >S)p  =  (2V^rP){(r.V7)  +  [/i.(0)/r.]}  (2.31) 

To  find  h{0),  we  recall  that  the  body  is  given  when  ^  =  0 
as  a  result  of  the  vanishing  of  the  last  bracket  in  (2.29). 
Using  this  to  eliminate  /i(0)  from  (2.31)  gives 

2\S^  -  [18>S2  +  (24r«  +  Q)S  +  16r.]  X 

[1  -  (nAJn  =  0  (2.32) 


This  is  the  sought  after  relation  between  *S,  r«,  and  n.  From 
it  we  can  make  a  number  of  deductions,  the  most  important 
of  which  is  the  following:  In  a  given  flight  situation  (i.e., 
Po=,  Woo,  and  e  given,  as  well  as  the  magnetic  moment  of  the 
dipole  and  its  location  relative  to  the  body),  (2.32)  does 
not  give  unique  values  for  the  quantities  appearing  in  it. 
We  recall  that  n  and  r,  are  nondimensionalized  with  respect 
to  Vc,  and  that  Vc  is  also  the  length  appearing  in  the  definition 
of  S.  Suppose  some  value  of  Vc  is  given;  then  from  the 
geometry  we  can  calculate  u.  However,  S  is  proportional 
to  Ro^  which  in  turn  is  proportional  to  the  inverse  sixth  i)ower 
of  Vs.  But  this  procedure  will  be  valid  for  any  and  there 
is  no  way  of  knowing  which  is  correct. 

We  measure  the  standoff  distance  by  means  of  a  non- 
dimensional  distance  A  =  (r./n)  —  1.  Equation  (2.32)  gives, 
in  terms  of  S  and  r^, 

A  =  [1  -  21S^{\SS^  +  (24r.  +  9)S  +  16r4  ~  1 

(2.33) 

The  standoff  distances  calculated  in  this  way  are  not  directly 
comparable  to  the  aerodynamic  standoff  distance,  for  the 
aerodynamic  standoff  distance  is  a  quantity  of  order  e, 
whereas  A  in  (2.33)  is  of  order  unity.  This  is  a  result  of  the 
slow  flow  region  having  comparable  dimensions  parallel  and 
perpendicular  to  the  flow.  These  remarks  also  explain  why, 
if  we  put  =  0  in  (2.33),  we  recover  A  =  0. 

There  are  values  of  S  and  r*  such  that  A  ^  oo .  They 
satisfy  the  relation 

21^3  _  _  (24r«  +  9),S  -  16r«  ==  0  (2.34) 

These  values  are  of  particular  interest  to  us.  They  do  not 
correspond  to  an  infinite  distance  from  the  shock  to  the 
dipole,  but  rather  to  a  zero  distance  between  the  body  and  the 
dipole  n  =  0.  Thus,  they  correspond  to  what  we  refer  to  as 
the  fully  magnetohydro  dynamic  case.  The  region  on  the 
body  in  contact  with  the  flow  shrinks  to  a  point,  and  the 
entire  drag  generated  by  the  flow  field  is  felt  by  the  magnet. 

We  can  compare  our  analytical  calculations  (for  e  1) 
up  to  this  point  with  Bush’s  numerical  calculations  for  e  — 
ttj  which  assume  the  dipole  is  at  the  center  of  curvature  of 
the  shock,  by  setting  rs  =  1  in  (2.33).  When  the  interaction 
])arameters  are  modified  to  allow  for  differences  in  notation, 
the  agreement  is  quite  good.  In  i)articular,  for  the  axis3mi- 
metric  case.  Bush  finds  A  —  co  for  S  ~  1.53.  This  com¬ 
pares  with  our  value  A  =  oo  for  S  —  1.90  from  (2.34)  with 


Fig.  4  Illustration  of  the  increase  in  the  shock  standoff  dis¬ 
tance  effected  by  introducing  a  magnetic  field.  The  calcu¬ 
lation  is  reasonable  only  as  far  as  »  1.  The  lines 

marked  1  represent  the  entire  standoff  distance.  The  lines 
marked  2  give  the  thickness  of  the  deceleration  layer  de¬ 
fined  as  extending  from  the  shock  to  the  place  where  —  u  = 
(1  +  S)  “2.  These  lengths  are  normalized  with  respect  to 
the  aerodynamic  shock-layer  thickness. 
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Ts  ~  1.  The  difference  can  probably  be  attributed  to  finite 
e  effects. 

The  picture  we  now  have  of  the  flow  for  S  »  is  as 
follows.  The  deceleration  layer  is  no  longer  in  contact  with 
the  body,  but  is  separated  from  it  by  the  slow  flow  region. 
There  is  no  longer  any  justification  for  assuming  that  the 
layer  is  concentric  with  the  body,  or,  for  that  matter,  with 
the  dipole.  Whatever  the  geometry,  the  type  of  flow  we 
expect  is  illustrated  schematically  in  Fig.  1.  The  pressure 
at  the  back  of  the  deceleration  layer  is  reduced  by  the  com¬ 
bined  action  of  the  centrifugal  and  magnetic  forces.  At  the 
same  time,  the  component  of  velocity  parallel  to  the  decelera¬ 
tion  layer  at  the  back  of  the  layer  rises  as  we  proceed  away  from 
the  stagnation  streamline;  the  gradient  of  this  velocity 
component  at  the  stagnation  streamline  is  but  it  will 

subsequently  grow  more  rapidly  when  the  angle  between  the 
field  and  the  deceleration  layer  becomes  small.  At  some 
point,  it  will  reach  sonic  velocity  At  this  point,  the 

flow  in  the  ‘'slow  flow  region”  can  no  longer  be  slow.  On  the 
other  hand,  flow  that  entered  the  slow  flow  region  near  the 
axis  can  be  expected  to  escape  at  higher  speed  in  the  general 
direction  of  the  magnetic  field.  The  analysis  of  this  flow 
is  beset  with  a  number  of  difficulties.  Thus,  as  the  velocity 
rises,  the  temperature  and  hence  the  conductivity  will  fall; 
furthermore,  the  density  will  also  be  lower  away  from  the 
stagnation  streamline;  at  some  point  nonequilibrium,  Hall 
and  ion-slip  effects  must  all  become  important.  Two  meth¬ 
ods  are  available  at  this  stage.  The  first,  used  by  Bush 
(and  others),  is  to  introduce  the  ad  hoc  assumption  that 
the  dipole  is  at  the  center  of  curvature  of  the  shock  wave. 
No  justification  of  this  assumption  seems  possible,  but  it 
does  lead  to  a  definite  problem  that  can  be  solved  without 
discussing  the  tricky  matter  of  the  nature  of  the  flow  near 
the  sonic  points.  The  second  alternative  is  to  construct  a 
satisfactory  model  of  the  flow  out  to  the  sonic  point.  In  this 
paper  we  have  adopted  the  second  alternative;  we  shall  see, 
however,  that  in  order  to  construct  this  flow  we  are  obliged 
to  make  assumptions  about  gas  properties  that  are  not  too 
well  justified  in  practice.  An  important  result  of  our  analysis 
will  be  a  reasonable  degree  of  agreement  betw^een  our  results 
and  those  of  Bush.  Since  the  results  are  obtained  by  differ¬ 
ent  methods,  it  is  felt  that  each  lends  support  to  the  other. 

We  now  have  a  solution  for  the  slow  flow  region  valid 
everywhere  behind  the  deceleration  layer  and  a  solution  for 
the  deceleration  laj^er  near  the  stagnation  streamline.  To 
comiflete  the  construction  of  a  model  valid  to  the  sonic  point 


Fig.  5  Illustration  of  the  coordinate  system  used  in  the 
analysis  of  the  deceleration  layer  away  from  the  stagnation 
line.  C  is  the  center  of  curvature  of  the  deceleration  layer 
at  the  point  P,  The  components  (u,  v)  of  the  velocity  are, 
respectively,  in  the  n  and  s  directions.  In  the  text,  the 
length  Tc  is  taken  to  be  unity. 


we  need  to  study  the  deceleration  layer  away  from  the  stag¬ 
nation  streamline.  The  results  we  need,  in  order  to  match 
a  possible  shock  configuration  to  the  slow  flow  region,  are 
the  pressure  and  the  normal  velocity  at  the  back  of  the  layer. 
In  the  absence  of  analytical  solutions  we  have  to  resort  to 
approximate  methods.  Since  we  do  not  know  a  priori  the 
shape  of  the  layer,  we  must  introduce  an  arbitrary  system  of 
coordinates  fixed  in  the  layer.  This  system  is  shown  in  Fig. 
5.  n  and  s  are  coordinates  perpendicular  and  parallel  to  the 
layer.  The  position  of  the  layer  itself  is  referred  to  Car¬ 
tesian  coordinates  fixed  at  the  center  of  curvature  of  the  nor¬ 
mal  part  of  the  layer.  Thus,  it  is  given  parametrically  in 
terms  of  the  arc  length  s  by  x  =  xl{s)j  y  —  ?/i(s);  the  sub¬ 
script  referring  to  the  layer.  Using  (as  before)  Tc  as  the  unit 
of  length,  xl  and  yL  are  given  for  small  s  by 

XL  =  1  —  .  yL  =  s  —  ..  .  (2.35) 

u  and  V  are  the  components  of  velocity  in  the  n  and  s  direc¬ 
tions.  Since  the  thickness  of  the  layer  is  on  the  order  of 
efc,  we  introduce  a  coordinate  n  such  that  n  =  0  is  at  the 
shock  and  d/dn  =  (—1/e)  d/dn.  The  continuity  equation 
is 

d(pu)/d7i  -  (l/yL)d(pvyL)/ds  =  0  (2.36) 

where  u  and  v  are  nondimensionalized  with  respect  to  ew„  and 
Woo,  respectively.  The  current  is  effectively  given  by 

j  =  -vBn  (2.37) 

where  Bn  is  the  component  of  the  magnetic  field  normal  to 
the  layer.  This  expression  is  valid  until  Bn  is  comparable 
with  eBs,  where  Bs  is  the  component  of  the  magnetic  field 
parallel  to  the  layer.  At  this  point,  as  we  will  see,  the 
current  no  longer  affects  the  dynamics  of  the  layer  appre¬ 
ciably  and  can  therefore  be  neglected.  B^  and  Bn  may  be 

regarded  as  functions  of  s  only.  The  normal  momentum 
equation  becomes 

Kpv"^  +  bp/dn  +  Sv  BnB^  =  0  (2.38) 

K,  the  curvature  of  the  layer,  is  a  function  only  of  s  and  is 
given  in  terms  of  the  derivatives  of  xl  and  yL.  The  s  mo¬ 
mentum  equation  is 

pu  bv/bn  —  pvbv/bs  —  SvBJ  =  0  (2.39) 

Finally,  the  energy  equation  is  just  the  same  as  (2.1).  At 
the  shock,  w  =  0,  we  have  the  following  boundary  condi¬ 
tions  (dot  indicates  d/ds) : 

/o  =  1  p  =  yL^  w  =  —yL  V  =  —Xl  (2.40) 

As  indicated  earlier,  we  lack  general  solutions  to  these  equa¬ 
tions.  Consequently,  we  resort  to  a  momentum  integral 
method  somewhat  analogous  to  that  used  in  boundary-layer 
theory.®  We  introduce  the  quantities 

7(s)  =  fvdn  M(s)  =  fpvdn  , 

Pis )  =  fpvm  ^  ’ 

These  quantities  measure,  respectively,  the  current,  mass 
flux,  and  momentum  flux  in  the  deceleration  layer.  The 
integrals  are  carried  from  the  shock  w  —  0  to  the  effective 
back  of  the  layer.  On  integrating  (2.38)  across  the  layer,  we 
find 

kP  +  Pm  +  SBnBsl  =  0  (2.42) 

where  pnis)  is  the  pressure  at  the  back  of  the  deceleration 
layer.  The  subscript  indicates  that  we  will  use  this  quantity 
to  match  with  our  solution  for  the  flow  in  the  slow  flow  re¬ 
gion.  Integrating  (2.39)  through  the  layer  and  making 
use  of  the  continuity  equation  (2.36)  leads  to 

[puv]  —  {l/yL)fb(pv^yL)/bs  dn  —  SBn^I  =  0  (2.43) 

We  can  evaluate  puv  at  the  shock  using  (2.40).  At  the  back 
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of  the  layer  it  is  effectively  zero  since  v  is  reduced  to  the  order 
of  €  at  that  point.  Thus, 

^Lt/L  +  {l/yL)d{Py,)/ds  +  =  0  (2.44) 

Rather  than  evaluate  the  normal  component  of  velocity  at  the 
back  of  the  layer,  it  is  convenient  to  introduce  a  stream  func¬ 
tion  appropriate  to  the  layer  defined  by 

pu  ==  —(l/yL)d(\l/yL)/ds  pv  =  (2.45) 

Noting  that  ^  =  \yL  at  the  shock,  integration  of  the 
second  equation  (2.45)  gives 

M  -  \yL  ~  (2.46) 


where  xpM  is  the  stream  function  at  the  back  of  the  shock 
layer.  \j/M  and  pm  are  the  two  quantities  we  use  to  relate 
the  deceleration  layer  to  the  slow  flow  region. 

An  interesting  observation  to  make  on  (2.42)  and  (2.44) 
is  that,  if  S  =  0,  corresponding  to  the  aerodynamic  case,  we 
•can  eliminate  P  directly  and  find  the  Busemann  relation fQj. 
the  pressure  in  Newtonian  shock  layers.  WTien  the  mag¬ 
netic  interaction  is  present,  no  such  simple  result  is  available 
to  us.  We  now  have  to  assume  i)ro tiles  foi  v  and  p  through 
the  layer  in  terms  of  a  shape  parameter  5(s)  of  some  kind, 
so  that  7,  M,  and  P  can  all  be  expressed  as  functions  of  5(s). 
The  problem  can  then  be  shown^  to  reduce  to  a  system  of  five 
ordinary  differential  equations  for  the  six  unknowns,  xl, 
yLy  K,  6,  \p\f,  and  p^.  To  comjdete  the  set,  we  need  to  intro¬ 
duce  one  further  relation,  and  this  is  the  slow  flow  solution 
(2.27) .  Along  the  deceleration  lajTr  we  have 

dr)/ds  =  {2R/r,)Bn  sin</)  (2.47) 


so  that  (2.27)  becomes 


=  — 


PAf  dpM 

SBn  ds 


sin^‘*0  TsR^ 


(2.48) 


The  equations  just  de.scribed  can  be  used  to  solve  two 
fundamentally  different  problems.  The  first  of  these,  which 
we  call  the  direct  problem  (by  analogy  to  a  somewhat  similar 
aerodynamic  problem),  is  that  in  which  the  body  shape  and 
the  dipole  location  relative  to  the  body  are  given.  It  is 
required  to  find  the  shape  of  the  shock  wave  and  the  de¬ 
celeration  layer.  The  second  problem,  which  we  call  the 
inverse  problem,  is  that  in  which  the  shape  of  the  shock  wave 
and  deceleration  layer  are  given  and  also  the  location  of  the 
dipole  relative  to  the  shock  wave.  It  is  required  to  find  the 
body  shape.  We  shall  give  numerical  results  for  both  these 
types  of  problems  subsequently,  but  before  proceeding  to  these 
calculations  we  must  consider  again  our  model  of  the  flow 
in  the  region  away  from  the  stagnation  streamline.  AVe  have 
seen  how  to  calculate  along  the  deceleration  layer,  and  we 
have  seen  how  to  join  to  the  deceleration  layer  a  consistent 
slow  flow  region.  How  far  can  we  take  this  process? 

As  we  proceed  along  the  deceleration  layer,  pm  falls. 
Where  it  reaches  zero,  the  deceleration  layer  is  fully  siqiported 
by  the  centrifugal  and  j  X  B  forces.  Clearly,  this  point  is  a 
natural  limit  to  the  validity  of  our  calculation.  Another 
such  limit  can  be  found  b}^  considering  the  component  of 
magnetic  field  normal  to  the  deceleration  layer.  In  all 
reasonable  configurations  this  field  component  must  drop 
and  will  eventually  reach  zero.  We  assume  that  these  two 
points  (i.e.,  the  points  where  pA/  and  vanish)  coincide. 

In  justification  of  this  moflel,  supi:)ose  first  that  Pa/  reaches 
zero  while  Bn  is  finite.  Equation  (2.48)  shows  that  at  this 
])oint  =  0,  that  is,  the  stagnation  streamline  reaches  the 
deceleration  layer  at  this  point.  This  implies  that  all  the 
slow  flow  region  is  exhausted  by  being  forced  back  into  the 
deceleration  layer.  By  the  definition  of  the  deceleration 
layer  this  implies  that  the  slow  flow  is  accelerated  at  least 
to  sonic  velocity  in  some  region  near  the  back  of  the  decelera¬ 
tion  layer.  But  the  j  X  B  force  would  oppose  this  accelera¬ 


tion,  and  therefore,  if  it  exists,  it  must  be  due  to  the  pressure 
gradient.  But  previously,  we  saw  that,  as  long  as  »  1, 
the  j  X  B  force  is  always  greater  than  the  pressure  gradient. 
The  argument  given  there  is  directly  applicable  to  our  case 
as  long  as  remains  of  order  unity.  If  Bn  is  of  order 
however,  the  effective  interaction  parameter  makes 
,5[g-i/2  ~  in  which  case  the  pressure  gradient  does  become 
important.  But,  on  our  assumption  that  is  small,  this 
implies  that  Bn  is  small,  which  is  contrary  to  our  hypothesis. 
Thus  we  reject  situations  in  which  pm  goes  to  zero  before 
Bn.  The  weakest  link  in  the  foregoing  argument  is  the 
assumption  «  1.  We  shall  discuss  the  implications  of 
finite  €  in  Sec.  III. 

Returning  to  our  model,  suppose  on  the  other  hand  that 
Bn  goes  to  zero  before  Pm.  From  (2.48)  we  see  that,  if  ^a/ 
is  to  remain  finite  (which  is  physically  essential),  either 
dpAi/ds  must  vanish  or  the  quantity  in  brackets  must  vanish. 
If  dpAf/ds  vanishes  for  finite  Pa/,  Pm  goes  through  a  mini¬ 
mum  and  starts  to  increase  again.  This  seems  to  be  un¬ 
realistic.  The  quantity  in  brackets,  on  the  other  hand,  van¬ 
ishes  at  the  body  and  cannot  vanish  twice  on  the  same  field 
line. 

We  are,  therefore,  led  (by  reductio  ad  absurdum)  to  sup¬ 
pose  that  p^f  and  Bn  vanish  simultaneously  and  that  ipM  is 
finite  at  that  point.  What  are  the  consequences  of  this  model? 
The  numerical  answers  to  this  question  will  be  given,  but 
it  will  be  useful  to  anticipate  certain  results.  At  the  point 
where  pm  and  vanish,  the  slow  flow  velocity  becomes 
infinite.  This  infinity  must  be  regarded  as  meaning  sonic. 
However,  formally  speaking,  the  area  required  to  pass  a  finite 
mass  at  infinite  velocity  is  zero,  provided  the  density  is  not 
zero,  a  condition  that  is  certainly  fulfilled  for  isothermal 
flow  that  expands  by  a  factor  e^^^  in  going  from  stagnation 
to  sonic  conditions.  Therefore,  all  the  slow  flow  gas  must  be 
immediately  behind  the  point  where  pm  and  Bn  go  to  zero, 
and  the  field  line  through  this  point  delimits  the  flow  in  the 
sense  that  it  must  coincide  with  =  0.  This  point,  which 
has  practical  importance,  will  be  reviewed  in  Sec.  Ill  in  the 
light  of  a  more  realistic  view  of  the  gas  properties. 

We  consider  now  the  choice  of  profiles  to  be  used  in  calcu¬ 
lating  /,  M.  and  P.  We  introduce  the  following  quantities: 
8{s)  is  an  effective  thickness  of  the  deceleration  layer.  J, 
defined  by  J  =  n/d,  varies  from  zeio  at  the  shock  to  unity  at 
the  back  of  the  layer.  We  let 

^^/(-X^)  =  MO  P  =  MO  (2.49) 

Thus,  at  the  shock  we  have/i(0)  =  /2(0)  =  1.  At  the  back 
of  the  deceleration  layer,  v  is  of  order  e  and  thus  may  be 
taken  to  be  zero,  that  is,  /i(l)  ==  0,  and  from  the  energy 
equation  (2.44),  /2(1)  =  Pm.  These  boundary  conditions 
suffice  to  define  linear  profiles : 

MO  =  1  -  ^  (2.50) 

MO  =  1-  {I-  Pm)^  (2.51) 

With  these  profiles  we  readily  calculate 

m  =  -xj  (2.52) 

M{s)  =  —xlS  J’^  fifid^  =  —  Q  xl5(2  +  Pm)  (2.53) 

P(s)  =  xl^S  ^  +  Pm)  (2.54) 

Before  we  can  use  these  for  integration,  we  must  examine  their 
behavior  for  small  s.  Since  the  linear  profiles  do  not  agree 
with  the  exponential  profiles  calculated  in  the  deceleration 
layer  analysis,  we  may  expect  that  the  starting  conditions 
developed  previously  will  have  to  be  modified.  It  can  be 
shown^  that  use  of  these  profiles  requires  us  to  replace  (2.34) 
with 

2\S^  -  (32r«  +  1SS)11  -  {nMV]  ==  0  (2.55) 

and  that  this  introduces  no  substantial  errors. 
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Fig.  6  Variation  of  the  significant  quantities  relevant  to 
the  deceleration  layer  for  the  fully  magnetohydrodynamic 
case.  The  abscissa  represents  arc  length.  pM  and  Bn 
vanish  at  the  same  place  to  a  sufficient  degree  of  accuracy. 


We  chose  problems  characteristic  of  both  the  inverse  and 
the  direct  case  for  detailed  numerical  treatment.  The  in¬ 
verse  problem,  finding  the  shapes  of  the  bodies  that  go  with 
circular  deceleration  layers,  is  treated  by  Levy  et  al.^  and 
will  not  be  given  in  detail  here.  A  noteworthy  result  of 
this  calculation  is  that,  as  far  as  the  calculation  went,  a 
circular  deceleration  layer  always  corresponds  to  a  value  of 
fe  close  to  0.7.  It  is  not  easy  to  see  why  Vs  should  be  as  in¬ 
sensitive  as  it  is  over  this  range,  but  an  explanation  along 
the  following  lines  seems  reasonable:  If  Bn  ~  0 

3it  6  =  <!>  =  7r/2.  With  centrifugal  forces,  the  deceleration 
layer  can  never  reach  0  =  tt/2  with  pu  >  0.  Therefore,  we 
always  expect  r*  <  1 .  On  the  other  hand,  if  Bn  is  to  vanish 
(i.e.,  layer  and  field  become  parallel)  at  an  angle  like  one 
radian,  r*  cannot  be  too  small.  A  second  feature  to  notice 
is  the  effect  of  the  seventh  power  in  (2.55).  The  range  of 
interaction  parameters  for  which  is  substantially  less 
than  unity  is  very  small.  This  situation  has  an  important 
lu’actical  consequence.  For  in  some  physical  situation 
we  could  imagine  the  quantity  changing  by  many 

orders  of  magnitude.  The  significance  of  the  seventh  power 
in  (2.55)  is  then  that  the  change  from  quasi-aerodynamic  to 
fully  magnetohydrodynamic  flow  takes  place  when  cr/pooWco 
varies  only  by  a  factor  of  2  or  so.  Put  another  way,  the 
fully  magnetohydrod3mamic  case  is  either  “on’^  or  “off”  in 
an\'  phj'sical  situation. 


Fig.  7  Representation  of  the  streamlines  for  the  fully  mag¬ 
netohydrodynamic  flow.  Equal  masses  flow  between  the 
streamlines  shown.  Note  the  displacement  of  the  stream¬ 
lines  in  the  deceleration  layer.  The  magnetic  field  lines 
are  also  shown.  The  center  of  curvature  of  the  shock  is  at 
the  bottom  of  the  figure. 


We  turn  now  to  a  direct  |)roblem,  finding  the  deceleration, 
lay^er  that  goes  with  no  bodj^  In  this  case  the  geometry 
is  initially  unknown.  With  Vb  ~  0,  (2.55)  is  a  relation  be¬ 
tween  B  and  r,.;  it  is  a  question  of  finding  which  pair  of  values 
B  and  n,  satisfying  (2.55),  leads  [using  h^t))  =01  to  a  decelera¬ 
tion  layer  for  which  pu  and  Bn  vanish  simultaneously.  The- 
result  of  the  calculation  was  B  =  1.64,  =  0.84.  The  vari¬ 

ation  of  the  properties  along  the  deceleration  layer  are  shown 
in  terms  of  arc  length  in  Fig.  6,  and  the  slow  flow  region  and 
over-all  geometry  are  shown  in  Fig.  7.  The  resultant  shock 
shape  is,  as  can  be  seen,  nearly  circular.  The  limiting'; 
streamline  is  the  field  line  r?  =  0.68.  The  most  important 
number  to  emerge  from  this  analysis  is  the  value  B  —  1.6, 
for  this  is  the  largest  possible  value  of  B ;  any  further  increase 
in,  say,  the  conductivity  or  magnetic  moment  of  the  coil,  re¬ 
sults  only  in  a  larger  standoff  distance,  the  value  of  B 
being  unchanged.  Figure  7  should  probably  be  disregarded 
beyond  about  n]  —  0.5,  on  wLich  field  line  the  pressure  and 
density  are  about  0.25.  Beyond  this  field  line.  Fig.  7  pre¬ 
dicts  a  substantial  rise  in  velocity  (coming  together  of  the 
streamlines)  indicating  that  the  low  Mach  number  approxi¬ 
mation  is  no  longer  valid. 

III.  Discussion  and  Conclusions 

The  principal  result  of  the  foregoing  analysis  is  that  when. 

B  —  €(nLo,TcB{^l p^uj-  «  1.6  (3.1) 

a  flow  pattern  is  set  up  in  which  the  forces  acting  on  the  flow 
are  almost  entirely  magnetic  in  origin.  Forces  exerted  at 
solid  surfaces  are  important  only  over  a  negligible  area  around 
the  stagnation  point.  The  demonstration  that  this  type  of 
flow  can  exist  even  at  low  magnetic  Reynolds  number  was 
one  of  our  principal  objectives.  On  the  other  hand,  the  re¬ 
sult  (3.1)  was  not  achieved  without  making  a  number  of  as¬ 
sumptions,  nearly  all  of  which  need  closer  examination  if 
we  are  to  make  a  more  accurate  assessment  of  the  physical 
conditions  to  which  (3.1)  should  apply.  In  this  section  we 
shall  discuss  some  of  these  physical  conditions  and  also  men¬ 
tion  briefly  the  situation  as  regards  experimental  (laboratory) 
verification  of  the  theoretical  work  in  this  area. 

We  commence  with  a  discussion  of  the  effects  of  finite 
(as  opposed  to  vanishing^  small)  e.  In  practical  situations 
e  may  be  as  small  as  0.05,  in  which  case  is  about  0.5. 
This  obviously  casts  a  shadow  on  those  parts  of  the  flow 
picture  dependent  on  being  small,  notably  the  joining  of 
the  deceleration  layer  to  the  slow  flow  region  near  the  sonic 
points.  We  feel,  however,  that  the  effect  of  finite  e  will  be 
one  in  which  things  get  “smeared  out”  rather  than  funda¬ 
mentally  changed.  Most  notabty,  for  finite  e,  the  slow  flow 
will  require  a  considerable  area  to  be  passed  out  at  sonic 
speed  parallel  to  the  magnetic  field.  However,  the  distinction 
between  the  deceleration  la^^er  and  the  slow  flow  region  is 
also  less  distinct  for  larger  6,  so  that  it  seems  fair  to  describe 
the  net  effect  as  one  “blurring”  a  picture  whose  sharp  out¬ 
lines  are  useful  for  descriptive  and  mathematical  purposes, 
but  not  phj^sically  realistic. 

We  turn  next  to  consideration  of  the  Hall  effect.  When 
cor  is  not  small,  the  electric  current  is  reduced  in  magnitude 
and  does  not  flow  in  the  direction  of  the  applied  electric 
field.  However,  cases  can  arise  in  which  the  angle  between 
the  current  and  the  electric  field  remains  small,  and  the 
magnitude  of  the  current  stays  the  same  even  though  cor 
grows  to  values  in  excess  of  unity.  Just  such  a  case  arose 
in  the  paper  of  Lev}^  and  Petschek.^  Here  the  Hall  currents 
(roughly  the  component  of  the  electric  current  perpendicular 
to  the  electric  field)  were  restricted  to  flow  in  a  long  narrow 
region  of  aspect  ratio  e.  This  inhibited  them  to  the  extent 
that  no  important  effect  was  noted  until  cor  grew  to  valuer 
in  excess  of  e“b  This  case  does  not  occur  in  the  present 
geometry;  the  Hall  currents  would  flow,  in  this  case,  through¬ 
out  the  slow  flow  region.  For  this  reason,  the  result  (3.1) 
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can  be  expected  to  hold  only  for  values  of  cor  less  than  unity. 
Toward  the  edge  of  the  slow  flow  region  cor  will  rise  consider¬ 
ably  because  of  the  decrease  in  the  gas  density.  Thus  the 
Hail  effect  will  limit  the  sharpness  of  the  boundary  to  the 
slow  flow  region.  A  similar  effect  is  ion  slip,  which  occurs 
when  the  density  is  so  low  that  the  neutrals  can  leak  past 
the  ions.  The  presence  of  ion  slip  would  result  in  some  small 
heat  transfer  to  those  parts  of  the  surface  of  the  body  which 
the  ideal  theory  shows  to  be  not  in  contact  with  the  hot  gas. 

A  further  physical  limitation  is  that  of  chemical  non¬ 
equilibrium.  At  sufficiently  low  density  there  may  not  be 
time  for  the  ionization  processes  in  the  gas  to  reach  equilib¬ 
rium.  Thus  Boyer claims  that  nonequilibrium  effects 
make  the  attainment  of  substantial  interaction  parameters  in 
hypersonic  wind-tunnel  facilities  ])roblematical  for  unseeded 
air.  For  the  flight  case,  it  is  probably  fair  to  say  that,  where 
nonequilibrium  effects  are  im])ortant,  the  density  must  be 
so  low  as  to  preclude  useful  dynamic  effects.  However,  it 
is  difficult  to  generalize  on  this  subject,  and  we  must  usually 
be  content  with  calculating  the  magnitude  of  likely  effects 
in  any  given  case. 

A  final  limitation  on  the  })hysical  realizability  of  the  flows 
discussed  in  this  papei*  arises  from  the  following  considera¬ 
tions.  The  gas  ahead  of  the  strong  shock  is  su])i:>osed  to  be 
cold  and  un-ionized,  a  condition  that  is  certainly  met  in  the 
planetary  entry  case.  However,  the  magnetic  field  of  the 
coil  extends  substantially  beyond  the  shock,  and  the  cold  gas 
therefore  “sees^^  an  effective  electric  field.  The  question 
arises  as  to  whether  this  electric  field  is  sufficient  to  break 
clown  the  gas.  This  question  is  quite  involved  and  is  dis¬ 
cussed  at  the  end  of  the  ])aper  by  Lev^^  and  Petschek."^  On 
the  one  hand,  arguments  can  be  given  to  show  that  break¬ 
down  could  not  occur  for  velocities  less  than  about  5  X  10^^ 
(^m/sec,  i.e.,  about  five  times  satellite  velocity.  On  the  other 
hand,  unanswered  questions  remain  having  to  do  with  the 
])ossibility  of  substantial  ))hoto  ionization  in  the  gas  ahead 
of  the  shock. 

This  comment  about  i)hoto  ionization  introduces  the  sub¬ 
ject  of  radiant  heat  transfer.  It  has  been  shown,  for  in- 
•stance,  by  Goulard^^  ^nd  Romig^^§  that  the  magnetohydro¬ 
dynamic  interaction  can  sometimes  increase  the  radiant  heat 
transfer  to  a  body  while  decreasing  the  convective  heat 
transfer,  the  flow  conditions  remaining  fixed.  This  effect 
is  due  to  the  increased  volume  of  hot  radiating  gas  that  is  a 
consequence  of  the  increase  in  the  standoff  distance.  Since 
in  this  ))aper  we  deal  only  with  the  dynamics  of  the  flow,  and 
since  under  ordinary  conditions  radiation  does  not  affect 
the  dynamics  of  this  type  of  flow,  we  shall  not  i>ursue  this 
subject  here.  It  does  seem  worth  pointing  out  however, 
that,  for  a  fixed  object,  re-entry  may  take  place  at  a  higher 
altitude  because  of  dynamic  effects.  Thus,  the  radiant  heat 
ti'ansfer  to  a  body  could  be  reduced  by  causing  it  to  decelerate 
at  a  higher  altitude. 

We  conclude  by  reviewing  the  status  of  quantitative  ex¬ 
periment  in  the  field  of  low  magnetic  Reynolds  number 
hyi^ersonic  flows.  Early  work  in  the  field  by  Bush  and 
Ziemer^^  appeared  to  give  good  results,  but  a  recent  article 
by  Cloupeau^^  appears  to  throw  some  doubt  on  the  quanti¬ 
tative  interpretation  of  results  achieved  in  electromagnetic 
■shock  tubes  of  the  type  used  by  Bush  and  Ziemer.  Work 
on  this  subject  has  also  been  reported  by  Wilkinson^®  and 
Ericson  et  al.,^^  although  neither  of  these  studies  ajq:)ears 
to  have  given  very  good  results.  We  understand  that  a 

§  We  are  indebted  to  a  reviewer  for  this  reference. 


descrii)tion  by  Locke,  Petschek,  and  Rose^®  of  experimental 
work  performed  by  them  with  the  object  of  verifying  the 
existence  of  fully  magnetohydrodynamically  supported 
hypersonic  flows  (as  predicted  by  Levy  and  Petschek'^)  is 
forthcoming.  Preliminary  results  indicate  that  such  flows 
can  be  supported  with  negligible  physical  contact  between 
the  hot  gas  and  solid  surfaces. 
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A  momentum-integral  boundary-layer  analysis  is  made  of  the  entrance  MHD  flow  of  an 
incompressible  electrically  conducting  fluid  in  a  two-dimensional  constant  area  channel.  It 
is  assumed  that  a  uniform  magnetic  field  perpendicular  to  the  insulated  channel  walls  exists 
in  the  channel.  An  electric  field,  perpendicular  to  both  the  magnetic  field  and  mean  flow, 
is  permitted.  The  magnetic  Reynolds  number  is  assumed  small.  Closed-form  solutions  are 
obtained  for  both  the  laminar  and  turbulent  cases.  Variation  of  the  freestream  velocity  in 
the  flow  direction  is  fully  accounted  for.  Two  cases  are  considered;  the  uniform  velocity 
entry  case,  and  the  situation  where  the  velocity  profile  at  the  channel  entry  plane  is  non- 
magnetically  fully  developed.  Agreement  between  the  present  work  and  more  exact  numeri¬ 
cal  solutions  for  a  few  particular  flow  cases  is  excellent.  Increasing  the  Hartmann  number 
is  shown  to  reduce  entrance  lengths  appreciably,  except  in  the  very  low  Hartmann  number 
range.  Flows  with  nonmagnetically  fully  developed  entry  profiles,  in  general,  require  much 
larger  entrance  lengths  than  flows  with  a  uniform  entry  profile. 


Nomenclature 

a  =  half-height  of  channel 

B  =  magnetic  induction 

C  —  const(  =  0.0456) 

B  —  electric  field 

/  =  friction  factor  (=  Srw/pUm^) 

j  =  electric  current  density 

M  —  Hartmann  number  [=  (o-/g)^/2Ra] 

p  =  static  pressure 

Re  =  Reynolds  number  (=  ^aUmpfp) 

IJ^  V  =  velocities  in  x  and  y  directions,  respectively 

W  =  half-width  of  channel 

X,  y,  z  =  coordinates  (see  Fig.  1) 

5  —  boundary-layer  thickness 

5*  =  displacement  thickness 

p  —  fluid  density 

ff  =  fluid  electric  conductivity 

$  =  momentum  thickness 

g  =  fluid  viscosity 

Ty,  =  wall  shear  stress 

Subscripts 

FD  =  fully  developed 

CO  =  freestream 

w  =  wall 

m  =  mean 

Introduction 

Abetter  knowledge  of  the  velocity  fields,  boundary- 
layer  development,  and  friction  factors  in  the  entrance 
region  of  MHD  channels  is  of  interest  both  to  the  curious 
fluid  dynamicist  and  the  practical  designer.  In  order  to 
avoid  the  added  difficulties  that  are  present  in  the  solution 
of  the  problem  of  a  channel  with  an  arbitrary,  finite  aspect 
ratio,  this  investigation,  as  most  that  preceded  it,  is  addressed 
to  the  special  case  of  an  infinite  aspect  ratio  channel,  i.e., 
the  flow  between  tw'o  parallel  plates.  It  can  be  expected 
that  the  solutions  to  this  problem  will  be  applicable  to  high 
aspect  ratio  channels  and  will  possibly  indicate  trends  even 
when  the  ratio  is  low.  In  his  analysis  of  the  laminar  flow 
case,  Shercliff^  linearized  the  problem  by  the  Rayleigh  ap¬ 
proximation  and  obtained  solutions  for  the  deviation  of  the 
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local  from  the  ultimate,  or  Hartmann,  velocity  profile  in 
terms  of  an  orthogonal  series.  In  some  special  cases,  the 
leading  terms  of  the  series  were  evaluated.  Shohet^  and 
Dix^  have  independently  obtained  numerical  solutions  to  the 
laminar  flow  situation  when  the  velocity  across  the  channel 
entrance  is  uniform.  Also,  for  uniform  entrance  velocity, 
Moffatt^  has  obtained  closed-form  laminar  and  turbulent 
solutions,  with  the  further  restriction  that  the  freestream 
velocity  be  constant.  Moffatt  used  the  momentum  integral 
method  with  assumed  similar  velocity  profiles  across  the 
boundary  layers.  In  the  present  investigation,  MoffatUs 
method  has  been  extended  to  include  variation  of  the  free¬ 
stream  velocity  in  the  flow  direction,  thereby  satisfying  over¬ 
all  conservation  of  mass  for  a  constant  area  channel.  Two 
cases  are  treated:  the  uniform  entry  velocity  case  and  the 
heretofore  unsolved  situation  of  a  nonmagnetically  fully 
developed  velocity  profile  at  the  channel  entry  plane. 

Problem  and  Solutions 

The  geometric  configuration  of  the  problem  to  be  solved  is 
shown  in  Fig.  1.  The  channel  is  assumed  to  have  a  suffi¬ 
ciently  high  aspect  ratio  and  negligible  three-dimensional 
effects  for  the  problem  to  be  considered  two  dimensional. 
For  X  >  0,  the  flow  is  in  the  presence  of  uniform,  mutually 
perpendicular,  magnetic  and  electric  fields,  whereas  for 
a;  <  0,  the  fields  are  zero.  Fluid  density,  viscosity,  and 
electrical  conductivity  are  assumed  to  be  constant  for  sim¬ 
plicity.  Hall  effects  and  induced  magnetic  fields  are  assumed 
to  be  small  enough  to  be  neglected. 

With  the  usual  boundary-layer  assumptions,  the  integral 
method  leads  to  the  balance  of  forces  and  momentum  fluxes: 

^  ^  -  /o'  =  fo  1  fo 

(i> 

The  freestream  momentum  equation 

^  =  -  pI/„  ^  (2> 

ax  ax 

and  Ohm^s  law 

j  =  a{E  -  UB)  (3) 

provide  the  means  for  expressing  the  pressure  gradient  and 
the  Lorentz  force  in  terms  of  velocities  and  the  magnetic 


Table  1  Summary  of  solutions 
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Fig,  1  Geometric  configuration  of  the  problem. 


field.  The  resulting  equation  for  the  shear  stress  r«,  is  then 
given  by 


(4) 


wherein  0  and  5*  are  the  momentum  and  displacement  thick¬ 
nesses,  respectively. 

For  the  laminar  flow  case,  one  can  substitute  fx(dU/by)w  for 
the  shear,  which  is  evaluated  from  the  assumed  velocity  pro¬ 
file,  whereas  for  the  turbulent  flow,  Blasius’  friction  law  is 
applicable.  In  order  to  solve  the  equations  for  the  boundary- 
layer  thickness,  it  is  assumed  that  in  the  laminar  case  the  ve¬ 
locity  profile  consists  of  a  parabolic  variation 

U/U^  =  1  -  l(y/8)  -  IV 


across  the  boundary  layer  and  a  uniform  core  velocity.  In 
the  turbulent  case,  a  one-seventh  power  velocity  distribution 
in  the  boundary  layer  is  assumed.  The  core  velocity  is 
allowed  to  vary  in  the  x  direction  in  order  to  satisfy  the  con¬ 
servation  of  mass  equation  applied  across  the  entire  channel 
cross  section.  The  boundary  conditions  at  a;  =  0  are:  5  - 
a  for  the  nonmagnetically  fully  developed  entry,  and  5  =  0 
for  the  uniform  entry  velocity. 

With  the  stated  assumptions,  and  after  lengthy  but  simj)le 
integrations,  algebraic  manipulations,  and  nondimensional- 
izing,  the  solutions  for  the  laminar  and  turbulent  cases  can 
be  written  in  tabular  form  (Table  1).  Whereas  Eqs.  (A) 
and  (B)  represent  closed-form  solutions  in  the  strict  sense 
of  the  word,  in  deriving  Eqs.  (C)  and  (D),  several  unmanage¬ 
able  integrals  were  encountered,  and  it  was  necessary  to  as¬ 
sume  that  8/Sa  «  1  and  use  the  ai)proximation 


/, 


(5/0)2  (d/ayi^d{8/a) 

(5/0),  (C/Re^/^)  -  (I\rVRe){8/a)^f^'' 

1 
2 


ajd  liC/Re^h  -  {M^/Re){8/a),^^^ 


+ 


(C/Re^/^)  -  (]\P/Re){8/a) 


^5/4 


In  the  laminar  case,  it  should  be  noted  that  the  nondimen - 
sional  length  parameter  xjaRe,  familiar  from  Schlichting’s*" 
nonmagnetic  solution,  is  a  function  of  8/a  and  the  Hartmann 
number  M  only.  The  Hartmann  number  can  be  viewed  as 
a  measure  of  the  magnetic  interaction.  In  the  turbulent 
case,  x/aRe  depends  also  on  the  Reynolds  number.  For  the 
assumed  flow  model,  the  boundary-layer  development  and  the 
velocity  profiles  are  indejDendent  of  the  electric  field  if  the 
Hartmann  and  Reynolds  numbers  are  specified. 

Some  specific  examples  of  the  laminar  solution  are  shown 
in  Fig.  2,  which  plots  the  variation  of  8/ a  with  the  length 
parameter  for  two  Hartmann  numbers,  10  and  100,  for  both 
entrance  situations.  The  effect  of  the  magnetic  field  on  the 
entrance  flow  is  graphically  illustrated.  For  the  nonmagneti¬ 
cally  fully  developed  entrance  profile  at  a:  =  0,  the  boundary 
layers  are  assumed  to  join  at  the  channel  center.  Proceeding 
into  the  channel,  a  core  flow  develops,  and  the  boundary 
layers  spread  apart  and  diminish  to  an  asymptotic  value. 
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Fig.  2  Development  of  laminar  MHD  boundary  layers  in 
the  channel  entrance  region. 

For  the  uniform  velocity  entry,  the  boundary  layer  grows 
from  zero  until  it  attains  the  same  asymptotic  value. 

The  variation  of  the  entrance  length  with  Hartmann  num¬ 
ber  is  presented  in  Fig.  3.  The  entrance  length  is  defined 
here  as  the  distance  required  for  the  friction  factor  to  come 
within  10%  of  the  final,  fully  developed  value.  Generally, 
the  results  demonstrate  a  decrease  in  the  entrance  length 
with  increasing  Hartmann  number.  The  curves  for  the 
nonmagnetically  fulty  developed  entrance  condition  show 
an  increase  in  entrance  length  with  increasing  Hartmann 
number  for  low  Hartmann  numbers;  this  is  consistent  with 
the  fact  that  the  entrance  length  for  this  condition  must  go 
to  zero  for  M  =  0.  It  is  interesting  that  the  curves  for  the 
uniform  velocity  entrance  condition  must  also  show  such  a 
reverse  trend  for  sufficiently  low  Af,  since  the  entrance 
lengths  for  nonmagnetic  {M  =  0)  flow  can  be  shown  to  be 
less  than  the  maximum  entrance  length  values  exhibited  by 
the  curves  of  Fig.  3.  It  was  impossible  to  use  our  integral 
technique  for  M  values  less  than  those  yielding  b/a  =  \  for 


Fig.  3  MHD  entrance  lengths. 


Fig.  4  Friction  factor  development  in  the  channel  en¬ 
trance  region  for  nonmagnetically  fully  developed  entry 
velocity  profiles. 

fully  developed  flow,  t  For  laminar  flow,  this  minimum  value 
of  M  was  about  2.45;  for  the  turbulent  case  it  depended  on 
Re  and  was  about  19  for  an  Re  of  10^ 

In  Fig.  3,  the  turbulent  entrance  lengths  generally  exceed 
those  for  laminar  flow.  This  fact  is  in  contrast  to  what  one 
would  expect,  since  for  nonmagnetic  flow  the  reverse  is  true. 
However,  over  much  of  the  Hartmann  number  range  of  Fig. 
3,  the  entrance  lengths  for  both  laminar  and  turbulent  flow 
are  so  small  as  to  be  almost  negligible.  Furthermore,  the 
possibility  of  transition  from  turbulent  to  laminar  flow  at 
higher  Hartmann  numbers  (above  110  for  Re  =  10^  according 
to  Ref.  6)  has  not  been  taken  into  consideration. 

Shercliff  had  defined  the  entrance  length  as  the  distance 
over  which  the  predominant  term  in  the  series,  representing 
the  deviation  of  the  local  velocity  from  the  Hartmann  pro¬ 
file,  decreased  by  1/e.  Obviously,  this  differs  significantly 
from  the  definition  used  in  Fig.  3.  To  establish  a  more 
compatible  basis  for  comparison,  the  entrance  length  could 
be  defined  as  the  distance  required  for  b/a  to  reach  99%  of 
its  ultimate,  fully  developed  value.  The  authors  found  that 
for  the  laminar  flow,  with  uniform  entrance  velocity,!  such 
entrance  lengths  were  within  20%  of  those  computed  by 
Shercliff. 

The  influence  of  the  Hartmann  number  on  the  friction 
factor  development  is  illustrated  in  Fig.  4,  which  contains 
results  for  the  nonmagnetically  fully  developed  entry  case. 
For  laminar  flow,  the  increase  over  the  nonmagnetic  friction 
factors  can  amount  to  several  orders  of  magnitude.  For 
the  turbulent  flow,  for  which  only  one  curve  is  shown,  the 
increase  is  much  smaller.  The  trend  with  Hartmann  num¬ 
ber,  though  not  shown  in  Fig,  4,  is  similar  to  that  for  laminar 
flow. 


Discussion 

The  validity  of  the  solutions  presented  is  contingent  upon 
the  accuracy  of  the  assumptions  made.  It  is  important. 


aRe 

Fig.  5  Comparison  of  channel  centerline  velocities  with 
Shohet’s  results  (laminar  flow,  uniform  inlet  velocities  Uo) . 


X  It  is  possible  to  bypass  this  limitation  in  the  case  of  uniform 
entrance  velocity  if  the  entrance  length  is  redefined  as  the  length 
to  the  position  at  which  b/a  —  1. 

§  Shercliff  did  not  work  out  the  solution  for  the  nonmag¬ 
netically  fully  developed  entry  case. 
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a  Re* 

Fig.  6  Comparison  of  skin  friction  with  the  numerical 
solution  of  bix  (laminar  flow,  uniform  entry  velocity). 

therefore,  to  examine  these  carefully.  It  is  felt  that  bound¬ 
ary-layer  assumjitions  would  be  reasonably  valid  up  to  those 
Hartmann  numbers  for  which  the  entrance  lengths  are  of  the 
same  order  of  magnitude  as  the  asymptotic  boundary-la3'er 
thickness.  For  larger  Hartmann  numbers,  it  would  be  prob¬ 
ably  inaccurate  to  assume  that  bp/by  «  bp/bx  or  that 

y  «  u. 

There  arc  neither  experimental  measurements  nor  exact 
numerical  solutions  of  the  nonmagnetically  fully  developed 
entry  problem.  Therefore,  the  support  for  the  assumed  ve¬ 
locity  ])rofiles  can  only  come,  by  inference,  from  comparisons 
with  numerical  solutions  to  the  related  problem  with  uni¬ 
form  entry  velocity.  If  For  the  laminar  case,  Shohet  and  Dix 
have  independent!}-  obtained  such  solutions. 

As  seen  in  Fig.  5,  the  comparison  of  the  development  of 
core  velocities  with  ShoheFs  numerical  solution  shows  rea¬ 
sonably  good  agreement.  The  agreement  would  improve 
for  higher  Hartmann  numbers.  This  comparison  is,  of 
course,  for  the  uniform  entr}^  velocity  case. 

Comimrison  of  friction  factors  with  those  of  Dix^s  doctoral 
thesis  (Fig.  6)  shows  an  embarrassingly  good  agreement.  The 
ordinate  in  this  plot  is  the  ratio  of  the  local  friction  factor 
to  the  friction  factor  of  the  fully  developed  flow.  Data  shown 
are  again  for  the  case  of  uniform  entry  velocity. 

It  is  well  known  that  the  effect  of  the  magnetic  field  is  to 
flatten  the  velocity  profile.  Comparison  of  the  laminar 
velocity  profiles  for  vciy  large  a;,  as  obtained  in  the  present 
work,  shows  a  reasonabty  good  agreement  with  Hartmann’s 
profiles.  At  the  channel  entry,  the  parabolic  profile  for  the 
laminar  case  is,  of  course,  an  exact  representation  of  the 
full}^  develoi)ed  nonmagnetic  profile. 

For  the  turbulent  case,  only  the  friction  factors  corre¬ 
sponding  to  X  larger  than  the  entrance  length  can  be  com¬ 
pared  to  existing  data,  namely,  Murgatroj^d’s®  test  results. 
That  the  agreement  is  quite  satisfactory  is  shown  in  Fig.  7 
where  the  friction  factors  corresponding  to  three  Rejmolds 
numbers  have  been  graphed.  Thej^  were  computed  from 

Jjrn,  -  U.44D  ^  ^ 


^  The  comparison  with  Shercliff’s  approximate  solution  was 
discussed  in  the  preceding  section. 


Fig.  7  Comparison  of  theoretical  fully  developed  turbu¬ 
lent  friction  factors  with  Murgatroyd’s  data. 


It  is  important  to  be  cognizant  of  the  restricted  range  of 
applicability  for  the  turbulent  results  of  the  present  work. 
The  lower  limits  of  32M/Re  on  the  theoretical  curves  in  Fig. 
7  are  given  by  that  Hartmann  number  for  which  d/a  =  1 
as  x~^  oo .  The  upper  limit  is  set  by  32M/Re  «  0.030  above 
which  Murgatroyd’s  data  indicate  that  the  flow  becomes 
laminar. 

It  is  worth  noting  from  Fig.  7  that  the  turbulent,  fully 
developed  friction  factor  is  a  function  not  only  of  M/Re  but 
also  of  Re  itself,  which  is  in  agreement  with  Murgatroyd. 
The  Rejmolds  number  dependence,  lower  limit  on  M/Re  and 
the  much  closer  general  agreement  with  test  results  consti¬ 
tute,  in  the  authors’  opinion,  a  substantial  improvement 
over  Moffatt’s  correlation. 

In  view  of  the  foregoing  comparisons,  it  is  felt  that  the 
assumptions  made  are  at  least  partially  substantiated,  and 
the  results  presented  are  close  to  reality. 
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A  model  is  established  for  the  continuum  flow  of  a  multicomponent  system  of  gases  and  their 
condensed  phases.  The  general  conservation  equations  governing  the  behavior  of  the  gases 
and  condensed  phases  are  derived.  Viscosity  heat  conductivity,  diffusion,  and  production  of 
species  by  chemical  reactions  are  included  in  the  development.  Nonequilibrium  phenomena 
associated  with  the  presence  of  condensed  phases  are  discussed.  To  illustrate  some  of  the  fea¬ 
tures  of  the  viscous  two-phase  flow  problem,  a  study  is  made  on  a  chemically  frozen,  fully  ex¬ 
panded  axisymmetric  jet.  In  particular,  low-temperature  hydrogen  is  injected  into  a  parallel 
high-velocity  air  stream,  and  the  resulting  two-phase  composition  and  diffusive  spreading 
characteristics  are  determined. 


Nomenclature 

f  =  force  of  interaction  between  gas  and  condensedphases 

H  =  stagnation  energ}^ 

h  =  static  enthalpy 

hr»  =  mass-transfer  coefficient 

jci  —  diffusional  mass  flux 

k  =  thermal  conductivity 

L  —  heat  of  phase  change 

Le  —  Lewis  number,  {pDCp/k) 

Npr  =  droplet  number  concentration 

=  Prandtl  number,  (Cpn/k) 
p  =  pressure 

Q  =  heat-transfer  interaction  between  gas  and  condensed 

phases 

q  =  heat  flux  by  conduction 

R  =  gas  constant 

R,  =  Reynolds  number,  (pvr/iJL) 

r  =  radial  coordinate 

T  =  temperature 

U  —  nondimensional  streamwise  velocity  component 

u  —  internal  energy 

V  =  velocity 

W  =  molecular  weight 

=  production  of  gas  by  chemical  reaction 
Xpi  =  mass  concentration  of  the  ^th  condensed  species 
in  the  condensed  phases 
X  =  streamwise  coordinate 

Yri  —  mass  concentration  of  the  ?4h  gaseous  species  in  the 

gas  phase 

/3,-  =  mass  concentration  of  ith  species  in  the  mixture 

5  =  density 

p  —  viscosity 

f  =  transformed  x  coordinate  defined  by  Eq.  (33) 

T  =  stress  tensor 

p  =  mass  concentration  in  mixture 

cr^,  a  j  —  unilateral  evaporation  and  condensation  rate, 
respectively 

=  Wv  =  production  of  gas  bj^  evaporation 
=  stream  function  defined  by  Eq.  (41) 
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Subscripts 

€  =  freestream 

g  =  gas  mixture 

i  =  zth  species 

j  =  jet 

m  =  total  mixture 

p  =  particle 

V  =  component  in  the  gas  phase 

I.  Introduction 

The  dumping  of  combustibles  overboard  from  stages  of 
boost  vehicles  creates  several  problems  of  potential  im¬ 
portance.  The  combustion,  surface  heating,  and  induced 
pressure  forces  acting  on  the  missile  surface  are  possible 
consequences  of  the  dumping  process.  The  problem  is 
quite  complex  owing  to  the  combined  effects  of  finite-rate 
chemistry  and  jet  boundary-layer  interaction  with  the  ex¬ 
ternal  flow.  In  general,  the  existing  literature  contains 
combustion  studies  limited  to  gas-phase  configurations. 
However,  when  cryogenic  hydrogen  is  the  fuel  under  con¬ 
sideration,  it  becomes  necessary  to  consider  the  possibility 
of  two-phase  flow.  In  fact,  a  typical  state  in  the  hydrogen 
fuel  tank  consists  of  saturated  liquid  hydrogen  at  approxi¬ 
mately  20 °K  (p  ^  1  atm).  Thus,  at  high  altitudes,  say  of 
the  order  of  100,000  ft,  it  is  possible  to  expand  the  hydrogen 
into  the  solid-vapor  region.  Furthermore,  if  the  expansion 
is  nearly  isentropic,  from  40  to  80%  of  the  hydrogen  can  be 
in  the  solid  phase  (where  T  ^  10  °K),  depending  on  whether 
vapor  or  liquid  is  bled  from  the  tank.  It  is  clear,  therefore, 
that  the  subsequent  mixing  with  the  surrounding  air  can 
lead  to  condensation  of  the  air.  In  general  then,  we  can  ex¬ 
pect  the  flow  field  to  be  comprised  of  the  components  of  air 
and  hydrogen  each  occurring  in  two  phases. 

The  problem  of  accounting  for  the  effects  due  to  the  pres¬ 
ence  of  condensed  species  can  be  divided  into  two  parts:  1) 
development  of  the  conservation  equations  for  the  flow  field 
and  2)  determination  of  constitutive  relations  for  the  transfer 
of  mass,  momentum,  and  energy  between  the  phases.  The 
first  part  involves  the  description  of  the  conservation  of  mass, 
momentum,  and  energy  for  the  gas-phase  and  the  condensed- 
phase  systems.  The  second  part  involves  the  description 
of  the  dynamic  and  thermodynamic  interactions  between 
the  gas-  and  condensed-phase  systems.  In  general,  this  in¬ 
volves  the  description  of  velocity  differences  between  the 
phases  (dynamic  nonequilibrium),  temperature  differences 
(thermal  nonequilibrium),  and  mass  transfer  between  the 
phases  (nonequilibrium  phase  changes). 

The  purpose  of  the  present  report  is  to  provide  a  model 
from  which  a  system  of  governing  equations  may  be  deduced 
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and  to  indicate  constitutive  relations  that  ma^^  be  used  to 
account  for  the  interaction  phenomena.  Finally,  the  re¬ 
sults  of  the  analysis  are  applied  to  special  cases  that  are  of 
present  interest. 


II.  Analysis 

In  establishing  a  model  for  the  present  complex  flow  system, 
it  becomes  necessary  to  make  certain  assumptions.  These 
assumptions  are,  in  general,  made  in  regard  to  the  nature  of 
the  condensed-phase  system.  The  basic  assumptions  are 
discussed  below. 

1)  The  condensed  phase  is  in  the  form  of  a  cloud  of  solid  or 
liquid  ])articles.  This  assumption  is  more  of  a  statement  of 
fact  evidenced  by  launch  experience  and  wind-tunnel  studies 
relating  to  condensation  of  various  gases. ^ 

2)  Droplet-droplet  interaction  is  negligible.  That  is,  the 
condensed  phase  is  assumed  to  form  a  dilute  suspension  in  the 
gas  phase. 

3)  The  volume  occupied  by  the  condensed  phase  is  neg¬ 
ligible.  This  is  merely  a  statement  of  the  fact  that  the  mass 
density  of  a  condensed  species  is  much  greater  than  the 
mass  density  of  its  vapor. 

4)  Random  motion  of  the  particles  of  condensed  phase  is 
assumed  negligible.  That  is,  pressure,  temperature,  and 
transport  properties  associated  with  random  motion  are 
considered  negligible  compared  with  those  of  the  gas  phase. 
The  validity  of  this  assumption  rests  on  the  condition  that 
the  particle  size  be  larger  than  that  of  the  molecules  in  the 
gas  phase. 

5)  Thermal  radiation  is  neglected.  The  low  temperatures 
with  which  we  are  concerned  implies  that  thermal  radiation 
will  be  negligible. 

6)  Each  droplet  has  a  uniform  temperature  at  any  instant. 
That  is,  conduction  (and  convection  within  the  droplet  in 
the  case  of  liquid  droplets)  is  negligible.  In  general,  droplet 
sizes  will  be  small  enough  to  render  this  assumption  valid. 

7)  We  shall  assume  that  the  state  of  the  vapor  at  the  drop¬ 
let  surface  corresponds  to  the  droplet  temperature  and 
velocity.  This  assumption  is  made  in  order  to  provide  a 
means  of  systematically  accounting  for  the  condensed-]:>hase 
gas-phase  interactions. 

8)  Surface  energy,  gravity,  and  electric  charge  effects  are 
neglected. 

In  general,  the  approach  will  be  to  develop  a  system  of 
governing  equations  which  will  describe  the  behavior  of  the 
gas-phase  globally  and  the  condensed  species  individually. 
This  permits  the  gases  to  be  treated  as  a  multicomponent 
diffusing  system  with  chemical  reactions,  a  method  previ¬ 
ously  developed  for  gaseous  systems  (see,  e.g.,  Ref.  2).  On 
the  other  hand,  the  condensed  species  are  treated  indi¬ 
vidually  so  that  the  mass,  momentum,  and  thermal  inter¬ 
actions  can  be  handled  in  terms  of  the  best  available  informa¬ 
tion  for  flow  about  particles  under  the  conditions  that  prevail 
in  the  present  investigation. 

In  accordance  with  assumption  7,  each  droplet  may  be 
thought  to  have  a  film  of  vapor  surrounding  it.  Within  this 
film,  velocity  and  temperature  are  brought  from  the  ps- 
phase  values  to  the  values  at  the  droplet  surface.  Since 
the  film  is  vapor,  it  is  associated  with  the  gas  phase  but  is 
considered  to  contain  negligible  mass.  This  implies  that 
the  instantaneous  flow  of  mass,  momentum,  and  energy 
from  the  particles  is  equal  to  the  instantaneous  gain  of  mass, 
momentum,  and  energy  by  the  gas  phase.  Thus,  the  film 
is  the  source  of  irreversible  entropy  production  due  to  the 
nonequilibrium  transfer  of  mass,  momentum,  and  energy 
between  the  phases.  It  must  be  noted  that  the  mass  transfer, 
which  is  due  to  evaporation  and  condensation,  has  an  associ¬ 
ated  momentum  and  energy  transfer.  These  are  in  addition 
to  the  momentum  and  energy  transfers  due  to  velocity  and 
temperature  differences,  respectively.  Let  us  consider  this 
point  in  more  detail.  In  the  first  place,  assumption  2 


imiflies  that  the  influence  of  the  condensed  phase  on  the  flow 
field  may  be  constructed  in  terms  of  the  interactions  asso¬ 
ciated  with  a  single  particle  and  its  surroundings,  multii)lied 
by  a  local  number  density  of  droplets  in  the  elemental  volume 
of  mixture.  This  permits  the  use  of  available  information 
for  the  interaction  of  single  droplets  in  an  infinite  fluid. 
Further,  the  introduction  of  the  local  number  density 
‘‘smears”  out  the  actual  discrete  nature  of  droplet  system. 
The  result  of  this  is  to  predict  a  local  as  well  as  an  over-all 
average  effect  of  the  droplets  on  the  flow  field.  We  consider 
first  the  mass,  momentum,  and  energy  transfers  associated 
with  the  evaporation  and  condensation  process. 


Mass  Transfer 

The  process  of  evaporation  is  composed  of  a  simultaneous, 
unilateral  evaporation  rate  av  and  a  unilateral  condensation 
rate  du  The  net  of  the  two  unilateral  rates  is  the  evapora¬ 
tion  rate  W/: 

IF/  ^  (Tv  —  (1) 

Clearly,  if  this  difference  is  negative  we  have  condensation 
and  if  it  is  zero  there  is,  in  effect,  no  phase  change. 


Momentum 

The  droplet  loses  momentum  at  a  rate  equal  to  (x^p  and 
simultaneously  gains  momentum  at  a  rate  equal  to 
This  is  in  accordance  with  the  condition  that,  at  the  intei’facc, 
the  vapor  and  droplet  have  the  same  velocity  V,,.  Thus, 
the  net  loss  of  droplet  momentum  is  given  by 

V,((r„  -  in)  =  Vp  (2) 


Energy 

The  droplet  energy  loss  associated  with  the  unilateral 
evaporation  rate  is  composed  of  condensed-phase  enthalpy, 
kinetic  energy,  and  the  heat  of  vaporization.  The  gain  of 
droplet  energy  associated  with  the  unilateral  condensation 
rate  is  composed  of  the  vapor  enthalpy  and  kinetic  energy 
evaluated  at  the  interface  state.  Thus,  the  net  loss  of  droplet 
energy  is  given  by 


a.,  (/,„  +  L  +  ^-^')  -  _ 


(3) 


Note  that  the  droplet  gives  up  the  heat  of  vaporization  and 
gains  the  heat  of  condensation  where 

=  hp  -|-  L  (4) 

^  p 

In  addition,  the  interface  moves  in  accordance  with  the  rate 
of  evaporation  of  the  droplet.  This  results  in  a  work  transfer 
given  by 

Pp/8t  IF/  (5) 

wh.ere 


Pp  interface  pressure 

6 1  =  droplet  density 

rate  of  increase  in  gas-phase  volume  due  to 
droplet  evaporation 

Since,  in  general  L  »  Pp/di,  the  energy  associated  with  Eq. 
(5)  is  negligible  compared  with  that  given  by  Eq.  (3). 

It  has  been  pointed  out  that,  in  addition  to  mass,  momen¬ 
tum,  and  energy  transfers  associated  with  evaporation,  there 
exist  dynamic  and  thermal  interactions  by  virtue  of  the  ve¬ 
locity  and  temperature  nonequilibrium  between  the  phases, 
resi)ectively.  These  are  discussed,  in  order,  in  the  following. 
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Drag  Force 

The  drag  force  constitutes  a  momentum  interchange  be¬ 
tween  the  phases.  We  shall  assume  that  this  force  is  purely 
a  viscous  phenomenon  and  depends  only  on  the  velocity 
difference,  i.e., 

fp  =  fp(V.  -  V,)  (6) 

Additional  forces  exist,  but  can  be  shown  to  be,  in  general, 
of  higher  order. ^ 

Thermal  Interaction 

This  thermal  interaction,  which  is  dependent  on  the  tem¬ 
perature  difference  between  the  phases,  is  merely  a  statement 
of  convective  heat  transfer.  This  precludes  the  existence 
of  radiation  heat  transfer  in  accordance  with  assumption 
5.  This  convective  heat  transfer  is  expressed  by 

Qp  =  Qp(n  -  T,)  (7) 

Conservation  Equations 

In  consideration  of  the  preceding  discussion,  we  can  write 
down  the  conservation  equations  in  a  systematic  manner. 
In  order  to  maintain  generality,  we  consider  i  gaseous  species 
and  i  condensed  species,  i.e.,  each  component  can  exist  in 
each  phase,  and  we  consider  each  condensed  species  indi¬ 
vidually.  Application  of  the  fundamental  laws  for  the 
conservation  of  mass,  momentum,  and  energy  leads  to  the 
following  system  of  governing  equations  for  steady,  two- 
phase  flows. 

Continuity  of  Mass :  Alixture 

V(p„V„  +  SppiV.i)  =  0  (8) 

i 

fth  Condensed  Phase 

V  •  =  V  •  Pp  =  Fp/  =  -  (9) 

ith.  Gas  Phase 

V  p.vJh  =  +  WJ  -  V  hi  (10) 

Momentum:  Mixture 

V  •  (p,V«Vj,  +  E  PpiVp.'  V„-)  =  Vir,  (11a) 

i 

or 

P.V,-VV,  +  E  =  v-jr„  +  E  -  V„) 

(11b) 

fth  Condensed  Phase 

Pp;Vp,-VV^i  =  fp.  (12) 

Energy :  Mixture 

V  •  j^Pi,  ^  "*2  ^') 

-V-q.  +  V  •('«»•  Vj)  -  E  V-j»;li..-  (13a) 

i 

or 

pX-V  (a.  +  +  E  Pp.VprV  {h,i  +  = 

-V  ■?»  +  V  •  (r,-  V„)  -  E  V  -jn!*.'.-  + 


fth  Condensed  Phase 

PpNprVKi  =  Qpi  -  W^i^Li  (14) 


In  the  preceding  system  of  equations,  certain  variables 
have  been  introduced  for  convenience.  These  are  defined 
by  the  following  relations : 

Po  ”  pvt  (1^) 

i 

P^g  =  S  pvN Vi  (16) 

i 


where  Yvi  is  the  velocity  of  the  ith  gas-phase  component. 
Furthermore,  the  diffusional  mass  flux  is  defined  by 


li 

1 

< 

(17) 

The  gas-phase  mass  fractions  are  defined  by 

~  pvi/ Pg 

(18) 

where 

E  =  1 

(19) 

Similarly,  for  the  condensed  phase,  we  define  the  condensed- 


phase  mass  fractions  given  by 

Xpi  ~  Ppi/pp 

(20) 

where 

Pp  ~  Ppi 

i 

(21) 

and 

E  =  1 

(22) 

A  similar  set  of  governing  equations  for  multiphase  flow, 
found  in  Ref.  3,  were  developed  from  a  statistical  viewpoint. 


The  relations  (8-10,  I  la  or  lib,  12, 

13a  or  13b,  and  14)  con- 

stitute  seven  partial  differential 

equations  for  the  nine 

unknowns: 

pg 

Ppi 

Pg 

hpi 

The  additional  relations  are  supplied  by  equations  of  state 


11 

(23) 

hg  =  YvihviiTg) 

i 

(24) 

Upi  J%pi{T pi^ 

(25) 

We  note  that  this  discussion  assumes  knowledge  of  the  de¬ 
pendence  of  q„,  'Zg,  and  jn  on  the  preceding  variables.  A 
discussion  of  this,  and  a  more  detailed  derivation  of  the 
governing  equations,  may  be  found  in  Ref.  5. 

III.  Application  to  Chemically  Frozen 
Axisymmetric  Jet  in  Phase  Equilibrium 

The  inherent  complexity  of  the  general  problem  expressed 
by  Eqs.  (8-14)  is  due  to  the  effect  of  viscosity  on  the  global 
scale.  The  resulting  equations  are  of  the  Navier-Stokes- 
type  for  which  no  general  solution  technique  exists.  There 
are,  however,  illustrative  and  practical  problems  that  are 
governed  by  reduced  forms  of  the  general  equations  which 
retain  the  basic  features  of  viscous  two-phase  flows. 

In  order  to  establish  limits  regarding  the  presence  of  a  con¬ 
densed  phase,  we  consider  the  flow  to  be  in  equilibrium.  The 
existence  of  temperature  and  velocity  equilibrium  is  an  as¬ 
sumption  based  on  the  condition  that  the  condensed  phase  is 
in  the  form  of  a  cloud  of  small  droplets.  If  the  droplets  are 
small,  then  the  heat  convection  and  drag  force  are  large, 
and  the  resulting  temperature  and  velocity  lags  will  be  small. 
Thus,  the  presence  of  small  particles  is  an  inherent  condition 
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in  the  equilibrium  assumption.  Surface  tension  effects  are 
also  neglected.  The  surface  tension  plays  the  governing  role 
in  determining  the  degree  of  supersaturation  which  occurs 
prior  to  condensation.  This  effect  is  primarily  limited  to 
the  nucleation  process  where  the  nucleus  size  is  of  molecular 
dimensions.®  This  effect  on  the  nonequilibrium  condensation 
decreases  exponentially  with  the  inverse  of  the  droplet 
radius.  A  fully  axisymmetric  jet  of  low-temperature  hydro¬ 
gen  discharging  into  a  high-velocity  air  stream  is  considered, 
in  the  absence  of  severe  streamwise  velocity  and  tempera¬ 
ture  gradients,  which  is  characteristic  of  the  present  mixing- 
process,  the  assumption  regarding  equilibrium  condensation 
of  air  a])pears  to  be  a  reasonable  api)roximation  for  the  major 
portion  of  the  flow  field. 

The  phase  equilibrium  of  hydrogen  requires  that  the  con¬ 
densed  fraction  flash  to  vapor  on  entering  the  atmosphere. 
This  equilibrium  requirement  is  perhaps  the  limiting  as¬ 
sumption  in  the  present  example  particularly  at  the  higher 
condensed-i)hase  concentrations  (up  to  0.45  in  present  calcu¬ 
lations)  . 

In  any  case,  effects  of  the  preceding  assumptions  on  the 
flow  field  decrease  as  the  mass  fraction  of  condensed  phase 
decrea'^es.  Thus,  we  consider  the  present  calculations  as 
a  guide  to  the  more  comjdex  physical  phenomena  actually 
occurring,  and  intenn-et  the  results  as  quantitatively  accurate 
for  a  small  mass  fraction  of  condensed  phase  and  qualitatively 
descriptive  for  other  configurations. 


Governing  Equations 

In  accordance  with  the  previous  discussion,  the  governing- 
equations  (8-14)  reduce  to  the  following  system  for  the  axi¬ 
symmetric  jet,  Fig.  1,  with  gas-])hase  Prandtl  and  Lewis 
numbers  all  equal  to  unity.  Furthermore,  the  jet  is  assumed 
fully  exjmnded  to  the  local  air  pressure.  The  behavior  of 
the  flow  downstream  of  the  jet  exit  plane  is  then  governed 
only  by  viscous  phenomena,  and  the  equations  are  reduced 
to  a  boundary-layer  system.  These  equations  are  taken  to 
be  identical  in  form  for  both  laminar  and  turbulent  flow,  with 
mean  turbulent  quantities  replacing  their  laminar  counter- 
parts. 

Continuity:  Global 


bpmur 

dx  dr 


(26) 


Species 


rrt'U  ^  “1“  pitiV  ^ 

dx  or 


r  dr  dr 


Momentum 


pviU 


dll 

dx 


4“  pmV 


du  1  d  du 

—  —  —  — 

dr  r  dr  dr 


(27) 


(28) 


^02  =  ^02c  /5n2  —  /^H2  —  0 

with  the  regularity  condition  applied  along  the  jet  centerline. 
For  laminar  flow  we  have  K  —  and  for  turbulent  flow  we 
have  K  =  (p€),«,  where  e  is  the  eddy  viscosity  coefficient. 

In  virtue  of  the  unity  Prandtl  and  Lewis  numbers,  simi¬ 
larity  in  the  equations  for  jSi,  w,  and  Hm  exists.  Further, 
since  the  boundary  conditions  are  similar,  the  system  admits 
Crocco  relations  for  Hm  and  the  /3i’s,  i.e.,  Hm  and  are 
linearly  dependent  on  the  velocity  u.  Thus,  the  problem 
reduces  to  that  of  determining  the  solution  for  the  velocity 
distribution.  This,  together  with  equations  of  state,  and 
appropriate  phase  equilibrium  relations,  fully  determines  the 
problem. 

The  solution  for  is  more  readily  handled  in  a  correspond¬ 
ing  incompressible  plane.  Following  Ref.  9,  we  introduce 
the  following  stream  function : 


PmUr  =  PeXlc 

-pmVr  =  PeUe^'^x 

(30) 

Introducing  Von  jMises^  transformation,  i.e.,  a;, 

r~*x,'^  where 

II 

(31) 

and  applying  a  modified  Oseen  approximation 

in  the  form 

pgpm^Wpc^'iie^'^'^  ~f{x) 

(32) 

where  the  additional  transformation 

(33) 

is  introduced,  the  momentum  equation  becomes 

bu  b  r  d[/-| 

c)^  L 

(34) 

where 

\Pe'^e/  '^e 

(35) 

Following  Libby,’  for  laminar  flow,  the  approximation 
function  f{x)  is  evaluated  along  the  jet  centerline  yielding 

the  inverse  transformation 


X  _  rf  PeUe 
%  ~  Jo  (pg)(H^ 


(36) 


For  turbulent  flow  studies,  a  variety  of  eddy  viscosity 
models  are  available  for  particular  applications.  The  most 
widely  used  model  is  that  due  to  Prandtl®  and  is  the  one 
used  here  to  indicate  the  turbulent  behavior  of  the  present 
system.  Applying  the  model,  the  approximation  function 
becomes 


Energy 


dllm  ,  dllm  .Id  „ 

pmU  — - h  pmV-^ - \-  --  rK 

dx  dr  r  dr 


dHm 

dr 


(29) 


f(x)t  =  {nri/2/Ue){Ue  —  Ucl) 
where  ri/2  is  the  ‘half  radius”  defined  by 
(w)rV2  =  +  Ucl) 


(37) 

(38) 


The  appropriate  boundary  and  initial  conditions  for  a  jet 
of  radius  a  are  for 


X'  =  0 

0  <  r  <  a 

U  =  Uj 

21  =  0 

for 

Hm  =  H^ 

/3o2  = 

/5n2  =  0 

^  H2  =  1 

x  =  0 

r  >  a 

11  —  Ue 

21  =  0 

==  He 

P02  —  Pou 

il 

x>0 


lim 


and  n  is  the  Prandtl  mixing  length  constant. 
The  inverse  transformation  then  becomes 


The  initial  and  boundary  conditions  on  the  momentum 
equation  become 

U(0,  ^)  =  U,  0  <  ^  < 

=  1  ^  ^ 

lim  U({,  ^)-^l 


r— >00 


LI  =  H. 


U  —  Ue 


=  0 


and 
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Table  1  Numerical  parameters 


Altitude,  km 

60 

40 

20 

Pt,  atm 

0.000252 

0.00298 

0.0545 

7/  "K 

254 

261 

216 

Ut,  fps 

7330 

4990 

2420 

cal/g 

658 

340 

117 

Hjy  cal/g 

175 

175 

175 

Uj,  fps 

2785 

2460 

1880 

With  the  regularity  condition  applied  along  the  jet  center- 
line  ^  =  0. 

The  solution  of  the  momentum  equation  is  given  by  the 
offset  circular  probability  function  P : 


^  l-Ui  2?  Jo  J 


(40) 


which  has  been  tabulated  in  Ref.  9. 

In  order  to  perform  the  inverse  transformations  to  the 
physical  plane  [Eqs.  (31  and  36  or  39)],  the  thermodynamic 
properties  must  be  determined.  The  stagnation  enthalpy  is 
given  by 


Hm  = 


H.iU  -  Uj)  +  H,il  -  U) 


1  ^  U, 

and  the  total  species  concentrations  are  given  by 

^02  =  “  Ui)] 

-  Ud/iX  ~  Ud] 

=  [(1  -  L0/(1  -  V,)] 

The  equation  of  state  is  given  by 


P  =  Pe  =  P,„  +  ^^4  RT 

( IT  02  14  n2  14  H2  j 


(41) 


(42) 


(43) 


where 


Po„  =  p»  ^  RT 

o  02 

Pu,.,  -  pJ^i^  RT 

The  stagnation  enthalpy  is  given  by 


(44) 


where 

and 


p 

hjg  higfj') 

L,  =  U{T) 


(45) 

(46) 

(47) 


The  equilibrium  conditions  used  in  the  present  calculation 
will  be  an  approximation  to  the  results  presented  in  Sec.  IV 
of  Ref.  5.  We  shall  consider  the  partial  pressure  of  a  species 
in  two  phases  to  be  equal  to  the  saturation  pressure  corre¬ 
sponding  to  the  existing  temperature.  This  is  exact  when 
only  one  of  the  species  condensed.  However,  the  error  is 
small  in  virtue  of  the  steep  slope  of  the  vapor-pressure  curves. 
That  is,  the  range  of  temperature  over  which  two  phases  of 


Ue 
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Fig.  1  Schematic  of  flow  region. 


each  species  exist  in  comparable  proportions  is  extremely 
narrow.  This,  coupled  with  the  close  similarity  between 
oxygen  and  nitrogen,  justifies  the  assumption. 

Further  details  of  the  numerical  procedure  are  given  in 
Ref.  5  where  calculations  were  carried  out  for  the  data  given  in 
Table  1 .  Additional  quantities,  which  were  taken  as  constants 
in  the  calculations,  are  =  0.232,  ~  0.768,  ^  65 

cal/g,  and  Ln2  —  57  cal/g.  For  the  hydrogen  fuel  tank, 
Tt  =  20.0  °K  saturated  and  a  =  1  in.  Thermodynamic  prop¬ 
erties  used  in  the  calculations  are  given  in  Refs.  11  and  12. 


IV.  Discussion 

The  description  of  the  phenomena  resulting  from  the  dump¬ 
ing  of  cryogenic  hydrogen  into  the  atmosphere  requires  a 
departure  from  the  usual  one-dimensional  pipe  flow  models 
found  in  the  literature  for  treating  two-phase  flows.  The 
class  of  problems  of  interest  depends  on  mixing  for  their 
description  and  therefore  requires  a  multidimensional  analysis. 
Since  the  present  problem  involves  the  mixing  into  air  of 
cryogenic  hydrogen  with  a  normal  boiling  point  substan¬ 
tially  lower  than  the  air,  we  will,  in  general,  encounter  small 
condensed-phase  mass  fractions.  Thus,  in  such  a  mixing 
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Fig.  2  Radial  distribu¬ 
tions  of  condensed-phase 
and  gas-phase  mass  frac¬ 
tions. 
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Fig.  3  Radial  distribu¬ 
tions  of  condensed -phase 
and  gas-phase  mass  frac¬ 
tions. 
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Fig.  4  Radial  distribu¬ 
tions  of  condensed-phase 
and  gas-phase  mass  frac¬ 
tions. 
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process,  the  condensed  ])hase  will  form  a  dilute  suspension 
in  the  gas  phase.  In  the  present  work  a  model  is  developed 
for  treating  the  flow  of  a  dilute  suspension  of  condensing 
and  evaporating  components.  Velocity  and  temperature 
lags  between  the  phases  are  accounted  for  in  terms  of  ap¬ 
propriate  momentum  and  energy  interaction  parameters. 
Evai)oration  and  condensation  is  accounted  for  in  terms  of 
ai)i)roi)riate  mass  transfer  and  the  associated  momentum  and 
energy  transfer  parameters.  Li  addition  to  these  inter¬ 
phase  transfers,  we  have  gas-phase  viscosity,  thermal  con¬ 
ductivity,  and  diffusion  of  the  gas-phase  components.  The 
description  of  the  interphase  transport  phenomena  poses  a 
substantial  in’oblem  in  itself.  There  is  a  general  lack  of  funda¬ 
mental  constitutive  relations  to  account  for  the  simultaneous 
occurrence  of  the  previously  discussed  interphase  rate  proc¬ 
esses.  This  is  particularly  true  of  the  nucleation  and  con¬ 
densation  processes  at  the  low  temperatures  of  current  in¬ 
terest.  In  any  case,  this  area  requires  much  additional  work. 
Thus,  it  is  necessary  to  adopt  a  semiempirical  approach  that, 
in  general,  will  be  qualitatively  valid  and  in  certain  limiting 
cases  will  provide  quantitatively  valid  results. 

In  the  ])resent  numerical  example,  the  boundary  conditions 
are  such  that  the  flow  will  be  chemically  frozen.  This  re¬ 
moves  the  added  complication  of  rate  chemistry  and 
permits  this  preliminary  analysis  to  focus  on  multiphase 
effects.  In  particular,  the  analysis  and  numerical  results  for 
a  diffusion  controlled  axisymmetric  jet  are  presented.  Fig- 
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and  temperaUire. 
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Fig.  6  Radial  dis¬ 
tribution  of  velocity 
and  temperature. 
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Fig.  8  Axial  distribution  of  condensed-phase  mass  frac¬ 
tion. 


ures  1-9  show  the  jet  geometry  and  the  distributions  of  the 
pertinent  variables,  respectively.  Figure  1  is  a  schematic 
representation  of  the  axisymmetric  jet  showing  the  inner 
cone  composed  essentially  of  undisturbed  two-phase  hydro¬ 
gen.  In  crossing  the  cone  boundary,  the  hydrogen  flashes 
to  vapor  in  accordance  with  the  equilibrium  assumption.  The 
remaining  figures  show  the  radial  and  axial  distributions  of 
mixture  mass  fractions  of  condensed-phase  and  gas-phase 
components.  In  addition,  temperature  and  velocity  dis¬ 
tributions  are  presented.  These  results  are  presented  for 
the  altitude  of  40  km.  Calculations  at  the  altitudes  of  20 
and  60  km  have  been  made.  However,  there  are  some  gen¬ 
eral  features  characteristic  of  all  altitude  determinations. 
We  note  that  the  air  is  completely  condensed  until  certain 
radial  points  corresponding  to  specific  axial  positions  are 
attained  (Figs.  2-4).  At  these  points,  there  is  a  rapid  space- 
wise  transition  from  solid  to  vapor  accompanied  by  a  plateau 
on  an  actual  decrease  in  temperature.  The  rapid  phase 
change  is  due  to  the  large  rate  of  increase  in  saturation 
pressure  with  temperature.  Thus,  a  point  .is  reached  where 
the  local  pressure  and  mixture  concentrations  cannot  support 
the  condensed  phase.  The  energy  required  for  the  evapora¬ 
tion  is  derived  from  the  gas  phase  and  consequently  inhibits 
a  temperature  increase  in  this  transition  zone  (Figs.  5-7). 
A  feature  of  considerable  interest  is  the  streamwise  extent 
within  which  two  phases  exist.  The  two  limiting  cases  of 
laminar  and  fully  developed  turbulent  flows  have  been 
treated  and  provided  the  maximum  and  minimum  “two- 
phase  lengths,'’  respectively.  The  long  lengths  in  the  laminar 
flow  are  attributed  to  the  low  viscosities  associated  with  the 
low  temperatures  (Figs.  8  and  9).  The  turbulent  model 
used  in  the  present  case  provides  an  eddy  viscosity  based 
strictly  on  dynamic  quantities,  i.e.,  on  the  velocity  difference 
between  the  axis  and  freestream.  This  could  account  for  the 
large  ratio  for  the  laminar  to  turbulent  two-phase 

lengths  on  the  axis.  We  expect  ratios  of  the  order  of 
In  any  case,  the  actual  two-phase  lengths  depend  on  the 
degree  to  which  turbulence  has  developed.  Thus,  we  can 
only  estimate  that  for  the  present  problem  two-phase  lengths 
on  the  order  of  hundreds  of  feet  can  be  expected. 

Regarding  effects  on  ignition  and  combustion  of  hydrogen, 
we  note  that  two-phase  flow  does  not  exist  above  T  =  50° K. 


Fig.  7  Radial  dis¬ 
tribution  of  velocity 
and  temperature. 
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Fig.  9  Axial  distribution  of  velocity  and  temperature. 
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At  temperatures  of  this  magnitude,  we  cannot  expect  any 
chemical  activity.  This  implies  that  even  for  appropriate 
(high  temperature)  freestream  conditions,  the  existence  of 
two-phase  flow  provides  an  additional  ignition  time  delay 
factor.  That  is,  before  ignition  occurs,  re-evaporation  must 
take  place  w'here  temperature  rises  are  inhibited. 

It  has  been  pointed  out  that  the  equilibrium  assumption 
applied  to  the  hydrogen  is  perhaps  the  limiting  assumption  in 
the  present  jet  problem.  In  order  to  assess  this  assumption, 
a  ‘‘partial  equilibrium^'  analysis  has  been  carried  out.^^  In 
particular,  two-phase  h3Mrogen  is  injected  into  an  air  stream 
where  it  is  assumed  that  the  air  condenses  in  equilibrium, 
whereas  the  condensed  hydrogen  particles  are  allowed  to 
evaporate  according  to  an  appropriate  rate  law.  The  results 
of  this  anah'sis  show  that,  for  initial  particle  sizes  ranging 
from  1  to  10  /Li,  the  evaporation  time  ranges  from  10  to 
10“^  sec.  Thus,  these  results  indicate  that  the  flashing 
assumption  for  the  h^Mrogen  is  reasonable.  It  must  be  kept 
in  mind,  however,  that  the  quantitative  accuracy  of  the  rate 
calculations  depends  upon  the  transport  coefficients  used  in 
the  rate  equations. 
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Numerical  Methods  in  Multidimensional  Shocked  Flows 

Samuel  Z.  Burstein* 

Courant  Institute  of  Mathematical  Sciences,  New  York,  N.  Y. 


Numerical  methods  are  described  for  the  calculation  of  two-dimensional  time-dependent 
inviscid  flows  that  contain  shocks.  Methods  are  employed  which  do  not  consider  the  shock 
as  in  interior  moving  boundary.  The  conservation  equations  describing  such  flows  are  differ¬ 
enced  by  the  Lax-Wendroff  method.  These  procedures  allow  the  computed  shock-wave 
transition  to  he  given  over  two  to  three  mesh  widths  while  accurately  giving  the  proper  jump 
conditions  across  the  discontinuity.  Several  additional  methods  are  tested  and  compared. 
Numerical  results  are  given  for  oblique  and  Mach  reflections  in  air.  Comparison  with  the 
exact  solution  for  ordinary  reflection  is  good.  The  Mach  reflection  calculation  agi  ees  with 
experimental  photographic  data  obtained  from  wind-tunnel  tests. 


Introduction 

MULTIDIAIENSIONAL  time-dependent  inviscid  flows 
provide  a  formidable  task  for  computation.  The 
])roblem  is  made  more  difficult  by  the  spontaneous  appear¬ 
ance  of  discontinuities  in  the  fluid.  As  a  result,  the  i)artial 
differential  equations,  usually  written  in  characteristic  form, 
cannot  be  integrated  over  the  entire  region  of  si)ace.  In¬ 
stead,  one  applies  the  integral  form  of  the  differential  equa¬ 
tions  at  the  discontinuities  while  continuing  to  use  the 
differential  equations  in  the  remaining  regions.  Such  meth¬ 
ods,  although  concei)tually  simple,  i)rove  lengthy  and  cum¬ 
bersome  in  practice.  The  purpose  of  this  paper  is  to  intro¬ 
duce  the  reader  to  new  methods  useful  in  the  solution  of  such 
problems. 

Until  most  recently,  the  equations  of  motion  were  written 
in  Eulerian  or  Lagrangian  form  and  then  differenced  for  use 
in  computations.  Peter  Lax^"^  suggested  that  the  partial 
differential  equations  be  written  in  conservation  or  divergence 
free  form,  and  then  from  these  equations  the  difference 
equations  should  be  generated.  In  this  paper,  this  method 
is  tested  together  with  several  additional  numerical  tech¬ 
niques.  Although  these  methods  ha^’e  been  a])plied  to 
flows  that  are  physically  steady  in  time,  in  general  they  may 
be  ai:)plied  to  time-dependent  problems.  The  test  cases  of 
ordinary  oblique  shock  reflection  and  Mach  reflection  were 
generated  as  time-dependent  jn-oblems.  This  allows  the 
l)artial  differential  equations  to  remain  hyperbolic  even 
when  the  flow  is  of  a  mixed  type  containing  subsonic  as  well 
as  supersonic  regions.  The  solution  to  these  steady  problems 
is  obtained  asymptotically  as  ^  oo. 

DifTerential  Equations 

The  mass,  momentum,  and  energy  of  a  fluid  contained  in  a 
volume  region  of  space  will  undergo  a  time  rate  of  change 
that  depends  on  the  flux  of  such  quantities  into  the  space. 
The  inviscid  equations  of  fluid  motion  may  be  written  so  as 
to  fulfill  this  conservation  law 
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These  equations  are  said  to  be  in  divergence  free  form. 
Here  p  is  the  mass  per  unit  volume,  the  density,  and  m  = 
pu  and  n  ^  pv  is  the  momenta  per  unit  volume  in  the  x  and 
y  directions.  If  e  is  the  specific  internal  energy  and  u  and  v 
are  the  velocity  components  corresponding  to  their  respective 
momenta,  then  E  =  p[e  v‘^)]  is  the  total  energy 

per  unit  volume.  The  subscripts  following  the  comma  de¬ 
note  partial  differentiation.  The  pressure  p,  the  fifth  de¬ 
pendent  variable,  may  be  expressed  in  terms  of  the  other 
quantities  through  the  equation  of  state  p  —  P{p,  e).  If  7 
is  the  ratio  of  specific  heats,  the  functional  P  can  be  given 
by  the  ideal  gas  law : 

P  =  p{y  -  l)e  =  (7  -  1){^  -  +  «®)/p]} 

Equation  (1)  can  now  be  written  completely  in  terms  of  the 
conservation  variables  p,  m,  n,  and  E.  These  equations  may 
be  written  in  a  more  easily  handled  form.  If  a  vector  quan¬ 
tity  w  has  the  four  components. 


the  conservation  law  can  be  expressed  as 


■u!,!  =  /,x  +  g,^  (2) 

The  vectors  /  and  g  are  just  functions  of  w  and  are  given  by 
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Because  of  the  nonlinearity  of  Eq.  (2),  smooth  solutions, 
in  general,  will  not  exist  for  all  time.  If  we  admit  discon¬ 
tinuities  in  the  solution,  then  the  solution  of  Eq.  (2)  is  a  weak 
solution. 2,  3  A  classical  solution  to  a  fluid  dynamic  problem 
consists  of  the  description  of  up  to  a  time  when  shocks 
first  appear  in  the  domain  of  interest.  A  weak  solution  is  a 
solution  that  may  be  continued  so  as  to  predict  the  shocked 
region  for  all  subsequent  times.  This  is  possible  since  the 
Rankine-Hugoniot  shock  conditions,  which  express  con¬ 
servation  of  mass,  momentum,  and  energy,  are  contained  in 
a  weak  solution.  Most  important,  the  weak  solutions  ob¬ 
tained  from  a  given  set  of  equations  is  determined  by  the 
form  in  which  the  equations  are  written.  If  new  variables 
z  are  introduced  as  nonlinear  functions  of  w  such  that  a 
conservation  law  can  be  written  for  2,  the  weak  solutions 
obtained  from  Eq.  (2),  say  w',  can  be  transformed  by  these 
nonlinear  functions  into  a  solution  z\  In  general,  will 
not  be  a  weak  solution  of  its  own  conservation  equations. 

As  a  consequence  of  the  theory  of  weak  solutions,  the  shock 
is  not  considered  an  interior  boundary  but  is  a  part  of  the 
solution,®  and  as  such  differs  from  the  usual  treatment  of 
flows  that  contain  such  discontinuities.  Usually  the  shock 
wave,  which  is  considered  as  an  interior  boundary,  is  located 
by  intersecting  characteristics  of  the  same  family.  At  this 
point,  the  conditions  needed  to  match  the  flow  on  either  side 
are  the  Rankine-Hugoniot  equations.^  The  use  of  the  char¬ 
acteristic  equations  may  then  be  continued  in  the  smooth 
part  of  the  flow.  The  basic  difference  equations  correspond¬ 
ing  to  Eq.  (2)  will  now  be  given. 


Lax-Wendroff  Difference  Equations 


Since  this  difference  scheme  is  conditionally  stable,  a  linear 
analysis^  allows  the  computation  of  the  linear  stability 
limit.  The  time  increment  and  space  increments  Aa;  and 
A^  are  related  to  the  flow  Mach  number  M  = 

(c  being  the  local  sound  speed)  by 

^  .  {M  +  1)-^  M  {M  +  1)-^ 

Ao;  “  c(8)'/2 

Lax  and  Wendroff  modified  Eq.  (5)  by  adding  an  additional 
term  that  is  0  ( A^ ^) .  The  term  is 

(6) 

For  this  difference  scheme,  a  linear  analysis^  gives,  for  the 
restriction  on  the  time  step, 

^t/^  <  (2X)V2 

X  =  eigenvaluemax  Ax  =  Ay  A 

The  allowable  time  step  given  by  Eq.  (6a)  is  greater  than 
that  given  by  Eq.  (5a).  The  large  amount  of  additional 
computing  time  required  at  each  mesh  point  for  the  evalua¬ 
tion  of  Eq.  (6)  is  a  drawback  for  this  method.  All  compu¬ 
tations  carried  out  in  this  paper  were  obtained  with  difference 
scheme  (5)  unless  otherwise  noted.  Although  there  is  no 
unique  way  of  differencing  Eq.  (5),  the  conservation  form  of 
differencing  will  be  shown. 

A  Third  Difference  Scheme  of  Second-Order 
Accuracy 

The  amplification  matrix®  associated  with  a  given  differ¬ 
encing  scheme  is  defined  by  the  relation  V(t  At)  =  HV{t). 
Here  F  is  a  vector  function,  which,  when  operated  on  by  H 
(the  amplification  matrix),  is  mapped  into  a  later  time.  Re¬ 
peated  applications  of  H  results  in  F  being  known  at  in¬ 
creasing  intervals  of  time,  t  +  2  At,  t  -\-  Z  At,  etc.  The  ampli¬ 
fication  matrix  Gx  and  Gi  of  the  Lax-Wendroff  difference 
schemes  can  be  given  after  a  Fourier  transformation  [allow 
I  ~  sin^and  p  ~  2(1  —  cosf)]  by 


The  Lax-Wendroff  method®’  ^  is  based  on  the  Taylor  ex¬ 
pansion  of  the  vector  function  w{x,  y,  t  +  At)  so  as  to  in¬ 
clude  the  second-order  term  ^At^w,tt’  It  is  this  term  that, 
when  added  to  the  “intuitive”  difference  analog  of  Eq.  (2), 
i.e., 

w{x,  y,  tA-  At)  =  w{x,  y,  t)  +  [/-(O  +  g-{t)]At  (3) 

produces  a  stable  difference  approximation.  It  is  a  well- 
known  fact  that  difference  equation  (3)  is  unconditionally 
unstable.  However,  the  central  difference  approximation 
could  be  replaced  by  a  forward  or  backward  difference  re¬ 
sulting  in  a  difference  scheme  that  is  conditionally  stable, 
but  only  accurate  to  OfAi^).  The  notation  denotes  the 
centered  difference  quotient  that  approximates  the  deriva¬ 
tive  f,x  within  an  error  that  is  0(Aa;®).  This  second-order 
term  also  increases  the  order  of  the  accuracy  since  the  trunca¬ 
tion  error  becomes  0(A^®).  Lax  and  Wendroff  observed  that 
the  form  of  this  added  second-order  term  may  be  established 
by  the  differential  equation  itself,  i.e., 

+  g,y),t  =  +  g,,y) 

=  ^Af[(Aw,,)„  +  (4) 


r,)=I  +  i(^A  +  vB)  -  ii^A  +  vBV  +  0(f*)  (7) 

V)  =  v)  -  iiA^  +  B^)ev^  (8) 

Equation  (7)  can  also  be  obtained  by  expanding  the  amplifica¬ 
tion  matrix  of  exact  solutions  of  Eq.  (2),  for  small 

values  of  the  wave  numbers  ^  and  y.  In  order  to  generate  addi¬ 
tional  difference  schemes  (possibly  with  less  stringent  sta¬ 
bility  requirements),  one  may  try  to  find  an  approximation 
to  the  exact  amplification  matrix.  The  approximation 
should  differ  from  Gi  only  in  third-  or  higher-order  terms  so 
as  to  preserve  the  second-order  accuracy  of  the  scheme. 
This  idea  was  suggested  by  G.  Strang.  It  is  not  difficult  to 
show  that 


qUU+^B) 


pH  A  pir}B  I  pHB  pH  A 

- ^ ^  +  0(?®) 


(9) 


Rewrite  the  right-hand  side  of  Eq.  (9)  by  expanding  each  of 
the  matrices  in  a  Taylor  series  and  collect  terms.  Define  the 
result  by  ft,  a  new  amplification  matrix: 

ft  =  /  +  HiA  +  nB)  -  i(U  +  vBr  +  K 


=  ^At^{[A{f,i  +  51,!,)],,  +  lB(f,x  +  g,y)],y} 

Here  we  have  used  A  and  B  to  represent  the  Jacobians  of 
/(w)  and  g(w)  with  respect  to  w.  Taking  centered  differences 
of  (4)  and  adding  the  result  to  (3)  yields 

w{z,  y,  t  +  At)  =  wix,  y,  t)  +  (/j  +  g^)At  + 

{ [-4(/x  +  gy)  li  +  \BU,  +  gy)]y}{Aty2)  +  O(Af’)  (5) 


K  =  - - - 


(10) 


AB^  +  B’/l  ,  ,  ,  A’B  +  BA’ 

-1 -  ^ - J??' , 


Equations  (10)  and  (7)  differ  only  by  terms  which  are  0(f®). 
Clearly  the  difference  scheme  associated  with  Eq.  (10)  is 
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also  second-order  accurate.  The  additional  terms  are  dif¬ 
ference  analogs  of  the  differential  operators 


4 


+  BU) 


+  BA^) 


and  will  be  referred  to  as  a  triple  viscosity,  a  stabilizing 
term.  The  value  of  these  additional  terms  lies  in  the  fact 
that  the  amplification  matrix  ft  may  be  written  in  the  sejm- 
rated  and  more  easily  handled  form 

ft(?,  V)  =  [MiONiv)  +  (11) 

The  abbreviations  M(^)  =  and  N{7j)  =  have  been 
used.  It  is  a  well-known  fact  of  hyperbolic  equations  that 
A  and  B  are  real.  Friedrichs  has  shown  that  A  and  B  can 
be  symmetrized.  Then  M  ~  =  ilf*,  i.e.,  M  is  equal 

to  its  transposed  comi)lex  conjugate  M*  as  a  result  of  the 
following  relations: 

M  =  J  +  LI?  -  (A2JV2)  +  Oie) 

M*  =  /  -  L4^?  -  (AYie/^)  +  0(e) 

M*  =  I  -  LI?  -  (A2JV2)  +  0(e) 

Hence  M  is  Hermitian  and  also  AIM*  —  I  =  A[*J\f,  i.e.,  the 
matrices  denoted  by  M  (and  AO  are  unitary.  A  unitary 
transformation  corresponds  to  a  generalized  rotation  which 
leaves  all  vectors  unaltered  in  length. 

Using  Eq.  (11),  the  inner  product  (G^q,  q)  (q  being  an  arbi¬ 
trary  unit  vector)  may  be  formed : 

2[ft(?,  'n)q,  q]  =  {l^^^(?)'^"(’7)  +  ^(v)^He]q} 

The  unitary  property  states  [il/(?)^,  <?]  <  1  and  a  similar 
statement  can  be  made  for  N(r}).  Hence,  the  amplification 
matrix,  Eq.  (11),  satisfies  the  inequality  [G2(?,  v)q,  q]  <  1- 
According  to  Lax’s  new  stability  theorem,^  this  implies  that 
the  absolute  value  of  all  integer  powers  of  ft  are  bounded 
and  the  difference  equations  are  stable  if  the  time  and  space 
increments  satisfy  the  eigenvalue  inequalities 

I  Xrnax(A)  |  At/ Ax  <  1  j  Ku^B)  \  At/ Ax  <  1 

This  is  the  famous  Conran t-Fricdrichs-Lewy  condition.^ 

It  is  clear  that  the  three  additional  terms  represented  by 
K  in  Eq.  (10)  act  as  stabilizers  so  as  to  allow  the  maximum 
])ossible  time  step  for  these  explicit  methods.  The  price 
one  pays  is  the  increase  in  computation  time  per  net  point 
because  of  the  large  number  of  matrix  multiplications. 


A  Fourth  Difference  Scheme  Using 
Pseudoviscosity 

The  idea  of  introducing  an  artificial  viscosity  into  shock 
calculations  is  attributed  to  Von  Neumann  and  Richtmyer.® 
They  wanted  to  produce  a  smooth  transition  across  the 
shock  in  all  the  dependent  variables  when  using  the  partial 
differential  equations  of  motion  everywhere  in  the  flow  field. 
The  idea  is  to  introduce  an  additional  viscous  pressure  term 
wherever  the  pressure  term  p  appears,  i.e.,  the  substitution 
p  A-  ^  vector  notation,  Eq.  (2)  becomes 

==  (/  +  Ojx  (g  8),y  (12) 

The  new  vectors  are  defined  by 


The  value  of  these  vectors  should  be  small  when  away  from 
sharp  compressions  and  should  attain  maximum  values  in 


the  shock  region.  ^  should  have  a  nonzero  contribution 
when  the  shocked  flow  is  locally  one-dimensional  and  should 
be  invariant  under  a  rotation  of  coordinates.  A  simple  form 
for  the  viscosity  is 

(j)  =  fi‘^p\(^u/bx)  -h  (bv/'dtj)Y 

This  form  reduces  to  the  Richtmyer  viscosity  in  one  dimen¬ 
sion.®  The  constant  /3  has  the  dimension  of  length  and  is 
proportional  to  Ax  or  Ay,  and  so  0  has  the  dimensions  of  ])res- 
sure.  </)  is  also  restricted  when  the  fluid  is  undergoing  a 
local  expansion,  i.e.. 


As  a  result  of  the  dissipation  terms,  Eq.  (12)  is  no  longer  a 
first-order  quasilinear  partial  differential  equation.  Based 
on  previous  experience®  with  the  one-dimensional  form  of 
these  higher-order  equations,  it  is  expected  that  the  allow¬ 
able  time  increment  for  stability  of  the  difference  analog  to 
Eq.  (12)  will  be  appreciably  smaller  than  required  for  the 
previous  difference  schemes. 

During  computations,  was  chosen  small  enough  so  that 
the  shock  transition  would  be  as  sharp  as  possible,  but  large 
enough  so  that  oscillations  would  be  damped.  A  value  of 
=  1.9  seemed  to  be  a  good  compromise.  This  value 
falls  within  the  range  obtained  by  Richtmyer  for  the  one¬ 
dimensional  case.  Since  ^  is  proportional  to  Ao;  it  is  pos¬ 
sible  to  neglect  the  presence  of  r,x  and  s,y  in  the  term  w,tt 
At‘^/2  since  third-order  quantities  are  neglected.  The  ]u-o- 
posed  difference  scheme  is  then 

Wi,  j(At)  =  "Fi.XO)  4-  [ri+i/2,y(0)  —  ri-1/2,  j(0)]At/ A  -b 

(s.*.  ,+1/2(0)  -  s,.  1/2(0))  Ai/A  (15) 

subject  to  the  constraints  imposed  by  Eq.  (14),  where  the 
terms  given  on  the  right-hand  side  of  Eq.  (16)  are  represented 
by^,:.,(0). 

Interior  and  Boundary  Net  Points 

Usually  the  computations  performed  with  the  four  differ¬ 
ence  methods  were  carried  out  on  a  square  spatial  mesh. 
The  one  exception  was  for  the  flow  field  of  Ref.  12.  Here  a 
rectangular  array  of  points  were  used  (Ao:  =  ^Ay),  If  one 
is  given  initial  data  at  each  mesh  point  (xi,  y/)  at  time  i  ==  0, 
i.e.,  p(Xi,  yu  0),  vi(xi,  0),  n(xi,  y,-,  0),  and  E(xi,  y,-,0)  then 
the  fundamental  difference  equation  for  the  evaluation  of 
w(xi,  tji,  t  -{-  At)  is 

Wi,  j(t  +  At)  =  Wi,  i  (t)  +  ^  [fi+i,  j(t)  —  fi-i,  j(t)]  + 

A/  ^  Ai® 

^  /+i(0  -  /~i(0]  +  E  ^2  (16) 

Here  equal  net  spacing  A.^;  =  Ay  =  A  is  used  and  the  sub¬ 
scripts  (i,  j)  correspond  to  the  net  point  with  coordinates 
(xi,  y/).  The  vectors  Ci  are  evaluated  at  (i  i),  (^  — 

ii),  (hJ  +  i)  and  (i,j  -  i),  respectively,  i.e.. 


Cl  =  Ai+1/2,  /{(/i+i,  /  —  fi,  i)  + 

i(^t.  1+1  “  Qi,  j-1  +  /+i 

ft  = 

ft  =  Bi,  y+l/2{i(/i+l,  i  ~  /i-l,  2  “k 


fi-^l,  j+l  —  fi-l,  3+1)  +  (Qi,  2  +  1  Ql  ,)  } 


ft  =  Cs 
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Table  1  Results  of  numerical  stability  tests 


Method 

Experimental  stability  value 

1.  Eq.(16) 

<0.86  CFL 

2.  Eq.  (16)  -{-  Eq.  (6) 

<0.86  CFL 

3.  Eq.(9) 

<0.8  CFL 

4.  Eq.  (15) 

<0.1  CFL 

are  translation  operators  that  shift  the  index  of 
the  expressions  for  Ci  and  Cz  from  f  to  i  +  0  and  j  to  j  + 
respectively.  The  coefficient  matrices  are  taken  to  be  Ai^i/2,  / 
=  +  Ai,  y),  etc.  It  is  to  be  noted  that  once  com¬ 

putation  is  completed  at  point  {Xi^yj),  if  computational 
sequencing  is  by  points  on  rows  (columns),  Ci  C2  for  point 
{xi^i,yj)  [Cz C4  for  point  (xi,^,+i)].  Hence,  except  for 
regions  of  the  flow  near  the  boundary,  these  vectors  are 
alternately  added  to  and  subtracted  from  the  flow  canceling 
in  pairs  in  the  interior  region.  This  result  follows  as  a  con¬ 
sequence  of  conservation  differencing  and  insures  the  con¬ 
servation  of  the  mass,  momentum,  and  energy  in  the  interior 
region. 

The  same  difference  equations  may  be  used  for  mesh  points 
on  the  boundary  of  the  fluid  region.  Walls  or  obstructions 
in  the  flow  field  are  represented  by  a  string  of  net  points  and 
are  treated  as  regular  interior  net  points.  This  may  be 
accomplished  if  the  conservation  variables  are  defined  on  a 
virtual  line  of  net  points  constructed  within  the  solid  bound¬ 
ary.  These  points  obtain  their  values  via  a  reflection  prin¬ 
ciple  that  images  the  flow  properties  near  the  boundary 
according  to  simple  rules.  The  virtual  points  are  only  used 
to  generate  approximations  to  partial  derivatives  for  the 
points  defining  the  boundary.  If  the  boundary  is  parallel 
to  the  X  axis  (y  =  t/y),  as  is  the  upper  boundary  in  this  paper, 
the  reflection  rule  is 

Pi,  y+1  ~  Pi,  7—1  ^^i,  y+l  “  ^i,  J— 1 

?^i,  y-fl  “  ^i,  J— 1  7+1  ~  /—I 

For  a  boundary  parallel  to  the  y  axis  (x  —  Xi),  the  rules  for 
the  density  and  total  energy  are  the  same,  but  mi+i,  ,•  = 

— /andWi^i,  y  =  rii-i,  y. 

For  boundaries  that  are  not  parallel  to  either  coordinate 
axis  but  make  some  angle  a  with  the  horizontal,  the  con¬ 
struction  is  somewhat  more  complicated.  Here  quadratic 
interpolation  and  evaluation  of  derivatives  of  the  conserva¬ 
tion  variables  wdth  unequal  spacing  is  necessary.  For  this 
computation^®  instabilities  may  occur  whenever  two  points 
come  much  closer  than  a  characteristic  length  equal  to 
cAt^ 

The  inflow  boundary  is  prescribed  as  a  known  constant 
state.  The  conditions  describing  the  outflow  boundary  is 
more  comjflicated,  since  centered  differences  in  the  x  direc¬ 
tions  cannot  be  evaluated  in  the  usual  manner.  Rather  than 
compute  the  x  direction  by  centered  formulas,  left-sided 
differences  are  used  at  this  boundary.  Wherever  Eqs.  (16) 
and  (17)  contain  x  differences,  extrapolated  approximations 
are  used. 

Shock  Relations 

The  general  form  of  the  integral  or  jump  conditions  may 
be  obtained  from  the  differential  equations  (2).  If  the  left- 
hand  side  is  integrated  over  a  volume  region  of  space  while 
the  left-hand  side  is  integrated  over  the  surface  defining  this 
region,  the  result 

sN]  =  \Frn]  (18) 

is  the  Rankine-Hugoniot  relations  valid  for  a  shock  contained 
in  the  volume  region  of  space.  Here  n  is  the  unit  normal  vec¬ 
tor  to  the  discontinuity;  Fi  represents  the  vector  (/y,  py),  and 
s  is  the  normal  speed  of  the  discontinuity.  [X]  indicates 


the  jump  in  X.  Every  weak  solution  must  satisfy  these 
jump  conditions  across  a  line  of  discontinuity.  This  fact 
was  used  to  test  the  two-dimensional  numerical  method  as 
far  as  its  ability  to  reproduce  one-dimensional  shocks. 
When  a  stationary  one-dimensional  shock  solution  is  given  as 
the  initial  condition,  the  difference  equations  were  identically 
satisfied  for  all  times  t  The  Rankine-Hugoniot  conditions, 
in  this  case  (s  =  0),  is 

Lf]  =  0  (18a) 

i.e.,  /+  —  /_.  The  two-dimensional  equations  reduce  to 

w(x,  t  +  At)  =  w(x,  t)  At  +  {Af:c)'^{AP/2) 

Since  the  shock  connects  two  constant  states,  the  centered 
second  derivative  vanishes.  Across,  the  shock  equation 
(18a)  is  satisfied  so  that  at  the  shock  a  centered  difference  in 
/  (numerically  equal  to  [/])  vanishes. 

Equations  (18),  after  much  algebraic  manipulation,  may 
be  written  in  the  form  of  a  cubic  polynomial  for  the  local 
tangent  of  the  shock  angle  a,  i.e., 

tanV  +  C2  tanV  +  Ci  tancr  -f  Co  =  0  (19) 

The  coefficients  are  given  by 

C2  -  2(1  -  M2)/{tanoi[2  +  (7  -  1)^^"]} 

Cl  =  [2  -f  (7  H-  l)JP]/[2  -h  (y  -  1)AP] 

Co  =  2/{tan«[2  +  (7  -  l)^^]} 

The  flow  makes  an  angle  a  with  the  horizontal,  and  the 
Mach  number  is  M.  Since  ilf  >  1,  Descartes^  rule  of  signs 
allows  no  more  than  two  positive  roots  and  one  negative 
root.  The  positive  roots  correspond  to  the  strong  and  weak 
compression  shocks,  the  choice  of  the  solution  being  dictated 


Table  2  Comparison  of  the  four  difference  methods® 


Eqs.  (5) 

Eq.(5) 

and  (6) 

Eq.  (9) 

Eq.  (15) 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1-000 

1.000 

1.000 

1.000 

1.000 

1.000 

'  0.999 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.001 

1.001 

1.000 

1.000 

1.000 

1.001 

1.000 

0.999 

0.998 

0.999 

1.000 

0.999 

0.998 

0.998 

0.999 

1.002 

1.003 

1.000 

0.997 

1.000 

1.007 

1.005 

1.011 

1.000 

0.996 

0.993 

0.988 

0.987 

0.982 

0.970 

0.986 

0.991 

0.964 

0.948 

0.957 

1.068 

0.962 

0.975 

0.995 

exact 

1.499 

2  04‘> 

2 '214 

2:323 

2.342 

1.246 

1.283 

1.199 

2.072 

2.035 

2.097 

2.509 

2.479 

2.678 

2.319 

2.356 

2.248 

2.296 

2.308 

2.265 

2.327 

2.320 

2.338 

2.318 

2.314 

2.319 

2.308 

2.319 

2.317 

2.306 

2.246 

2.337 

2.331 

2.347 

2.216 

2.334 

2.330 

2.366 

2.220 

2.341 

2.337 

2.369 

2.212 

«  The  density  is  shown  at  the  upper  boundary  for  the  case  of  oblique  re- 
flection»  Af_<»  ,  —  (u*  =  2. 
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Flf?.  1  Approach  of  the  density  field  to  the  asymptotic  solution  for  ordinary  •eflection  when  =  2.2  (t  =  1.4).  Fig'**;®* 

la-lg  correspond  to  the  following  time  multiples  of  At:  a)  70;  b)  140;  c)  210;  d)  350;  e)420;  f)  560;  g)  700  (At/A  0.23.3). 

Figure  Ih  is  the  pressure  field  corresponding  to  Ig.  Over-all  average  density  ratio  =  2.33,  exact  =  2.34. 


by  the  boundary  condition  on  the  pressure  downstream  of 
the  shock.  An  ex])ansion  shock  corresponds  to  the  negative 
root,  but  this  leads  to  a  contradiction  of  the  second  law  of 
thermodynamics. 

Equation  (19)  together  with  Eqs.  (18)  define  the  flow  field 
for  the  exact  solution  of  regular  oblique  shock  reflection. 
Comparison  can  then  be  made  between  exact  theory  and  the 
solutions  generated  as  a  result  of  the  numerical  methods. 
Positive  roots  are  not  obtained  from  Eq.  (19)  for  all  values 
of  the  parameters  M  and  a.  For  some  range  of  these  i)aram- 
eters,  com])lex  roots  occur  which  correspond  to  the  case  of 
Mach  reflection.  For  this  case,  the  flow  pattern  cannot  be 
predicted  exactly  and,  as  a  result,  the  numerical  methods 
must  be  comi^ared  with  cither  ai:>proximate  theories  or  ex¬ 
perimental  evidence. 


these  conditions  represent  an  exact  solution,  it  was  felt  that 
a  comi)arison  of  the  difference  solution  of  this  steady  flow 
problem  with  the  exact  solution  would  be  a  good  measure  of 
the  computing  methods.  Considering  the  problem  as  being 
timc-de]:)endent  allowed  the  flow  to  approach  the  steady- 
state  shock  reflection  solution  when  arbitrary  initial  data 
were  prescribed.  In  this  way,  one  could  also  ascertain  the 
rate  of  convergence  of  the  method.  An  incident  shock,  act¬ 
ing  as  a  strong  perturbation  on  the  flow,  was  set  normal  to  the 
inflow  ((T  =  7r/2)  at  the  toe  of  the  wedge  {x  =  0)  whose  angle 
a  =  tan^H^)-  The  jump  conditions  across  this  shock  were 
made  to  differ  from  those  predicted  by  the  Hugoniot  condi¬ 
tions,  i.e.,  if  is  the  inflow  condition,  is  not  connected 
to  w^co  through  Eq.  (18).  In  addition,  the  reflected  shock 
was  completely  eliminated  in  the  initialization.  Then  the 
initial  conditions  prescribed  were 


Initial  Conditions 

The  four  difference  schemes  (16,  16  and  6,  9,  and  15)  were 
tested  on  the  problem  of  ordinary  shock  reflection.  The 
steady-state  solution  is  such  that  the  flow  is  everywhere 
sujiersonic  and  irrotational.  A  constriction  or  wedge  of 
angle  a  appears  in  the  channel.  In  this  region,  an  incident 
shock  changes  the  flow  direction  through  the  angle  a  so  that 
it  is  parallel  to  the  wedge.  A  secondary  or  reflecting  shock 
from  the  upper  wall  changes  the  flow  direction  by  an  equal 
amount  so  that  it  is  again  parallel  to  the  upper  wall.  Since 
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For  the  case  of  Mach  reflection  considered  in  Ref.  12,  the 
initial  condition  prescribed  was  that  of  impulsive  flow,  i.e., 
0)  =  Wq  everywhere.  All  other  cases  of  Mach  re¬ 
flection  used  the  same  conditions  as  given  by  Eqs.  (20). 
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Fig.  2  Approach  of  the  density  field  to  the  asymptotic  solution  for  Mach  reflection  when  M-^  =  1.6  (y  -  1.2).  Figures  2a- 
2g  correspond  to  the  following  time  multiples  of  At:  a)  70;  b)  140;  c)  210;  d)  350;  e)  420;  f)  560;  g)  700  (At/A  =  0.229). 

Figure  2h  is  the  pressure  field  corresponding  to  2g. 


Tests  of  Stability  and  Numerical  Results 

The  Courant-Friedrichs-Lewy  (CFL)  stability  condition 
At/ A  <  1/(1  u I  +  c)  =  CFL  where  |u|  =  ^2^/2 

used  as  a  measure  of  the  stability  of  the  difference  methods. 
The  difference  scheme  associated  with  the  triple  viscosity 
should  exhibit  stability  for  this  value  of  the  time  increment. 
Table  1  gives  the  empirically  obtained  values  of  stability. 
Method  3  requires  a  lower  value  of  the  time  increment  com¬ 
pared  with  the  theoretical  value.  This  is  probably  because 
the  matrices  A  and  B  varj^  quite  rapidly  in  the  shocked  re¬ 
gion,  contradicting  the  assumption  of  linearization.  In 
addition,  the  effect  of  the  boundaries  and  their  treatment  does 
not  appear  in  the  analysis.  Method  2  allows,  in  practice, 
a  time  interval  greater  than  that  predicted  by  Eq.  (6a)  by  a 
factor  of  approximately  2.  It  is  clear  that  the  reason  for  this 
lies  in  the  stability  proof, ^  which  makes  use  of  inequality 
estimates  that  lead  to  conservative  results. 

A  comparison  of  the  four  methods  is  shown  in  Table  2. 
Notice  the  spread  of  the  shock  at  the  reflection  point  on  the 


upper  boundary  and  the  resultant  decrease  in  oscillations 
near  the  shock  position  for  the  method  involving  Eq.  (15). 
The  first  three  methods  seem  to  give  essentially  the  same 
result.  Since  Eq.  (16)  results  in  the  fastest  computation,  it 
was  used  to  give  all  the  following  results. 

This  numerical  scheme  was  tested  for  various  values  of 
the  Mach  number  at  the  inflow  boundary,  viz.,  1.3  < 

3.2.  Exact  solutions  are  compared  to  the  numerical  results  in 
Table  3.  For  the  wedge  angle  used,  the  flow  followed  one  of 
two  solutions,  which  are  distinct  and  depend  quite  strongly  on 
the  value  of  the  Mach  number.  Forilf_co  <  1.87,  Mach  re¬ 
flection  occurred,  whereas  for  larger  values  of  the  Mach 
number,  the  asymptotic  solution  was  that  of  ordinary  shock 
reflection.  The  methods  used  were  able  to  predict  quite 
sharply  this  limiting  value  of  the  Mach  number.  Figure  1 
gives  the  characteristic  appearance  of  the  time-dependent 
solution  for  values  of  Af_co  >  1.87,  whereas  Fig.  2  shows  the 
time-dependent  Mach  reflection  solution  for  =  1.6  and 
7  =  1.2. 

These  Mach  reflection  calculations  were  not  compared  with 
experimental  data,  but  the  behavior  seems  to  be  qualitatively 
correct.  Instead,  an  additional  calculation  was  performed 
in  which  the  boundary  conditions  closely  approximated  the  ex¬ 
perimental  wind  tunnel  of  Ref.  12.  Here  a  =  tan“^(f)  where¬ 
as  the  spatial  mesh  was  defined  by  unequal  mesh  intervals, 
i.e..  Ax  =  ^Ay.  Quantitative  comparison  is  given  at  the 
bottom  of  Table  4.  Here  the  shock  angles  are  defined  by 
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Table  3  Results  of  oblique  reflection  (7  ==  1.4) 


Wedge  Incident  shock,  deg  Reflected  shock,  deg 
M_oo  angle  Computed  Exact  Computed  Exact 


2.0 

tan  ■  (5) 

40.2 

40.8 

45.8 

54.0 

2.2 

tan->  (J) 

37.2 

37.2 

47.0 

46.6 

3.0 

tan-‘  (1) 

27.3 

28.6 

not  computed 

33.8 

Fig.  3.  The  Mach  stem  and  incident  shock  angles  agree 
quite  well.  The  reflected  shock  in  the  experiment  interacted 
with  an  expansion  fan,  and  so  the  agreement  here  cannot  be 
as  good. 

A  steady-state  solution  for  values  of  M_.oo  <  I  A,  a  ~ 
tan  “Hi)  could  not  be  obtained.  The  reason  seems  to  be 
associated  with  a  combination  of  factors.  The  rapidly 
shrinking  triangular  region  under  the  triple  point  combined 
with  the  technique  of  computing  derivatives  at  the  surface 
of  the  wedge  leads  to  inaccuracies.  The  reflection  method 
that  is  used  on  the  wedge  is  a  second-order  scheme  and 
hence  will  be  inaccurate  when  there  are  large  variations 
in  the  flow  properties,  i.e.,  when  many  shocks  are  present 
in  a  small  region.  In  addition,  for  these  low  values  of  Mach 
number,  the  long  Mach  shock  implies  that  the  flow  is  basically 
subsonic  in  the  downstream  region,  a  fact  that  allows  dis¬ 
turbances  (which  might  be  generated  numerically  by  the 
extra]  )olating  ]:)rocedure)  to  propagate  upstream  from  that 
boundary. 

In  addition,  the  sli])line  emerging  from  the  triple  point 
could  not  be  numerically  resolved  in  these  calculations. 
This  was  jjrobably  due  to  the  weakness  of  the  shocks  in 
this  study,  i.e.,  the  strength  of  the  slipline  depends  upon 
the  difference  of  entropy  across  this  discontinuity.  The 
entropy  production  from  a  weak  shock,  however,  behaves 
as  the  cube  of  the  shock  strength. 
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Laminar  Boundary  Layer  with  Hydrogen  Injection 
Including  Multicomponent  Diffusion 
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A  laminar  flow,  which  is  simple  from  the  fluid  mechanical  and  chemical  points  of  view,  but 
which  involves  multicomponent  diffusion  and  relatively  accurate  transport  properties  is  con¬ 
sidered.  Thus  a  similar  boundary  layer  with  hydrogen  injection  and  with  chemical  behavior 
idealized  according  to  the  flame  sheet  model  is  treated.  On  the  basis  of  several  numerical  ex¬ 
amples,  it  is  found  that  the  present  analysis  predicts  a  boundary-layer  behavior  that  is 
significantly  different  from  that  given  by  analyses  with  simple  transport;  e.g.,  the  veloc¬ 
ity  profiles  with  hydrogen  injection  resemble  suction  profiles  because  of  the  reduction 
in  the  pp  product.  Accordingly,  the  accuracy  of  existing  analyses  involving  species  with  a 
spectrum  of  molecular  weights  and  employing  the  assumption  of  simple  transport  properties 
would  appear  doubtful. 
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Nomenclature 

=  coefficient  of  specific  heat  at  constant  pressure 
=  ratio  of  pm  products,  pfilpeP^e 
=  normalized  molal  specific  heat  of  species  i 
=  binary  diffusion  coefficient 
=  modified  stream  function 
=  shear  function,  Cf" 

—  static  enthalpy 

=  normalized  static  enthalpy,  h/hs,e 
=  stagnation  enthalpy 
=  diffusional  mass  flux,  piVi 

—  normalized  diffusional  mass  flux,  ji(2sy^^/ptjjLeUer^ 

=  total  number  of  elements  present 

=  compressibility  parameter,  e 

—  total  number  of  species  present 

=  heat-transfer  coefficient,  cf.  Eq.  (48) 

=  pressure 
=  energy  flux 
=  cylindrical  radius 
=  energy  flux  function,  cf.  Eq.  (20) 

—  transformed  streamwise  coordinate 

—  temperature 

=  streamwise  velocity  component 
=  normal  velocity  component 
=  diffusional  velocity 
=  volumetric  mass  rate  of  creation 
=  molecular  weight 
=  streamwise  coordinate 
=  normal  coordinate 

—  species  mass  fraction 
=  element  mass  fraction 

=  transformed  normal  coordinate 
=  coefficient  of  thermal  conductivity 
=  coefficient  of  viscosity 

—  number  of  atoms  of  element  j  in  a  molecule  of 

species  i 

=  velocity  ratio,  /' 

=  mass  density 

=  Prandtl  number,  molecular  diameter 
=  stream  function 
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Subscripts 


e 


f 

i 


3 


w 

0 

1,  2,  3,  4 


value  in  external  stream 
value  at  the  flame  sheet 
species,  inner  0  <  r/  <  ??/ 
element 

value  at  wall  or  surface 
outer,  r}f  <  7) 

O2,  H2,  HoO,  N2,  respectively 


Introduction 

IN  the  recent  advances  in  laminar  boundary-layer  theory 
applied  to  chemically  reacting  flows,  it  has  been  custom¬ 
ary  to  employ  two  groups  of  simplifying  assumptions.  One 
group  pertains  to  the  chemical  behavior  of  the  flow;  in  par¬ 
ticular,  one  of  the  two  limiting  cases  of  either  equilibrium 
chemistry  or  zero  gas  phase  reaction  is  treated.  The  other 
group  of  assumptions  pertains  to  the  transport  processes. 
It  has  frequently  been  assumed  that  the  product  of  mass 
density  and  viscosity  is  constant,  either  that  the  Lewis  num¬ 
ber  associated  with  the  diffusion  coefficient  of  each  of  the 
species  is  unity  or  that  a  single  diffusion  coefficient  exists, 
and  that  thermal  diffusion  is  negligible.  When  these  as¬ 
sumptions  are  employed,  great  simplifications  occur,  and 
many  of  the  solutions  available  from  previous  analyses  of 
nonreacting  boundary  layers  can  be  applied  to  reacting 
flows.  The  power  of  these  assumptions  has  been  illustrated, 
for  example,  by  the  work  in  Refs.  1-5. 

The  complete  description  of  the  laminar  boundary  layer 
wdth  both  groups  of  assumptions  curtailed,  i.e.,  with  more 
accurate  representations  for  the  transport  processes  and  with 
finite  rate  chemistry  considered,  is  becoming  more  tractable 
by  finite  difference  methods  and  large  scale  computation. 
However,  it  is  the  purpose  of  this  report  to  present  a  study 
of  a  particular  flow  in  which  the  description  of  the  transport 
processes  will  be  reasonably  accurate  but  in  which  the 
chemical  behavior  will  still  be  highly  idealized.  In  particu¬ 
lar,  there  will  be  treated  the  similar  flow  associated  with  the 
injection  of  hydrogen  through  a  porous  surface  with  a  uni¬ 
form,  external  stream  of  air.  The  static  pressure  will  be  as¬ 
sumed  sufficiently  high  and  the  temperature  conditions  to 
be  such  that  equilibrium  chemical  behavior  as  approximated 
by  the  flame  sheet  model  prevails.  A  single  product  from 
the  oxidation  of  the  hydrogen,  namely  water,  will  be  assumed. 
Accordingly,  four  species  O2,  H2,  H2O,  and  N2  will  exist  in 
the  boundary  layer;  since  the  molecular  weights  of  these 
four  may  be  considered  in  three  widely  different  groups, 
namely  O2  and  N2,  H2O,  and  H2,  an  accurate  description  of 
the  diffusive  behavior  of  the  mixture  does  not  allow  a  single 
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diffusion  coefficient  to  be  introduced,  i.e.,  multicomponent 
diffusion  must  be  considered.  Thus  there  will  not  be  em¬ 
ployed  the  usual  binary  mixture  approximation,  which  is 
generally  applied  even  when  more  than  two  species  are  pre¬ 
sent,  i)rovided  the  species  may  be  grouped  into  two  sets  of 
roughly  constant  molecular  weight  in  each.  Indeed,  the 
principal  motivation  for  this  study  resides  in  the  treatment 
of  a  laminar  boundary  layer  in  which  the  diffusional  fluxes 
are  explicitly  retained  in  the  describing  equations.  Such  a 
treatment  would  appear  to  have  applicability  to  a  variet}' 
of  boundary  layers  involving  complex  gas  mixtures,  e.g., 
ionized  gases  and  products  of  sublimation.  J  A  second  moti¬ 
vation  resides  in  the  quantitative  assessment  of  the  effect  of 
reasonably  accurate  descriptions  of  the  transport  proj[)erties 
on  the  predictions  of  the  technically  interesting  gross  quanti¬ 
ties  such  as  skin  friction  and  heat  transfer.  It  has  long 
been  realized  that  flows  involving  gas  mixtures  with  a  spec¬ 
trum  of  molecular  weights  can  have  significantly  different 
behavior  from  that  predicted  by  analyses  based  on  simpli¬ 
fied  transport  properties;  however,  there  has  been  relatively 
little  work  devoted  to  a  quantitative  assessment  of  the  errors 
involved. 

The  boundary  layer  that  results  from  the  injection  of 
hydrogen  into  an  air  stream  has  been  treated  in  the  i>ast 
under  the  assumptions  of  simplified  chemical  and  transport 
behavior.  Eckert  et  al.®-  ^  considered  nonreacting  hydrogen 
injection  with  accurate  transport  properties  under  a  variety 
of  flow  conditions.  Hartnett  and  Eckert®  presented  an 
analysis  of  the  boundary  layer  with  hydrogen  injection  but 
with  constant  density,  with  equilibrium  chemistry  as  idealized 
by  the  flame  sheet  model,  and  with  simple  transport  proper¬ 
ties.  Eschenroeder®  carried  out  a  similar  analysis  but  for 
compressible  flow  and  for  the  case  wherein  mixtures  of  oxy¬ 
gen  and  hydrogen  are  injected  at  the  wall.  Cohen  et  ah- 
have  treated  inter  alia  hydrogen  injection  under  the  assump¬ 
tions  of  simple  transjwrt  properties  and  of  a  chemical  model 
based  on  two  temperatures,  one  for  dissociation  and  one  for 
recombination.  Finally,  Libby  and  Economos^®  jn'oposed 
a  model  for  chemical  reaction  within  a  boundary  layer  in¬ 
volving  contiguous  regions  of  frozen  and  equilibrium  flow 
and  applied  the  model  to  the  injection  of  oxygen-hydiugen 
mixtures  with  simple  transjwrt  properties. 

In  the  following  section,  the  basic  conservation  equations 
involving  general  diffusional  velocities  are  first  transfoimed 
to  similar  form.  The  model  of  the  chemistiy  of  hydrogen 
oxidation  is  then  discussed  in  order  that  specific  boundary 
conditions  and  explicit  relations  for  the  diffusional  velocities 
can  be  developed.  The  approximations  attendant  with 
the  molecular  model  employed  in  the  transport  properties 
are  then  discussed.  In  the  next  section,  the  basic  equations 
are  put  in  a  foi'in  convenient  for  numerical  treatment. 
Finally,  the  results  of  several  numerical  examples  are  com¬ 
pared  with  those  given  by  the  usual  simjdified  treatments 
and  are  shown  to  be  considerably  changed  by  consideration 
of  multicomponent  diffusion.§ 

Analysis 

In  this  section,  the  equations  for  a  laminar  boundaiy^  layer 
of  the  similar  type  with  four  species  and  multicomponent 
diffusion  are  presented  and  put  in  a  form  suitable  for  nu¬ 
merical  analysis.  The  basic  conservation  equations  are 
discussed  first.  In  this  general  discussion,  the  gas  mixture 
will  be  assumed  to  consist  of  N  species  involving  L  elements. 


i  There  have  been  published  recently  some  results  of  large 
scale  computations  of  the  air  system  with  the  diffusional  fluxes 
retained  in  the  equations,  but  the  main  emphasis  of  these  studies 
has  been  the  computed  results  and  not  the  methodology  of 
analysis. 

§  The  authors  are  pleased  to  acknowledge  the  assistance  ot 
Leo  Rute  in  the  early  stages  of  this  study. 


Conservation  Equations  in  the  Physical  Variables 

Consider  a  laminar  boundary  layer  on  a  surface  with  a 
uniform  external  stream.  Within  the  boundary-layer  ap¬ 
proximation,  only  the  components  of  the  diffusional  velocities 
normal  to  the  surface,  i.e.,  in  the  y  direction,  need  be  con¬ 
sidered.  Accordingly,  the  following  equations  apply ^ : 
a:-Wise  Momentum 

pUUx  +  pVUy  =  {pxiv)v  (1) 

Global  Continuity 

(pwrOx  +  =  0  (2) 

Species  Continuity 

pu{Yi)x  +  pv{yi)y  =  —iji)v  Wi  t  =  1,  2,  .  .  .  (3) 

Energy 

pu{h,)x  +  pv{hs)u  =  —(q)v  +  (puUy)y  (4) 

In  Eqs.  (3)  and  (4),  there  appear  the  diffusional  mass  flux 

of  species  i  denoted  by  ji  and  the  energy  transport  g,  which 
involves  inter  alia according  to  the  equation 

N 

g  =  -xn+  SMi  (^) 

i=l 

If  ]^q.  (5)  is  substituted  into  Eq.  (4),,  and  if  there  is  con¬ 
sidered  the  definition  of  K,  namely, 

+  (6) 


then  there  is  obtained 
Pu{Jk)x  +  pv{hs)y  — 


- 1 ft’)*]}- 


(7) 


It  will  be  convenient  for  later  developments  to  consider 
element  conservation;  the  species  creation  terms  are  related 
according  to  the  equations 


^  jiijWi  =  0 
1  =  1 


Wi 


7  =  1,  2,  .  .  .  X 


(8) 


These  suggest  the  introduction  of  element  mass  fractions** 

(9) 


=  2^ 
<  =  i 


IF.- 


The  conservation  equations  for  elements  can  be  obtained 
from  Eqs.  (3)  multiplied  by  and  summed  over  i; 

there  are  obtained  the  equations 


pu(Yj),  +  pr(?7).  =  -  (f 


i  =  1,  .  .  .  I 
(10) 


which  involve  no  creation  terms. ft 


1i  These  equations  may  be  deduced  from  the  general  equations 
for  reacting  gas  flows  given,  e.g.,  in  Refs.  11  (pp.  514--610)  and 
12,  provided  the  usual  arguments  concerning  thin  layers  and 
normal  gradients  are  applied. 

**  The  concept  of  element  mass  fractions  is  apparently  due  to 
Zeldovitchi3  and  has  been  widely  applied  in  boundary-layer 
theory  (cf.,  e.g.,  Ref.  5). 

tt  As  will  be  seen  below,  Eqs.  (10)  are  especially  useful  m  the 
flame  sheet  model.  It  is  also  noted  that  if,  and  only  if,  a  single 
diffusion  coefficient  exists  so  that  ji  =  ~D{Yi)y  does  the  equa¬ 
tion  for  element  conservation  take  on  the  usual  convection- 
diffusion  form. 
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Transformation  to  Similar  Form 

Assume  now  that  the  boundary  and  initial  conditions  and 
the  chemical  behavior  are  such  that  similar  flow  exists, 
i.e.,  that  all  flow  and  gas  parameters  are  functions  of  7}  alone 
whei'e 

n  =  p,u.r>{2s) (1. 1) 

In  addition,  introduce  in  the  customary  way  a  stream  function : 


where  F  is  a  continuous  function  of  rj  evaluated  at  ??/ ;  now  in 
the  flame  sheet  model,  ^  oo^  and  the  integral  is  non¬ 

zero  in  the  limit  as  e  ^  0  so  that 

J.  |  ±  0 

for  i  corresponding  to  active  species,  i.e.,  to  oxygen,  hydro¬ 
gen,  and  water.  Accordingly,  Eq.  (7a)  yields 

-?'[  =  S/'./  (13c) 


^  =  (2syi^f(n)  (12) 

Then  Eqs.  (1,  3,  7,  and  10)  become 

(C/")'+/''  =  0  (la) 

fYi'  —  iji)'  +  (2sW,/p/),fJeMeV2l)  =  0 

i  =  1,2,  ..  .N  (3a) 

[©  ^']  ~  2?n[C(<7-‘  -  1)/'/”]'  - 

/?/  -  E  =  0  i  =  1,  2,  .  .  .  L  (10a) 

where  (  )^  ~  d/d??  =  d/dr}  and  where  ji  =  (2s) 

These  equations  for  similar  flow  are  in  rather  general  form 
and  must  be  supplemented  by  statements  of  the  boundary 
conditions,  b^^  descriptions  of  the  transport  properties  im¬ 
plicit  in  C  and  a,  and  by  relations  yielding  the  diffusional 
fluxes  in  the  form  However,  it  is  more  convenient  to 
choose  a  chemical  system  and  to  specialize  these  equations 
for  that  system  before  proceeding  with  these  statements. 


A  Model  for  the  Hydrogen- Air  Reaction 

For  the  purpose  of  the  present  study,  it  will  be  sufficient  to 
consider  the  case  of  hydrogen  injection  into  an  air  stream  with 
nitrogen  treated  as  inert,  with  water  as  the  only  product, 
and  with  equilibrium  chemical  behavior  as  approximated  by 
the  flame  sheet  model  assumed  to  prevail.  Thus  N  =  i, 
L  =  3.  The  flame  sheet  model  assumes  that  there  exists  a 
value  of  7}  =  7}f  such  that  for  0  <??<??/  no  oxygen  exists  in 
molecular  form  and  for  ??  >  ??/  no  hj^drogen  exists  in  molecular 
form;  water  is  formed  at  the  surface  rj  =  rj/  and  diffuses  in 
both  directions,  i.e.,  toward  the  wall  and  toward  the  external 
stream. 

According  to  this  model,  the  complete  solution  for  the 
boundary-layer  properties  in  terms  of  ??  must  be  considered 
to  consist  of  two  solutions,  one  for  0  <  ??  <  ??/  and  another 
for  7]  >  7) f.  At  7}  =  7] f,  the  bulk  velocities  u  and  the  state 
properties  p  and  T,  the  species  mass  fractions  Yi,  and  the 
element  mass  fractions  Yi  must  be  continuous.  However, 
the  gradients  of  temperature  and  composition  are  related  to 
q^,  ]i,  Yi',  and  Y/,  and  these  are  discontinuous  across  the  sur¬ 
face  defined  by  ??  =  ??/.  This  can  be  seen  more  clearly  by 
integrating  Eqs.  (la,  3a,  7a,  and  10a)  across  the  line  tj  — 
rjf,  i.e.,  from  ??  =  ??/  —  e  to  ??  =  ??/  +  e.  If /and/'  are  con¬ 
tinuous,  then  since  C  is  continuous,  Eq.  (la)  yields 

C//"|±=0  or  /"|±-0  (13a) 

whore  (  )±  im]flies 

lim(  )\Zt\ 

On  the  contraiy,  Eq.  (3a)  yields,  with  Yi  continuous, 

j,-|±  =  swidT)  (13b) 


There  appears  to  be  no  a  priori  reason  why  the  right-hand 
side  of  Eq.  (13c)  should  be  zero,  so  that  discontinuities  in 
q'  at  7}  ==  7]f  must  be  expected. Finally,  Eq.  (10a)  yields 
restrictions  on  the  J/s,  namely. 


=  0  (14) 


It  will  be  convenient  in  the  further  development  of  the 
analysis  to  use  the  following  notation  for  the  four  species: 


(  ). 

H,^(  ): 

(  )3 

N2-(  ) 

Thus,  the  three  element  mass  fractions  are 
Y,^Y,  +  (W,/2Wz)Ys 
72=F2+(TTVTE3)F3 
Y,^Y, 


(15) 


(9a) 

(9b) 

(9c) 


If  the  distributions  of  the  element  mass  fractions  are  found 
as  functions  of  rj  for  the  two  ranges  of  ??,  then  the  composition 
is  completely  known  by  virtue  of  the  supplemental  relations 


Fi  =  0  0  <  ??  <  ??/ 

F2  =  0  V  >  Vf 


(16) 


Note  that 


E  ^  1 

i  =  1,2,4 

SO  that  only  two  element  mass  fractions  must  be  considered 
explicitly,  the  third  being  obtained  from  this  identity.  In 
this  study,  F4  =  F4  will  be  so  determined  since  it  tends  to  be 
relatively  large.  Similarly  ji  =  —  (ji  +  J2  +  js),  so  that  in 
each  region  only  two  diffusional  flux  parameters  must  be 
considered  explicitly.  Thus,  it  will  be  sufficient  to  consider 
explicitly  only  the  two  conservation  equations  for  the  element 
mass  fractions,  i.e,,  Eqs.  (10a),  with  the  “jump''  condition 
of  Eq.  (14).§§ 

In  view  of  Eqs.  (16),  it  is  convenient  to  write  the  species 
mass  fractions  in  the  two  regions  in  terms  of  the  element  mass 
fractions  as  follows: 

For  0  <  ??  <  ??/ 

F,  =  0  F2  =  Fo  -  {2W,/Wi)Yi 

(17) 

F3  =  {2W,/Wi)Yi  F4  =  F4  =  1  -  Fi  -  F2 

For  7}  >  r}f 

Fi  =  Fi  -  {W,/2W/}Y,  Fs  =  0 

(18) 

Yz  =  F4  =  F4  =  1  -  Fi  -  F2 


It  This  is  in  Qontrast  to  the  usual  treatments  of  the  flame  sheet 
model  with  simplified  transport  properties  wherein  $'|±  —  0 
because  the  right  side  is  zero  identically. 

§§  The  point  of  view  to  be  taken  with  respect  to  Eq.  (13b)  is 
that  the  right-hand  side  takes  on  whatever  value  required  to 
obtain  the  ''jump”  in  ji. 
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Clearly,  Eqs.  (17)  and  (18)  can  be  differentiated  with  respect 
to  7)  to  yield  the  derivatives  Yi,  i  =  1,  2,  3,  4  in  terms  of  the 
derivatives  ?i',  f  =  1, 2. 

Corresponding  to  Eqs.  (16)  are  the  following  relations  per¬ 
tinent  to  the  diffusional  mass  fluxes : 

Ji  =  0  0  <  Tj  <  rif 

(19) 

j2  =  0  v>  V/ 

W'^ith  these  conditions  the  restrictions  on  the  Ji’s  at  the 
flame  sheet  given  by  Eq.  (14)  become  as  follows: 

(ji)+  =  (W,/2W,)l(-p)- -  (J,)+] 

(14a) 

{p)-  =  {W^/W,}[(py  -  (J3)-] 

Final  DifTerentia!  Equations 

It  is  now  convenient  to  anticipate  the  numerical  analysis 
and  thus  to  present  the  final  equations  for  momentum, 
energy,  and  element  conservation  for  each  region  in  terms  of 
first-order  differential  equations.  In  order  to  avoid  differ¬ 
entiation  of  ti'ansport  properties,  it  is  convenient  to  introduce 
the  following  new  variables: 

G^Cf"  i=f' 

R,  ^  {C/a)g'  -  2mC(a-'  -  1)/'/"  -  h-Ap  + 

(C/a)[Y/  -  (211VlFi)Ei']t  - 

/ialj.  +  (C/<r)(2HVH^)y/}  + 

hi{p  +  js  +  (C/(t){Yi'  -b  F2O!  ’  (20) 

R„=(C/<r)g'  -  2mC{cr-'  -  1)/'/''  - 

h,\h  +  iC/c)[Y,'  -  (lF,/2ir2)f2']!  - 

faijs  +  (C/<7)(1I'V1'F2)E2'1  + 

k{p  + -p  +  iC/cr){YY  +  Y,')} , 

If^Eqs.  (20)  are  substituted  into  Eqs  (la)  and  (7a),  and  if 
Eqs.  (10a)  are  considered  in  view  of  the  model  and  notation 
employed  here,  the  following  equations  are  obtained : 

For  all 

G'  =  -^G/C  (21) 

=  G/C  (22) 

For  0  <  ‘I)  ^  Vf 

Ri'  =  -/?'  (23) 

g'  =  ((r/C)(E.-  -F  2miG{a-'  -1)  + 

A2{j2+  (C/(r)[F2'  -  (2TF2/lF.)F2']j  -b 

k\p  +  (C/(r)(2lF3/lF,)F2'}  - 

h,{p+p  +  iC/^){Y,’  +YY)\)  (24) 

For  rif  <  ri 

R,'  =  -fg'  (25) 

g'  =  ((r/C)(Eo  +  2inG{<T-'  -  1)  + 

k\p  +  {C/a)[Y,'  -  (1F./21F.2)P2'1}  + 

Up  +  {C/<t)(W^/W,)Y,'1-  _ 

hiiji  Js  +  (C/cr)(Fi'  +  F2O})  (^26) 

For  0  <  7}  <  7]/ 

h'  =/(2HViri)P/  (27) 

32'  =/[p2'  -  (2TTVTFi)P/]  (28) 

For  7}f  <  7} 

J/  =  /[yi'-  (Fi/2TF2)F2']  (29) 

-/(HVTFOP^'  (30) 


It  will  be  shown  below  that  the  differential  quantities  7/ 
canbeexpressedin  terms  of  finite  quantities;  thus  the  right- 
hand  sides  of  Eqs.  (23-30)  involve  only  finite  quantities, 
and  the  preceding  equations  are  in  the  form  suitable  for 
integration  by  standard  numerical  techniques. 

Boundary  Conditions  at  the  Wall 

With  the  final  conservation  equations  available  consider 
next  the  boundary  conditions  at  the  wall.  The  conditions 
on  /  are  easily  specified;  from  Eqs.  (13a)  and  (13b)  and  the 
transformation  equations  (ir,  y)  (s,  tj)  with  /«,'  ==  0,  there 
is  obtained  for  the  bulk  mass  flux  ipv)y,  the  usual  relation 

ipv)y,  =  peUe[pier^/{2sy^m~fw)  (31) 

Note  from  Eq,  (31)  the  well-known  distribution  of  mass  flux 
at  the  surface  required  for  similar  flows,  i.e.,  {pv)w  ^ 
foi^  (_/j  to  be  constant.  Thus  the  boundary  conditions  on 
/  are,  a  t  ??  =  0, 

f  ^  fw  =  const  /'  =  0  (32) 

The  boundary  condition  on  ^  at  ?;  =  0  is  here  specified 
only  indirectly;  it  seems  most  reasonable  for  comparison 
purposes  to  fix  the  wall  temperature  Tyj;  thus  the  wall  en¬ 
thalpy  ratio  Qw  is  determined  once  the  composition  at  the 
surface  is  known.  Note  that  here  a  heat  balance  at  the  wall 
is  not  imposed,  since  it  is  assumed  that  either  an  arbitrary 
coolant  temperature  or  a  cooling  mechanism  exists  so  that 
the  prescribed  Tu,  prevails. 

It  will  be  assumed  that  pure  hydrogen  is  injected;  thus 
the  bulk  velocity  of  water  and  nitrogen  must  vanish  at  77  =  0. 
Note  that  according  to  the  flame  sheet  model  employed 
herein,  there  is  no  oxygen  in  the  inner  layer  0  <  77  <  77/  so 
that  no  explicit  relation  concerning  oxygen  flux  at  the  wall  is 
required.  Now  by  definition  of  the  diffusional  velocities 
there  are  obtained 

V-iw  =  “b  FsiP  =  0  V/[w  —  VvD  Fdu)  —  0  (33) 

so  that  some  rearrangement,  using  the  definitions  of  ji  and 
the  Eqs.  (17)  and  (31),  yields  the  following  convenient  ex¬ 
pressions  for  the  diffusion  fluxes : 

J2..  =  (-/.)[!  ~  72+  (2nvi7i)7i]. 

(34) 

=  (-/.)[- (2W3/Wi)7i]. 

Equations  (34)  thus  relate  the  wall  values  of  the  diffusional 
parameters  Ji  and  of  the  concentrations  7i. 

Boundary  Conditions  at  Infinity 

The  conditions  to  be  imposed  for  large  7/  are  those  that 
make  the  solutions  compatible  with  the  external  flow.  Thus, 

as 7,-..  00^ 

/'  =  1  S  =  1  Pi  =  F,. . 

(35) 

?2  =  0  P,  =  F4.  .  =  1  -  P.,. 

Diffusional  Fluxes 

In  the  boundary  layer  under  consideration,  the  diffusional 
flux  parameters  Ji  will  depend  on  concentration  gradients 
and  on  thermal  gradients.  In  the  present  study,  the  effect 
of  thermal  diffusion  will  be  neglected;  however,  at  the  flame 
sheet,  severe  temperature  gradients  will  occur  so  that  some 
effect  of  thermal  diffusion  may  prevail  even  though  the 
thermal  diffusion  coefficients  are  generally  small. 

Here  the  diffusional  velocities  are  related  explicitly  to  the 
concentration  gradients  by  the  binary  diffusion  coefficients. 

HI  According  to  the  method  of  solution  employed  here,  the 
inclusion  of  this  effect  should  not  be  difficult. 
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Accordingly,  the  Ji  parameters  will  depend  on  gradients  of 
the  concentrations  of  all  species.  The  appropriate  equations 
can  be  derived  as  follows:  On  each  side  of  the  flame  sheet, 
onl}'  three  species  are  present;  thus,  consider  explicitly  the 
inner  region  0  <  rj  <  r}f.  After  either  Ref.  11  (p.  516)  or 
Ref.  12  (p.  244)  the  diffusional  velocities  Ft,  i  =  2,  3,  4  are 
related  in  matrix  form  to  (FJy  according  to 

Vi  =  E  CMy  (36) 

J 


in  contrast  to  the  usual  Fick^s  law  Vi  (Fi)y.  In  Eq. 
(36),  the  Cij  coefficients  are  functions  of  the  binary  diffusion 
coefficients,  of  the  concentrations,  and  of  molecular  weights. 
Now  Eq.  (36)  can  be  put  in  a  form  convenient  for  the  present 
studj^  Some  rearrangement  with  the  use  of  Eqs,  (17),  of 
the  definitions  Ji,  and  of  the  explicit  expressions  for  the  Cij 
matrix  elements  leads  to  the  following  equations  for  0  <  17  < 


Vf' 


(fJL/^Up)C  ^ 


On  On 

P 

bn'  bn' 

ft' 

On  On 

P 

bn  bn' 

V2' 

where 


(37) 


fll/  =  Fi[(2Tr4  3Di4/lFi2D23)  —  (21123)14/11  1  ©24)  ~ 

3)14/3)24]  4"  (3)14/3)24) 

0,2/  =  Fi[(21F2lF4  3)i4/lFilF3  3)23)  -  (2IF2  3)14/1143)24)]  + 

?2[(3)i4/3)24)  -  (1143)14/1143)23)] 
U12'  =  Fi[(2ir33)i4/iri3)34)  -  (21141145)14/1141143)23)] 

On*  =  k  1  [(211 43)14/1143)34)  (3)14/3)34)  — 

(21b 4 3)14/ 11 1 3)23)  ]  -f"  F 2 [(11 4  3)14/11  2 3)23)  ~ 

( 3)14/  3)24)  ]  +  ( 3)14/  3)34) 

bn'  =  14 [(2114/114)  -  (2114/114)  ~  1]  +  (2114/114) 
bn'  -  f4[l  -  (2114/114)  +  (2114/114)]  -  1 
612'  =  }4[(211VH4)  -  (2114114/114114)]  -  (2114/114) 
bn'  =  Fi  [(2114114/114114)  -  (2114/114)] 


Now  it  is  interesting  to  note  that  if  (m/3)i4p)  ^  C  ^  1  and 
if  3)14/ 3), 7  =  1  for  all  i,  then  Eqs.  (37)  yield 

(114/2114)j3  =  -F/  (37a) 

72+  (114/114)^3  =  -F2'  (37b) 


so  that  Eqs.  (27)  and  (28)  become  the  usual  element  con¬ 
servation  equations  aj)plicable  for  the  simplified  transport 
proi)erties  related  to  C  =  1,  Lei  ~  1  for  all  i.  It  is  also  of 
interest  to  note  that  the  multiplying  factor  on  the  left-hand 
side  of  Eq.  (37)  is  a  Schmidt  number  based  on  3)14  divided  by 
C. 

In  a  similar  fashion,  the  diffusion  flux  parameters  in  the 
region  ??>??/  are  given  by  the  equations* 


(p/p3)i4)(7  ^ 


On"  an" 
On"  On" 


h 

P 


bn"  bn" 
bn"  bn" 


Fi' 

F2' 


(38) 


a22^^  —  Fi  [(lF4  3)i4/lFi3)3i)  —  (3)14/3)34)]  + 

f4[(lF33)i4/ 1723)34)  -  (1143)i4/21F2  3)3i)  - 

(3)14/3)34)]  +  (3)14/3)34) 

bn"  =  F2[1  -  (IF4/IF2)  +  (114/2114)]  -  1 

hi"  =  Fi[(114/TF2)  -  1  -  (114/2114)]  +  IF1/2IF2 

612"  =  F2[(1141F4/M4114)  -  (II4/IF2)] 

bn"  -  f4[(lF3/lF2)  -  (114114/114114)]  -  IF3/IF2 

Again  it  is  noted  that,  if  p/p5)i4  ^  1  and  if  3)14/ ^ij  ^ 

1  for  all  i  and  4,  then  Eqs.  (38)  give 

Ji  +  (lFi/2114)j3  =  -14'  (38a) 

(1F2/114)J3  =  -F2'  (38b) 

so  that  Eqs.  (29)  and  (30)  reduce  to  the  usual  element  con¬ 
servation  equations  valid  in  both  regions,  i.e.,  for  all  rj. 

It  is  now  noted,  as  indicated  previously,  that  Eqs.  (37)  and 
(38)  can  be  solved  in  each  region  for  FF,  i  —  1,  2  in  terms  of 
finite  quantities,  and  thus  Eqs.  (23-30)  can  be  put  in  the 
standard  form  for  numerical  integration. 

Molecular  Model  and  the  Transport  Properties 

The  final  differential  equations,  the  boundary  conditions, 
and  the  diffusion  flux  relations  presented  previously  must  be 
supplemented  by  equations  describing  the  transport  proper¬ 
ties  of  the  gas  mixture.  For  the  present  study,  it  is  con¬ 
sidered  sufficient  to  employ  a  rigid-sphere  model  for  com¬ 
puting  the  coefficients  of  viscosity  and  of  thermal  conductivity 
and  the  binary  diffusion  coefficients.  More  accurate  molecu¬ 
lar  models  would  lead  to  temperature  variations  of  these 
coefficients  somewhat  different  from  those  given  by  the  rigid 
sphere  model  but  are  not  considered  to  result  in  essential 
changes.  Accordingly,  it  is  assumed  herein  that  (cf.  Ref.  11, 
p.  14) 

fii  =  2.67(10-5) (lFi7’)i/Vr2  g/cm-sec 


X,  =  (-y-)(^oP./TF,)[(TV)(^^.^/^o)  +  (f)] 

cal/cm-sec°K  (39) 

SD,,-  -  2.63(10-3)  [T4lFi  +  lFy)/2TF^TFy]l/2p-V^7”2  cmVsec 

where  o-i  is  the  molecular  diameter  in  angstroms,  aij  =  (ai  + 
(7j)/2,  where  T  is  in  degrees  Kelvin,  and  where  p  is  in  at¬ 
mospheres.  In  the  description  of  the  coefficient  of  thermal 
conductivity,  constant  values  of  Cv,  i/R^  representative  of 
the  values  for  temperatures  of  2000  °K  have  been  assumed 
according  to  following: 


i 

Cv,  i/Ro 

O2 

1 

9.0 

H2 

2 

8.2 

H2O 

3 

12.0 

N2 

4 

8  6 

The  following  molecular  diameters  have  been  employed 
here : 


where 

Gi/'  =  F2[(IF43)i4/1F23),3)  -  (TF/21T4)  -  1]  +  1 

On"  =  I  i[l  —  ( 3)14114/3)1311' 3)  ] 

F2[(114114 3)14/21141143), 3)  -  (114/2114)] 
ai2"  =  f4[(1143)i4/1143)34)  -  (114743)14/1141143)31)] 

*  Note  that  in  the  outer  region  the  binary  approximation 
should  be  quite  satisfactory  since  no  H2  is  present.  It  has  not, 
however,  been  applied  here. 


i 

(Ji,k 

Ref.  11 

02 

1 

3.541 

p.  nil 

H2 

2 

2.915 

p. 1110 

H2O 

3 

2.824 

p.  599 

N, 

4 

3.749 

p.  nil 

As  a  consequence  of  these  approximations  to  the  molecular 
properties,  the  quotients  of  the  binaiy  diffusion  coefficients, 
3)14/ 5)i7-,  are  constants  varying  from  roughly  0.2  to  0.7, 
and  the  ratios  pi/ pe,  which  arise  in  the  expressions  for  the 
transport  parameter  C  when  the  mixture  viscosity  rule  is 
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considered,  become  constants  times  {T/TeY^"^.  Similarly, 
it  is  found  convenient  to  treat  the  Prandtl  number  as  a  value 
normalized  with  respect  to  the  Prandtl  number  in  the  ex¬ 
ternal  stream;  thus  the  quotients  \i/\e  arise  and  become 
constants  times 

The  mixture  coefficients  of  viscosity  and  conductivity,  i.e., 
ji  and  X  are  computed  according  to  the  mixture  rules,  which 
are  due  to  Eay^^  and  which  are  similar  to  those  used  previ¬ 
ously.  Thus 


,v  (I’.yn’.)  M.- 

w« 

II 

a. 

(42) 

.  (r./vF,)  X, 

^  =  E  f  (Y.) 

whore 

Gik  =1  i  —  k 

jftfc 

(43) 

m.ik/mi  =  Wk/{Wk  +  HX-) 


Entlialpy “Temperature  Relations  and  Uieir  Implications 

It  is  considered  sufficiently  accui'ate  for  ju’esent  ])urposes  to 
assume  a  linear  relation  between  the  species  enthalpies  and 
the  temi)erature.  Thus 

hi  =  A.  +  Cp,iT  (44) 


where  the  following  values  of  A*-  and  Cp,i  have  been  assumed f: 


i 

Ai,  cal/g 

c6pi,  cal/g-°K 

0.  1 

-124 

0.283 

H2  2 

-1876 

4.10 

(45) 

H2O  3 

-3562 

0.656 

N2  4 

-127 

0.303 

a  consequence 

of  the  approximation  attendant 

with 

Eq.  (44),  the  temperature  can  be  expressed  explicitly  in  terms 
of  the  i)rime  dependent  variables  in  each  region.  In  general 
there  is  obtained  in  terms  of  the  sjiecies  mass  fraction 


T 

T,~ 


N 

- 

/f.aAi 

g  -  mf"^ 

-  E 

t  =  1 

(xt) 

N 

Yi,eAi\ 

1  iCp ,  i 

1  —  771  — 

1  =  1  \ 

h.,  )  } 

(46) 


When  Eq.  (46)  is  apjJied  at  the  wall,  it  provides  the  expression 
for  Qw  in  terms  of  Ty,  and 


Heat  Transfer  to  the  Wall 

A  result  of  interest  from  the  present  analysis  is  the  heat 
transfer  to  the  wall  given  by 


For  rates  of  injection  sufficiently  high  so  that  the  flame  sheet 
model  applies,  the  right-hand  side  of  Eq.  (48)  results  in 

Nk  =  Ei,.>  (49) 

For  zero  injection,  the  equations  for  the  outer  region  apply 
at  the  wall,  and 

Nk  =  Ro,.  (49a.) 

Numerical  Analysis  and  Results 

The  only  difficulty  associated  with  obtaining  numerical 
solutions  to  the  describing  equations  by  standard  integra¬ 
tion  techniques  pertains  to  the  two-point  boundary  condi¬ 
tions.  If  the  integration  is  started  at  the  wall,  r;  =  0,  R  is 
necessary  to  estimate  four  quantities,  e.g.,  fw",  Qw\  Fi.u.-, 
i  =  1,  2  such  that  as  r/  oo,  the  conditions  given  by  Eqs. 
(35)  are  satisfied.  Thus  a  solution  vector  in  a  foursjiace  is 
sought;  there  is  employed  here  the  usual  trial  and  error  tech¬ 
nique  of  establishing  errors,  computing  influence  coefficients, 
and  then  computing  new  estimates  described,  e.g.,  in  Ref. 
15.  However,  a  difficulty  associated  with  this  technique 
for  the  present  ])roblem  arises  because  of  the  restrictions 
which  pertain  to  T  >  0  and  0  <  Yi  <  1,  ^  =  1,  2,  4,  and 
whose  violation  generally  halt  the  integration. 

It  was  found  that,  unless  reasonably  accurate  estimates 
of  the  wall  quantities  were  used,  these  restrictions  were  not 
respected,  and  the  trial  and  error  procedure  failed. f  Indeed, 
as  will  be  seen  below,  it  was  not  possible  to  find  solutions  for 
injection  rates  exceeding  those  corresponding  to  —fv,  0.1 ; 
these  are  generally  considered  relatively  low,  but  according 
to  the  present  analysis  are  sufficient  to  cause  significant 
changes  in  boundary-layer  pro]:)erties.  These  difficulties 
may  indicate  ‘ffilowoff’^  as  defined  by  either  =  0  or  by 
fa,  «-  =  1  at  surprisingly  low  values  of 

The  numerical  analysis  was  carried  out  on  a  RECOMP 
111  computer  at  PIBAL  emifloying  a  Kutta-Runge-Gill 
integration  routine.  Values  of  fi,  =  1,  2,  of  Gw,  and  of 
Ri,  w  were  assumed  or  computed  from  a  ])revious  calculation. 
The  integration  was  carried  forward  until  the  location  of  the 
flame  sheet  where  Yi  =  (iri/2ir2)f2j  i.e.,  where  Fa  “  0.  The 
set  of  equations  valid  for  rj  >  rjf,  and  the  initial  conditions 
therefor  determined  from  the  requirements  of  continuity 
of  G,  and  g  and  from  Eqs.  (1 4a)  were  then  picked  up  and 
the  integration  continued.  When  the  assumed  wall  param¬ 
eters  were  close  to  the  correct,  i.e.,  the  solution  values,  it 
was  found,  as  might  be  expected,  that  the  value  of  0  for  large 
rj  provided  a  sensitive  indicator  which  could  be  used  to  ob¬ 
tain  the  final  corrections.  The  step-size  in  rj,  used  in  the 
integration,  was  reduced  as  a  solution  was  approached  with 
a  final  value  of  0.1,  except  in  the  neighborhood  of  the  flame 
sheet,  where  values  as  small  as  0.02  were  found  necessary. 
The  integration  was  carried  out  to  a  value  of  rj  between  4.5 
and  6  depending  upon  the  injection  rate.  A  solution  was 
considered  to  have  been  obtained  when  the  value  of  6  at  the 
extreme  value  of  t?  was  unity  within  ±2%;  this  resulted  in 
satisfaction  of  the  infinity  conditions  on  g,  /',  and  Yi,  i  = 
1,  4  within  0.1%. 


Qw  ==  (XTy),r  —  PiVih^l 


(47) 


Equation  (47)  can  be  rewritten  in  a  form  more  convenient 
for  the  present  purposes  and  for  the  variables  considered 
here,  i.e., 


(48) 


t  These  are  the  same  as  those  used  in  Ref.  10  provided  the 
slightly  different  form  of  Eq.  (44)  is  considered. 


Flow  Parameters  and  Injection  Rates 

Two  sets  of  flow  conditions  have  been  assumed  for  the 
numerical  examples,  one  being  considered  representative  of 
conditions  in  hypersonic  flight  and  the  other  in  hypersonic 
wind  tunnels;  they  are  taken  from  Ref.  10  and  have  the 
values  listed  in  Table  1 . 

For  each  set  of  flow  conditions,  a  calculation  was  carried 
out  for  zero  injection  by  aji plying  the  equations  for  the  outer 
region  throughout  the  layer.  The  solutions  in  this  case 


J  The  existence  of  the  flame  sheet  appears  to  preclude  use  of 
iteration  procedures  that  were  employed,  e.g.,  in  Ref.  16,  and 
that  would  probably  eliminate  the  difficulties  associated  with 
the  restrictions  on  T  and  Y  i. 
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Table  1 


Me.  approx 

m 

h^,  e,  cal/g 

Tw, 

I  11.8 

0.968 

4444 

900 

900 

II  3.8 

0.810 

750 

900 

900 

correspond  to  an  air  boundary  layer  with  reasonably  accurate 
transport  properties.  Three  other  values  of  (— /J  were 
assumed;  namely,  0.03,  0.0707,  0.106.  The  latter  two  values 
correspond  to  solutions  provided  by  Emmons  and  Leigh.^^ 
Note  that  there  is  a  minimum  injection  rate  for  which  the 
flame  sheet  model  of  chemical  behavior  prevails  (cf.  Ref. 
10) ;  the  lowest  positive  value  of  ( —fw)  chosen  here  exceeded 
this  minimum  rate. 


Results  in  Terms  of  Profiles 

The  results  of  the  numerical  analysis  are  summarized  in 
Table  2  in  terms  of  the  wall  values  permitting  integration  of 
a  solution  to  be  started;  the  results  are  discussed  below  in 
terms  of  the  profiles  of  velocity,  of  stagnation  enthalpy,  of 
species  mass  fractions,  and  of  temperature  and  in  terms  of 
the  variation  of  wall  properties  with  injection  rate.  The 
variation  of  transport  properties  is  indicated  in  terms  of  the 
variation  with  injection  rate  of  those  properties  evaluated 
at  the  wall ;  the  severe  departures  from  the  values  employed 
in  approximate  calculations  are  thereby  emphasized. 

The  velocity  profiles  for  the  four  rates  of  injection  con¬ 
sidered  in  each  set  of  flow  conditions  are  shown  in  Figs.  1 
and  2.  Also  shown  for  comparison  are  representative  pro¬ 
files  for  (7^1.  It  will  be  noted  immediately  that  the  effect 
of  injection  is  opposite  to  that  expected  from  previous 
analyses  based  on  simple  transport,  namely,  that  the  thickness 
of  the  boundary  layer  defined  in  terms  of  a  velocity  ratio 
close  to  unity  is  decreased  by  injection.  It  will  be  seen  in 
Table  2  and  also  shown  below  that  this  behavior  is  due  to 
the  severe  reduction  in  the  pju  product  associated  with  the 
addition  of  hydrogen  and  that  the  shear  related  to  Cf"  is 
indeed  reduced  by  injection. 

The  profiles  of  stagnation  enthalpy  are  shown  in  Figs.  3 
and  4,  those  of  the  concentrations  of  oxygen  and  hydrogen 
in  Fig.  5,  those  of  the  concentrations  of  water  in  Fig.  6,  and 
those  of  the  temperature  ratio  6  in  Figs.  7  and  8.  In  each 
case  there  is  shown  for  comparison  purposes  the  corresponding 
profiles  as  given  by  simple  transport  with  — =  0.106. 
Again  it  will  be  noted  that  significant  changes  in  wall  con¬ 
centrations  and  profiles  are  associated  with  more  accurate 
descriptions  of  transport  properties.  Of  particular  interest 
is  the  shift  towards  the  wall  of  the  flame  sheet. 


Results  in  Terms  of  Wall  Values 

In  Fig.  9  there  is  shown  the  variation  with  (—fw)  of  the 
wall  parameters  fw"  and  Gw,  and  of  the  heat  transfer  char¬ 
acterized  by  Nh.  It  will  be  noted  immediately  that,  in  accord 
with  the  discussion  of  Figs.  1  and  2,  the  wall  shear  char¬ 
acterized  by  Gw  decreases  with  increasing  (—fw),  indeed  at  a 
faster  rate  than  that  given  by  simplified  transport,  while 
fw"  increases  rapidly.  Thus  the  behavior  of  the  velocity 


Table  2  Summary  of  wall  values 


Case 

Fi. 

Y,.w 

Gw 

Ri.  w 

I 

0 

0.232 

0 

0.349 

0.367“ 

0.03 

0.212 

0.0573 

0.293 

0.365 

0.0707 

0.214 

0.182 

0.209 

0.269 

0.106 

0.186 

0.378 

0.139 

0.183 

II 

0 

0.232 

0 

0.437 

0.375“ 

0.03 

0.210 

0.0507 

0.341 

0.671 

0.0707 

0.216 

0.157 

0.244 

0.450 

0.106 

0.196 

0.330 

0.165 

0.263 

profile  is  accounted  for  by  a  severe  reduction  in  C  with  in¬ 
creasing  injection,  a  reduction  that  overwhelms  the  decrease 
in  G.  Also  to  be  noted  is  the  significant  difference  in  skin 
friction  as  characterized  by  Gw  between  the  predictions  of 
analyses  with  (7^1  and  with  accurate  transport.  Similar 
errors  in  heat  transfer  in  terms  of  Nh  are  also  found. 

An  indication  of  the  reason  for  the  significant  alterations 
in  boundary-layer  properties  as  predicted  by  the  present 


“  Should  be  denoted  i2o.w since,  with  no  injection,  /Jo  applies  for  all  77. 


Fig.  3  Stagnation  enthalpy  profiles,  Me  ^  11.8. 
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Fig.  10  Variation  of  transport  properties  at  the  wall  with 
injection  rate. 

Concluding  Remarks 

An  analysis  has  been  carried  out  of  a  reacting  laminar 
boundary  layer  that  is  relatively  simple  in  all  respects  ex¬ 
cept  for  its  transport  pro])erties.  In  particular,  the  similar 
flow  that  results  from  the  injection  of  hydrogen  and  that  is 
characterized  by  a  flame  sheet  has  been  treated.  Multi- 
component  diffusion  and  reasonably  accurate  transport 
pro])erties  have  been  considered. 

Several  numerical  examples  are  presented  and  show  sig¬ 
nificant  effects  of  the  transport  properties  on  boundary- 
la3^er  behavior.  The  most  dramatic  effect  appears  to  be 
that  the  velocity  profiles  with,  injection  resemble  those  usualty 
attributed  to  suction;  the  reason  for  this  is  the  severe  re¬ 
duction  in  the  values  of  the  pn  product  due  to  the  presence  of 
hydrogen.  Relatively'  large  alterations  in  predicted  skin 
friction  and  heat  transfer  are  found. 

The  imj)lication  of  these  results  seems  to  be  that  in  laminar 
flow^s  involving  gases  w'ith  a  spectrum  of  molecular  weights 
the  })redictions  of  analyses  based  on  simple  transport  pi'oper- 
ties  ma\'  be  in  serious  error. 

Appendix :  Solution  for  the  Case  of  Simplified 
Transport 

For  completeness  and  for  ready  reference,  the  solution  for 
the  flame  sheet  model  of  hydrogen  injection  wdth  simplified 
transport  properties  is  presented  here.  The  anatysis  has 
been  given  in  a  somewhat  different  manner  in  Ref.  9.  Make 
the  follow^ing  approximation : 

C  “  1  (T  =  1  J)ij7  3Dz7  =  1  jjl/  SDi4P  =  1 

(Al) 

Then  the  equations  in  the  tw^o  regions  0  <  rj  <  77/  and  rj  > 
Tj  f  become  identical  and  are 

/"'  +  r '  =  0  (A2) 

ffi'  +  f /'  =  0  i  =  I  2  (A3) 

^"+^'  =  0  (A4) 

subject,  as  may  be  seen  from  Eqs.  (23)  and  (24),  to  the  bound¬ 
ary  conditions  at  77  =  0 

f  =  u  r  =  0 

-  (-/.JFi 

(A5) 

?2'  =  -(-/.)(!  -  ?2) 

9  =  9^ 

and  at  77  —►  00 

=  /'l  ?i=Fi.e  f  2  =  0  ^=l  (A6) 


The  solution  of  Eq.  (A2)  subject  to  the  boundary  condi¬ 
tions  on  /  in  Eqs.  (A5)  and  (A 6)  has  been  provided  by  Em¬ 
mons  and  Leigh^^§  so  that  f{r})  can  be  assumed  to  be  given 
with/^„  as  a  parameter.  The  solutions  for  F,-,  f  —  1,  2  and 
for  g  are  readily  obtained  in  terms  of  /'  so  that  the  complete 
solution  with  fw  as  the  sole  parameter  is  given  by 

9  =  9^  +  -  9^)f' 

f.  =  {F../[/„"/(-/„)  +  !]}{/'  +  U."/(-U)]] 

(A7) 

Y,  =  (1  -/')/{[//'/(-/»)]  +  1} 

74  =  1  -  n 

where  the  wall  condition  specified  in  terms  of  temperature 
Qio  is  computed  from  Eq.  (46). 
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Confined  Vortex  Flows  with  Boundary-Layer  Interaction 

VI.  L.  Rosenzweig,*  W.  S.  Lewellen,!  and  D.  H.  Rossf 
Aerospace  Corporation ^  Los  Angeles y  Calif. 

Axisymmetric  flow  of  an  incompressible  fluid  in  a  right-cylindi’ical  vortex  tube  bounded  by 
planar  end  walls  is  considered.  The  mutual  interaction  of  the  primary  vortex  flow  field  and 
the  end-wall  boundary  layers  is  studied  by  relating  the  stream  function  and  circulation  in 
these  regions.  An  interaction  parameter  is  defined  which  determines  the  magnitude  of  the 
influence  of  the  boundary  layers  on  the  circulation  and  mass-flow  distributions  in  the  primary 
flow.  These  distributions  are  obtained  numerically,  primarily  as  functions  of  the  interaction 
parameter  and  the  Reynolds  number  based  on  the  radial  flow.  Experimental  results  are  inter¬ 
preted  in  the  light  of  this  theory,  and  it  is  concluded  that  substantial  turbulence  levels  (though 
somewhat  less  than  estimates  made  without  consideration  of  boundary-layer  effects)  must 
be  assumed  to  explain  the  experimental  results. 


Nomenclature 

A  =  boundary-la3^er  interaction  parameter  defined  in  Eq. 
(17) 

c  =  coefficient  of  friction 

F  —  dimensionless  part  of  the  stream  function  that  is  inde¬ 
pendent  of  z 

f  =  dimensionless  part  of  the  stream  function  that  is  linear 
with  z 

I  ~  length  of  the  vortex  chamber 

p  =  pressure 

Q  =  volume  flow  per  unit  length,  7ir 

Qbl  =  volume  flow  in  the  end-wall  boundar}^  laj’er 

Rct  =  radial  Reynolds  number  =  pw/jLi 

Jler*  =  ‘'effective'Murbulent  radial  Rejmolds  number 

Ret  =  tangential  Reynolds  number  ==  pvr/p 

r  =  radial  coordinate 

u  —  radial  velocity,  positive  outward 

V  =  tangential  velocity 

w  ~  axial  velocity 

z  ~  axial  coordinate 

a  =  velocity-profile  shape  parameter  in  the  boundary  la\"er 
r  =  circulation,  vr 

8  =  end-wall  boundary-la}^er  thickness 

€  =  dimensionless  parameter  defined  in  Eq.  (5) 

7]  =  dimensionless  radial  coordinate  squared 

fjL  ~  viscosity 

V  —  kinematic  viscosity 

^  =  dimensionless  axial  coordinate 

p  =  density 

xp  =  stream  function  defined  in  Eq,  (7) 

Subscripls 

0  ~  value  at  outer  edge  of  the  vortex  tube 

c  =  value  at  the  edge  of  the  exhaust  hole 

m  ~  minimum  value 

I,  Introduction 

VORTEX  tubes  of  one  form  or  another  have  been  of  in¬ 
terest  to  fluid  dynamicists  for  some  time.  Applications 
such  as  the  Ranqiie-Hilsch  tube,  cyclone  separator,  and, 
more  recently,  the  VI HD  vortex  power  generator^  and  gase¬ 
ous-core  nuclear  rocket^  have  provided  the  stimulus  for  re- 
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search  in  this  field.  Analytical  and  exi)erimental  investiga¬ 
tions  of  confined  vortex  flows  have  been  numerous.  The 
theoretical  treatments  have  been  concerned  with  the  main 
body  of  rotating  fluid  and,  for  the  most  part,  have  been  re¬ 
stricted  to  one-dimensional  flow  models  (i.e.,  tangential  and 
radial  velocities  being  functions  of  radius  only).  Donaldson® 
examined  the  full  Navier-Stokes  equations  under  these 
assumptions  and  found  a  family  of  exact  solutions.  These 
exact  solutions  are  not  readily  applicable  to  the  flow  in  an 
actual  vortex  tube,  however,  because  of  their  inability  to 
satisfy  boundary  conditions  imjwsed  by  the  end  walls  and 
exhaust-hole  geometry.  Others^*  ®  have  developed  approxi¬ 
mate  theories  in  which  the  radial  distributions  of  axial  ve¬ 
locity  are  specified  (rather  arbitrarily)  in  order  to  satisfy 
conditions  imposed  by  the  exhaust  ports.  A  notable  excep¬ 
tion  is  a  study  by  Anderson®  in  which  the  laminar  end-wall 
bound ary-laj^er  interaction  ])robIem  was  first  treated. 

Lewellen"^  has  reviewed  these  studies  and  has  clarified  the 
mathematical  foundation  of  the  aiqoroximate  solutions.  In 
particular,  he  has  shown  that  under  certain  circumstances 
(which  are  usually  met  experimentally)  the  one-dimensional 
hj^pothesis  can  yield  a  valid  first  ap])roximation  to  the  solu¬ 
tion.  In  regions  where  this  is  the  case,  the  axial  velocity 
distribution  is  determined  to  the  same  degree  of  exactness 
by  its  boundary  values.  In  ah  actual  vortex  tube,  these  are 
determined  by  the  boundary  layers  on  the  end  walls  and  by 
the  location  and  geometry  of  the  exit  port  (or  ports),  as  just 
mentioned.  Solutions  based  on  arbitrarily  specified  axial 
velocity  distributions  have  been  reasonably  successful  in  pre¬ 
dicting  the  qualitative  behavior  of  the  measured  tangential 
velocity  distributions,  numerical  discrepancies  being  at¬ 
tributed  usually  to  turbulence  in  the  flow  field. ^ 

The  boundaiy  layers  that  are  formed  on  the  end  walls  of 
the  vortex  chamber  have  been  studied  previously  without 
regard  to  their  effect  on  the  primary  vortex  flow  that  drives 
them.  Boundary-layer  growth  on  a  finite  disk  under  the 
influence  of  a  vortex-like  outer  flow  has  been  studied  origi¬ 
nally  by  Taylor^®  and  more  recently  by  Mack,^^  King,^^ 
Weber, Rott,^^  and  others.  These  studies,  in  which  the 
external  velocity  distributions  were  specified  functions  of  the 
radial  coordinate,  have  demonstrated  that  such  boundary 
layers  are  capable  of  transporting  large  quantities  of  fluid 
radially  inward.  This  radial  flow  is  coupled  through  the 
continuity  equation  to  an  axial  flow,  so  that  in  fact  it  is  the 
boundary-layer  flow  that  determines,  for  the  most  part,  the 
axial  velocity  distribution  in  a  vortex  tube. 

For  a  fixed  total  flow  through  the  tube,  diversion  of  fluid 
into  the  boundary  layers  reduces  the  radial  flow  through  the 
main  body  of  the  vortex  and  tends  to  weaken  the  vortex 
strength  or  circulation.  In  an  actual  vortex  tube  (such  as 
pictured  in  Fig.  1),  however,  the  boundary  layers  must  at 
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Fig.  1  Vortex  tube  geometry  showing  division  of  flow 
into  the  three  regions  described  in  the  paper. 

some  point  discharge  their  contents.  If  this  process  is  ac¬ 
complished  in  such  a  way  as  to  return  the  boundary-layer 
fluid  to  the  main  flow  before  it  has  lost  much  of  its  angular 
momentum  and  before  it  is  passed  axially  out  of  the  tube, 
then  (as  is  described  in  this  paper)  it  is  possible  to  maintain 
a  near-constant  circulation  distribution  in  the  vortex. 

Mass  flow  may  be  caused  to  leave  the  boundary  layer  for 
two  reasons.  First,  the  boundary-laj^er  theory  itself  indi¬ 
cates  mass  ejection  when  the  external  circulation  distribution 
decreases  with  decreasing  radius. Second,  certain  discon¬ 
tinuities  in  the  wall  geometry,  such  as  a  circular  step  or  the 
sharj:)  edge  of  an  exhaust  orifice  (i.e.,  regions  where  boundary- 
layer  theory  is  not  locally  applicable),  can  also  induce  mass 
ejection.  Exj^erimental  evidence  of  such  boundary-layer 
mass  ejection  is  plentifuP^"^^;  typical  examples  are  shown  in 
Figs.  2  and  3  using  a  water  vortex  with  dye  injection.  Fig¬ 
ure  2  shows  boundary-layer  mass  ejection  in  the  vicinity  of 
the  exhaust-hole  radius,  resulting,  most  likely,  from  both 


mechanisms.  Figure  3  illustrates  the  effect  of  a  circular  step 
in  the  end  wall  at  approximately  midradius.  Mass  ejection 
is  again  observed. 

The  full  three-dimensional  flow  pattern  in  a  vortex  tube 
is  thus  the  result  of  a  complicated  interaction  between  the 
primary  vortex  flow  and  the  end-wall  boundary  layers. 
The  purpose  of  the  present  paper  is  to  study  this  interaction 
theoretically  in  order  to  demonstrate  the  unusual  mutual 
influences  exerted  by  the  primary  and  secondary  flows  in 
right-cylindrical  vortex  tubes  of  the  type  illustrated  in  Fig.  1 . 
The  results  are  compared  with  experiments,  and,  as  a  corol¬ 
lary,  certain  observations  are  made  concerning  turbulence 
levels  in  confined  vortex  flows. 

II.  Description  of  Flow  Model 

An  incompressible,  constant  viscosity  fluid  is  assumed. 
For  the  purposes  of  the  analysis  the  flow  is  considered  divisible 
into  three  regions,  as  indicated  in  Fig.  1 .  It  will  be  assumed 
that  the  ratio  of  volume  flow  to  circulation  is  small  so  that 
in  region  I,  the  primary  flow  region,  the  tangential  velocity 
is  a  function  of  radius  only.  Region  II  consists  of  the  bound¬ 
ary  layers  on  both  top  and  bottom  end  walls,  in  which  axial 
velocity  gradients  and  therefore  axial  viscous  stresses  become 
significant.  Region  III,  bounded  by  an  imaginary  cylinder 
of  radius  equal  to  that  of  the  exhaust  hole,  includes  the  flow 
in  the  vicinity  of  the  axis  of  the  tube  where  both  tangential 
and  radial  velocities  vanish. 

Appropriate  solutions  are  employed  in  each  of  these  re¬ 
gions,  and  a  consistent  flow  picture  is  obtained  by  applica¬ 
tion  of  suitable  matching  conditions.  The  solution  of 
Lewellen,^  which  determines  the  circulation  distribution  in 
terms  of  the  stream  function,  is  used  in  regions  I  and  III. 
This  solution  becomes  exact  in  the  limit  of  large  circulation 
and  requires  that  the  stream  function  be  specified  at  the 
periphery  of  the  applicable  regions.  The  approximate 
boundary-layer  solution  of  Rott^^  is  used  along  the  end 
walls,  up  to  the  edge  of  region  III,  to  provide  a  second  rela¬ 
tionship  between  the  stream  function  and  circulation  in  the 
primary  flow,  thereby  establishing  the  interaction.  The 


Fig.  2  Vortex  flow  visualization  picture  with  dye  injected  Fig.  3  Vortex  flow  visualization  picture  with  dye  injected 

into  the  boundary  layer  showing  mass  ejection  in  vicinity  into  the  boundary  layer  with  a  stepped-down  end  wall 

of  exhaust  radius.  showing  mass  ejection  in  neighborhood  of  step. 
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mathematical  framework  is  completed  with  the  specification 
of  the  stream  function  in  region  HI.  Provision  is  included 
to  allow  the  consideration  of  boundary-layer  mass  ejection 
due  to  the  exhaust-hole  discontinuity.  Since  little  of  a 
quantitative  nature  is  known  about  this  process  at  the  present 
time,  this  phenomenon  is  treated  parametrically.  The 
fraction  f  of  boundary-layer  mass  flow  at  the  radius  of  the 
exhaust,  which  is  returned  to  the  main  flow  before  leaving 
the  tube,  is  introduced  into  the  computational  program  and 
allowed  to  var^^  from  zero  to  one.  The  complete  set  of  equa¬ 
tions  is  solved  iteratively  using  a  digital  computer  for  a 
range  of  the  governing  parameters. 

Before  proceeding  with  the  analysis,  several  comments  are 
in  order.  First,  the  division  of  the  flow  into  regions  as  indi¬ 
cated  is  not  equivalent  to  the  usual  division  of  flows  into  a 
viscous  bound  aiy  layer  and  an  in  viscid  outer  flow.  In  the 
present  ]3roblem,  the  entire  flow  field  is  considered  viscous; 
however,  in  the  boundary  layers,  the  axial  velocity  gradients 
predominate,  whereas  in  regions  I  and  III  only  the  radial 
gradients  are  considered. 

Second,  the  details  of  the  flow  in  region  III  are  oversimpli¬ 
fied  as  a  result  of  insufficient  knowledge.  Recirculation  of 
fluid  originating  downstream  of  the  exhaust  hole,  which  fre¬ 
quently  occurs  along  the  axis  of  the  vortex  tube,  has  been 
neglected.  This  can  be  justified  only  by  the  belief  that  such 
a  phenomenon  does  not  strongly  influence  the  velocity  dis¬ 
tributions  in  regions  I  and  11. 

Finally,  a  real  and  possibly  imj^^ortant  phenomenon  is  not 
considered  at  all  in  this  paper,  i.e.,  the  boundary  layer  on 
the  cylindrical-containing  walls  and  the  details  of  the  jet¬ 
mixing  region  if  the  vortex  is  driven  by  tangential  fluid  in¬ 
jection,  as  is  commonly  the  case.  These  effects  may  influ¬ 
ence  the  end-wall  boundary-layer  growth  and  will  certainly 
make  the  determination  of  the  peripheral  circulation  difficult 
in  an  actual  experiment.  For  the  present  purposes,  how¬ 
ever,  it  is  assumed  that  the  outer  cylinder  is  rotating  and 
porous  so  that  such  questions  may  be  avoided. 

III.  Derivation  of  the  Interaction  Equations 

Consider  a  cylindrical  coordinate  sj^stem,  with  asso¬ 
ciated  velocity  components  u.  v,  w.  The  continuity  and 
Navier-Stokes  equations  in  these  coordinates  for  an  incom¬ 
pressible  fluid  with  constant  viscosity  are 


Therefore,  in  regions  where  the  ratio  of  stream  function 
to  circulation  is  small,  T  may  be  considered  independent  of 
z,  to  order  6.  Further,  examination  of  Eq.  (3)  shows  that, 
when  V  is  independent  of  2,  the  radial  velocity  u  must  also 
be  independent  of  z  (unless  T  =  const).  In  this  case,  Eq. 
(3)  reduces  to  an  ordinary,  linear  differential  equation  for 
r  in  terms  of  u  and  v : 


2^/1  dT\  ur  dT 

dr  \r  dr  /  v  dr 


(7) 


The  most  general  form  of  \p,  consistent  with  the  condition 
that  XI  be  independent  of  z,  is 

=  Qo?[f/(^)  +  F(t?)]  (8) 

so  that 


Lewellen^  has  further  shown  that,  since  the  equation  that 
determines  xp  is  of  order  e,  to  this  order  then  the  functions 
/  and  F  remain  to  be  determined  by  the  boundary  conditions. 

In  terms  of  /,  and  the  radial  Reynolds  number  Rbt  = 
Qq/vj  Eq.  (7)  may  be  rewritten: 

29?r"  -  RerjV'  =  0  (9) 

The  functions  ^  and  T  as  defined  by  Eqs.  (8)  and  (9)  were 
shown  by  Lewellen’  to  be  the  zeroth-order  terms  in  a  series 
expansion  solution  of  Eqs.  (1-4),  in  powers  of  e. 

If  the  axial  and  tangential  velocities  are  of  the  same  order 
in  region  III,  then  in  this  region  the  €  expansion  given  in  Ref, 
7  is  not  strictly  valid.  This  question  is  quite  complicated 
but  is  treated  in  detail  in  Ref.  18  where  it  is  shown  that  it 
is  still  possible  to  carry  out  a  consistent  expansion  in  u/v, 
which  almost  always  remains  a  small  parameter.  In  such  an 
expansion,  the  leading  term  in  T  is  still  a  function  of  r  only 
and  may  be  determined  bj^  an  equation  similar  to  Eq.  (9), 
which  depends  on  the  boundaiy  values  of  \p: 


2i?r"  -  RerfT'  = 

|^F"7  -  F'f" 
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where  the  b/bt  and  b/bd  terms  have  been  eliminated  by  as¬ 
suming  that  the  flow  is  steady  and  axisymmetric. 

The  axisymmetric  stream  function  \}/  is  defined  so  that  Eq. 
(1 )  is  everywhere  satisfied: 


1  bp 
w  =  -  ” 
r  bz 


1  bp 
w  _ 

r  br 


(5) 


In  addition,  the  dimensionless  coordinates  =  (r/roY  and 
5  =  z/l  and  the  quantities  Q  =  ur  and  F  =  are  introduced. 
Lewellen^  showed  that  bV/b^  was  of  order  e,  where 

(6) 


If  precise  values  of  p  could  be  obtained  on  the  boundaries  of 
region  III,  then  Eq,  (10)  would  yield  an  accurate  description 
of  r  even  for  {w/v)e  of  order  one.  However,  for  the  idealized 
stream  function  that  will  be  used  in  this  study,  the  right- 
hand  side  of  Eq.  (10)  is  identically  zero  and  the  equation  re¬ 
duces  to  Eq.  (9). 

Applying  the  boundary  conditions  F  =  0  at  t?  =  0  and 
F  =  Fo  at  7?  ==  1,  Eq.  (9)  may  be  integrated  to  give 

Fo  •'o  L  2  -'o  ^7  J 

where 

=  {fo  fo  "T 

Thus,  with  a  given  value  of  the  radial  Reynolds  number  and 
the  radial  distribution  of  /,  the  circulation  distribution  is 
uniquely  determined. 

It  should  be  noted  at  this  point  that  only  /  enters  in  the 
determination  of  F.  That  is,  only  that  portion  of  the  axial 
flow  which  is  coupled  to  the  radial  flow  through  the  con¬ 
tinuity  relationship  plays  a  role. 

The/ distribution,  or  equivalently  the  distribution  of  radial 
velocity  through  regions  I  and  III,  will  be  determined  by 
consideration  of  the  end-wall  boundary-layer  flow.  Since 
it  is  assumed  that  the  boundary-layer  mass  flow  grows  from 


€  =  (po/Foro)^ 
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Fig.  4  Circulation  distributions  as  a  function  of  radius 
for  ^  =  0. 


zero  at  Tq,  any  increase  (or  decrease)  in  the  radial  flow  in  the 
boundary  layers  must  result  in  a  corresponding  decrease 
(or  increase)  in  the  radial  flow  through  the  primary  vortex 
region.  Thus  (in  region  1), 

/  =  1  -  {2Qsl/QoI)  (12) 

where 


There  have  been  several  analyses  of  the  end-wall  boundaiy- 
layer  region. For  the  present  study,  the  results  of  the 
turbulent  analysis  of  Rott^^  will  be  used.  This  is  chosen 
because,  at  the  tangential  Reynolds  numbers  ordinarily 
encountered  in  vortex  tubes,  the  boundary  layers  are  most 
likely  turbulent,  and  although  RotUs  analysis  yields  the , 
sim])lest  expression  for  the  mass  flow  in  the  boundary  layer, 
the  results  agree  quite  favorably  with  those  of  other,  more 
complicated  approaches.  Assuming  that  the  turbulent 
shear  comi)onents  are  proportional  to  the  squares  of  the 
resj^jective  velocity  components  and  that  the  coefficient  of 
friction  so  defined  is  constant,  Rott,  using  a  momentum- 
integral  approximation,  expressed  the  volume  flow  in  the 
boundary  layer  in  terms  of  the  F  distribution  of  the  external 
flow  as  follows : 


where  x  =  Tq  —  r,  a  is  b.  velocity-profile  shape  parameter, 
and  c  is  the  coefficient  of  friction.  Following  Rott,  the  values 

a  =  5  c  -  0.027  (14) 

will  be  used  for  this  study. 


Fig.  5  Circulation  and  stream  function  distributions  as 
a  function  of  radius  for  A  ~ 


Fig.  6  Circulation  and  stream  function  distributions  as  a 
function  of  radius  for  A  ~  1.75  and  jRe,  —  —50. 


The  specification  of  /  in  region  III  is  not  quite  so  straight¬ 
forward.  As  mentioned  previously,  the  discontinuity  at 
the  edge  of  the  exit  hole  (assumed  here  to  be  a  sharp-edged 
orifice)  produces  local  mass  ejection  from  the  boundary 
layer.  The  fraction  of  the  boundary-layer  mass  flow  that 
is  ejected  and  ultimately  finds  its  way  back  into  the  pri¬ 
mary  flow  is  as  yet  undetermined.  Furthermore,  the  ques¬ 
tions  of  recirculatory  flow  along  the  axis  and  the  validity 
of  the  boundary-layer  analysis  near  the  axis  contribute  to 
the  difficulty  of  specifying  /  in  detail  in  region  III.  Fortu¬ 
nately,  as  far  as  the  calculation  of  the  circulation  is  con¬ 
cerned,  only  the  integral  of  /  appears  in  Eq.  (11).  Thus,  F 
should  be  insensitive  to  the  details  of  the  axial  velocity 
distribution  (as  long  as  v  is  independent  of  z). 

It  will  be  assumed  then  that  a  certain  fraction  f  of  the 
boundary-layer  volume  flow  at  (the  radius  of  the  exit 
hole)  is  ejected  and  returned  to  the  primary  flow  to  be  re¬ 
distributed  into  radial  flow  uniformly  over  the  length  of  the 
tube.  The  representation  of  this  boundary-layer  mass 
ejection  by  a  discontinuous  change  in  /  is,  of  course,  an 
idealization  of  the  actual  phenomena  illustrated  in  Figs.  2 
and  3.  The  quantity  f  will  be  considered  parametrically  in 
the  computations,  and  its  effect  on  the  F  and  /  distributions 
will  be  assessed.  In  addition,  inside  the  radius  of  the  ex- 


Fig.  7  Circulation  and  stream  function  distributions  as  a 
function  of  radius  for  A  —  2.7. 
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Fig.  8  Circulation  and  stream  function  distributions  as  a 
function  of  radius  for  A  =  10. 


haust,  the  simplest  possible  assumption  will  be  made,  namel}^, 
that  the  radial  velocity  falls  to  zero  at  r  =  0  linearly  with 
r.  Under  these  conditions, 


/  = 


[> 


(1  -  f) 


QqI  _  7*c" 


(15) 


when  r  <  r^. 

Considering  Eqs.  (12-15),/  may  be  written  as 


/  = 


y  =  X  ;i  _  (1  _ 
Ve  * 


where 


dr) 

r(^)J  27^^^ 


_  To  J  Lr(i?)J  2lr,yr. 


I  >  ri>  ti, 
(16) 

dr)  \ 


f 


0  <  7)  ^  Ve 


0.27  /ForoX  _  2rcj 

{Re^y^^AQol/  ~ 


(17) 


Equations  (11)  and  (16)  determine  /  and  U  as  functions  of  the 
radius  and  the  parameters  Rcr,  Ay  Ve/ro,  and  f.  These  equa¬ 
tions  have  been  solved  iteratively  using  a  digital  computer 
for  ranges  of  the  governing  parameters,  and  the  results  are 
l)resented  and  discussed  in  the  next  section. 


solved  in  the  Appendix.  In  this  limit,  the  circulation  dis¬ 
tribution  remains  constant  for  A  <  0(1).  For  A  >  0(1), 
the  circulation  remains  constant  with  decreasing  radius  from 
Tq  until  all  of  the  flow  reaches  the  end-wall  boundary  layers. 
Between  this  radius  and  the  edge  of  the  exhaust  hole  the 
total  radial  flow  remains  in  the  boundary  layers,  and  the 
circulation  distribution  is  that  required  to  drive  this  boundary- 
layer  flow. 

Results  of  the  digital  computer  solutions  for  T  and  /  dis¬ 
tributions  corresponding  to  various  combinations  of  the 
governing  parameters  are  shown  in  Figs.  5-8.  All  of  these 
results  were  obtained  for  a  constant  value  of  r<,/ro  =  i-  The 
successive  figures  correspond  to  increasing  values  of  A, 
Values  of  radial  Reynolds  number  have  been  chosen  so 
that  results  representative  of  the  distributions  obtainable 
are  presented.  In  most  of  these  figures,  curves  are  plotted 
only  for  f  =  0  and  f  =  1,  since  results  for  intermediate 
values  may  be  easily  inferred  from  those  presented.  In 
Fig.  6,  the  curve  for  f  =  0.5  is  also  presented,  indicating  a 
rather  uniform  variation  of  the  distributions  with  f  between 
the  extremes  of  zero  and  one.  Results  of  the  analytical 
solution  of  the  Appendix  for  Rcr  =  —  are  included  in 
Figs.  7  and  8. 

The  curves  illustrate  that  when  A  <  I  the  effect  of  the 
boundary-layer  interaction  is  relatively  small.  The  same  is 
true  when  \Rer\  is  small  regardless  of  the  value  of  A.  In 
both  of  these  areas,  of  course,  the  influence  of  f  is  also  small. 
For  slightly  larger  values  of  .4,  the  boundary-layer  inter¬ 
action  begins  to  exert  a  considerable  influence,  especially  at 
the  higher  values  of  |  Rer  \ .  The  effect  of  f  also  becomes 


IV.  Discussion  of  Results 

The  quantity  A  characterizes  the  boundary-layer  inter¬ 
action  since  it  is  a  measure  of  the  fraction  of  the  total  mass 
flow  that  passes  through  the  boundarj^  layer.  If  F  were 
constant  and  equal  to  Fo  for  all  r,  then  it  can  be  seen  from 
Eqs.  (13,  14,  and  17)  that  A  would  be  equal  to  the  fraction  of 
the  total  mass  flow  in  the  boundaiy  layers  at  r  =  0.  Also, 
from  Eq.  (17)  it  is  seen  that  A  ^  so  that  small  values 

of  e  ordinarily  correspond  to  large  values  of  the  boundary- 
layer  interaction  parameter.  Thus,  it  is  precisely  in  the 
regime  where  F  is  independent  of  z  that  the  end-wall  bound¬ 
ary-layers  will  play  a  significant  role  in  the  determination 
of  the  radial  F  distribution. 

An  interesting  excejition  occurs  in  the  limit  of  A  going  to 
^ero  as  a  result  of  frictionless,  or  suitably  rotating,  end  walls 
(i.e.,  not  because  e  becomes  large).  In  this  case,  the  present 
problem  becomes  identical  with  that  considered  by  Einstein 
and  Li.®  This  solution  is  shown  in  Fig.  4  for  three  values  of 
the  radial  Reynolds  number  and  Ve/ro  = 

Another  interesting  limiting  case,  which  may  be  solved 
analytically,  occurs  when  Rcr  — ►  —  oo .  This  case  has  been 


Fig.  10  Minimvim  mass  flow  in  the  primary  flow  region  as 
a  function  of  A  for  constant  Rcr. 
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Fig.  11  Amount  of  fluid  returned  by  the  boundary  layers 
to  the  primary  flow  as  a  function  of  A  for  constant  Rcr* 

more  pronounced  here.  A  value  of  f  =  1  causes  the  circula¬ 
tion  distribution  to  stay  closer  to  a  constant  and  results  in 
increases  of  Te/Fo  of  up  to  20%.  Its  influence  on  the  mass- 
flow  distribution  is  more  profound  (as  seen  in  Figs.  6  and  7), 
resulting  in  negative  values  of  /,  which  implies  that  the 
boundary-layer  mass  flow  is  locally  greater  than  the  total 
through-flow  so  that  radial  outflow  must  exist  in  the  primary- 
flow  region.  It  is  interesting  to  note  that,  in  spite  of  this 
excess  mass  flow  in  the  boundary  layers,  the  F  distribution 
remains  essentially  constant. 

At  still  larger  values  of  the  interaction  parameter,  the  F 
distribution  decreases  faster  (see  Fig.  8),  and  the  theoretical 
results  for  infinite  Reynolds  number  are  approximated 
closely  by  those  for  more  moderate  Reynolds  numbers. 

In  order  to  characterize  the  effect  of  the  interaction  in  a 
simple  way,  the  value  of  F^/Fo  is  plotted  in  Fig.  9  as  functions 
of  A  and  Rcr  for  re/ro  =  -g.  This  curve  also  illustrates  the 
influence  of  It  is  seen  that,  for  f  =  0,  values  of  Fe/Fo  be¬ 
gin  to  depart  from  one  when  A  >  1 .2,  even  for  infinite  Reyn¬ 
olds  number.  For  f  =  1,  this  departure  is  delayed  until  A  > 
2.2. 

The  mass-flow  distributions  are  characterized  by  the  mini¬ 
mum  value  of  /  (designated  /«)  and  the  amount  of  fluid  that 
is  returned  by  the  boundary  layers  to  the  primary  flow  (/«  — 
These  distributions  are  plotted  in  Figs.  10  and  11. 


Fig.  12  The  ratio  of  laminar  radial  Reynolds  number  to 
effective  turbulent  radial  Reynolds  number  as  a  function 
of  tangential  Reynolds  number. 


Negative  values  of  fm  indicate  reverse  flow  regions  in  the 
primary  flow. 

In  order  to  assess  the  influence  of  on  the  F  and  /  distribu¬ 
tions,  solutions  were  obtained  for  values  of  re/ro  other  than 
These  results  are  contained  in  Ref.  19. 

The  effects  of  compressibility  are  also  treated  in  Ref.  19 
by  consideration  of  an  isothermal  flow.  It  is  concluded  that 
the  present  results  are  accurate  for  most  practical  applica¬ 
tions.! 

V.  Comparison  with  Experiment  and 
Comments  Regarding  Turbulence 

It  has  been  traditional  to  compare  experimental  results 
and  theory  by  matching  the  measured  circulation  distribu¬ 
tions  (deduced  from  static  pressure  measurements)  with  the 
analytical  predictions.  In  all  cases,  it  has  been  found  that 
circulation  profiles  could  be  matched  only  when  the  measured 
laminar  radial  Reynolds  number  was  much  higher  than  its 
theoretical  counterpart.  As  mentioned  in  the  Introduction, 
previous  investigations  of  vortex  flow  in  tubes  were  based  on 
one-dimensional  flow  models  (equivalent  to  setting  A  =  0 
in  the  present  theory)  and  tended  to  ascribe  discrepancies 
between  measured  and  theoretically  computed  circulation 
profiles  to  the  presence  of  turbulence  in  the  flow  field.  It  was 
assumed  that  the  turbulence  produced  a  large  ‘‘eddy  vis¬ 
cosity^^  that  in  turn  resulted  in  a  reduced  radial  Reynolds 
number.  The  ratio  of  the  theoretically  deduced  “effective” 
radial  Reynolds  number  to  the  actual  radial  Reynolds  num¬ 
ber  based  on  a  laminar  viscosity  was  used  as  a  measure  of 
the  turbulence  level  in  the  tube.  Thus,  Keyes, ^  for  ex¬ 
ample,  was  able  to  arrive  at  a  correlation  between  apparent 
turbulence  level  and  the  tangential  peripheral  Reynolds  num¬ 
ber  of  the  flow. 

Subsequently,  KendalF®  and  others  pointed  out  the  signifi¬ 
cance  of  the  end-wall  boundary-layer  interaction  and  sug¬ 
gested  that  the  reduction  in  F  distribution,  which  had  been 
attributed  to  turbulence,  may  indeed  be  explainable  largely 
or  wholly  by  the  three-dimensional  boundary-layer  inter¬ 
action.  It  was  argued  that  diversion  of  flow  into  the  bound¬ 
ary  layers  reduced  the  radial  Reynolds  number  in  the  pri¬ 
mary  flow,  thus  accounting  for  the  reduced  values  of  F/Fq. 

As  the  present  study  shows,  however,  when  F/Fo  begins 
to  depart  from  one,  the  boundary-layer  growth  slows  down 
and  finally  reverses,  resulting  in  fluid  being  returned  to  the 
primary  flow.  Since  only  a  fraction  of  the  fluid’s  angular 
momentum  is  lost  in  the  boundary  layer  (on  the  average), 
mass  ejection  from  the  boundary  layer  tends  to  support  the 
angular  momentum  distribution,  retarding  its  further  de¬ 
cline.  Finite  values  of  f  contribute  further  to  this  trend, 
resulting,  as  has  been  seen,  in  the  requirement  that  A  be 
greater  than  1.2  for  f  =  0  (or  2.2  if  f  =  1)  before  any  sig¬ 
nificant  degradation  of  the  F  profile  occurs  because  of  the 
boundary-layer  interaction. 

In  order  to  determine  whether  three-dimensionality  can 
indeed  explain  all  or  part  of  the  experimentally  observed 
velocity  distributions,  some  new  experiments  were  conducted, 
using  two  different  vortex  chambers.  Somewhat  modified 
versions  of  the  apparatus  described  by  Rosenzweig^o  and  by 
Grabowsky  and  Rosenzweig^^  were  used.  The  vortex  tubes 
were  similar  to  those  employed  by  Keyes,  having  rows  of  dis¬ 
crete  jets  injecting  tangentially  at  the  periphery  and  a  central 
exhaust  hole  at  one  end.  One  tube  was  2-in.  i.d.  X  12  in. 
long  and  was  operated  in  a  low-density  (low  Reynolds  num¬ 
ber)  regime  with  either  nitrogen  or  helium  as  the  working 
fluid.  The  other  tube  was  5-in.  i.d.  X  15  in.  long  and  was 
operated  with  nitrogen  only.  Mass-flow  measurements  and 
radial  pressure  distributions  were  taken.  The  latter  were 
used  to  infer  tangential  velocity  distributions.  It  was  pos- 


§  An  independent  analysis  by  Anderson^^  has  treated  the  com¬ 
pressibility  effects  in  more  detail  but  with  similar  conclusions. 
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siblc,  therefore,  to  calculate  A ,  Fe,  and  the  laminar  radial  and 
tangential  Reynolds  numbers  from  the  measured  quantities. 

In  comparing  the  normalized  values  of  Te  with  those  pre¬ 
dicted  by  the  present  theory  for  the  same  values  of  A  and 
Rcry  it  was  found  that  the  experimental  values  were  consist¬ 
ently  lower,  the  discrejmncy  being  larger  for  higher  tangential 
Reynolds  numbers.  Thus,  the  trends  indicated  by  the 
one-dimensional  analyses  were  still  present. 

Assuming  that  the  theory  adequately  represents  the  three- 
dimensional  interaction,  it  must  be  concluded  that  end- 
wall  boundary-layer  effects  alone  cannot  explain  the  rela¬ 
tively  weak  vortices  observed  in  experiments.  In  the 
authoi’s’  opinion  it  is  most  probable  that  the  discrepancy  is 
due  to  the  presence  of  turbulence  in  the  experimental  flow 
field. 

If  it  is  assumed  that  the  effects  of  turbulence  can  be 
treated  theoretically  by  the  introduction  of  a  S])atially  con¬ 
stant  turbulent  “eddy  viscosity”  and  suitably  time-averaged 
velocity  components  (as  is  traditional  in  turbulent  analyses), 
then  the  ])resent  theory  remains  valid  if  the  radial  Reynolds 
number  is  rei)laced  by  an  “effective”  Reynolds  number  based 
on  the  eddy  viscosity.  This  hypothesis  is  certainly  a  ques¬ 
tionable  one  for  the  present  flow  configuration  because  of  the 
strong  radial  gradients  and  the  likelihood  that  the  turbulent 
fluctuations  are  highly  anisotroj^ic.  Nevertheless,  because 
of  its  simplicity,  it  has  been  used  in  the  one-dimensional  an¬ 
alyses  and  will  be  jmrsued  further  here  for  comparison. 

The  ex])eriments  just  described  were  used  in  conjunction 
with  the  theory  to  infer  a  value  of  effective  radial  Reynolds 
number  (Rer*).  Results  are  shown  in  Fig.  12  as  a  ratio  of 
actual  to  “effective”  radial  Reynolds  number  vs  tangential 
Reynolds  number  based  on  tube  radius.  A  spread  is  indi¬ 
cated  for  each  test  point,  the  upi^er  bound  corresponding  to 
f  =  1  and  the  lower  to  f  =  0.  Also  shown  are  several  actual 
measurements  of  turbulence  intensity  made  by  KendalB® 
using  a  hot-wire  anemometer  and  Keyes^  least-squares  line, 
which  was  fitted  to  data  reduced  using  the  one-dimensional 
hy])othesis.^  Values  of  A  in  the  present  experiments  varied 
from  0.6  to  1.5,  and  Rer  ranged  from  12  to  several  thousand. 
Calculations  indicate  that  values  of  A  of  order  one  were  also 
representative  of  Keyes’  experiments.  The  compaiison 
shown  in  Fig.  1 2  indicates  that  early  estimates  of  turbulence 
levels  in  jet-driven  vortices,  even  though  based  on  one¬ 
dimensional  flow  models,  are  not  far  from  those  arrived  at 
after  consideration  of  three-dimensional  effects. 


VI.  Conclusions 

The  equations  governing  the  interaction  between  the  pri¬ 
mary  flow  and  end-wall  boundary  layers  in  a  vortex  tube  have 
been  ju’esented  and  solved  iteratively  on  a  digital  computer. 
The  controlling  parameters  include  a  boundary-layer  inter¬ 
action  parameter  A  representing  a  measure  of  the  mass  frac¬ 
tion  diverted  to  the  boundary  layers,  the  radial  Reynolds 
number,  and  a  parameter  f  representing  the  boundary-layer 
mass  ejection  occurring  as  a  result  of  the  geometrical  dis¬ 
continuity  existing  at  the  exhaust-hole  radius.  Circulation 
and  mass-flow  distributions  are  presented,  illustrating  the 
variety  of  results  obtainable  in  the  different  flow  regimes. 
Over-all  results  are  characterized  by  the  values  of  r^/Fo,  the 
circulation  ratio  at  the  exhaust  radius,  and  /„»,  the  minimum 
mass  flow  in  the  primary  flow  region. 

The  results  show  that,  if  A  <  1,  the  effect  of  the  boundary 
layer  interaction  on  the  circulation  distribution  is  small. 
The  same  is  true  if  |  Rer\  is  of  order  one,  regardless  of  A .  As 
A  increases,  the  effect  is  more  pronounced,  the  interaction 
producing  a  reduced  Te/To  and/^.  A  variation  of  f  from  zero 
to  one  produces  a  maximum  increase  of  approximately  20% 
in  Te/To,  but  can  have  a  profound  effect  on  fm,  causing  nega¬ 
tive  values  (i.e.,  reverse  flow)  to  occur  in  some  instances.  It 
has  been  shown  that  in  some  cases  it  is  possible  to  have  an 


excess  of  flow  in  the  boundary  layer  (i.e.,  <  0)  while 

T/To  remains  close  to  unity. 

The  theoretical  results  have  been  compared  with  experi¬ 
ments  by  matching  experimental  and  theoretical  circulation 
profiles  and  thereby  determining  a  ratio  of  actual  (laminar)  to 
“effective”  radial  Reynolds  number.  By  comparison  with 
previous  results,  it  has  been  concluded  that  turbulence  levels 
in  jet-driven  vortex  flows  arc  not  appreciably  less  than  those 
based  on  one-dimensional  model  assumptions. 


Appendix :  Analytic  Solution  for  Infinite 
Reynolds  Number 

An  analytic  solution  to  Eqs.  (11)  and  (16)  is  possible  in  the 
limit  of  Rcr  —  oo .  From  Eq.  (9)  it  is  seen  that,  in  order 
to  have  a  finite  value  of  /  in  this  limit,  either  an  infinity  or  a 
zero  in  F'  is  required.  Conversely,  any  F  distribution  is 
possible  when  /  ==  0,  since  the  product  Rerf  is  then  indeter¬ 
minate.  Therefore,  it  is  evident  that  in  this  limit  F  will  re¬ 
main  constant  at  large  radii  until  all  of  the  flow  reaches  the 
end-wall  boundary  layers,  i.e.,  until  /  =  0.  Proceeding 
inward  from  this  point,  all  the  flow  will  remain  in  the  bound¬ 
ary  layers,  and  the  circulation  will  distribute  itself  in  just  such 
a  way  as  to  keep  /  =  0.  This  distribution  may  be  found  by 
writing  Eq,  (13)  in  differential  form 


Wdr)Qi,LT  -  aQBfXdT/dr)  =  acT'^ 
For  Qbl  —  const,  this  reduces  to 


1  dr  _  ac 

T^Jr~ 


Equation  (A2)  integrates  to 

Fo  _  A  r 

T  (1  -  «)(1  ^/)ro 


(Al) 


(A2) 


(A3) 


in  terms  of  previously  defined  dimensionless  parameters. 
The  constant  C2  is  evaluated  by  the  condition  that  F/Fo  = 
1  at  r  =  r,  the  radius  at  which  /  first  reaches  zero.  For 
r  >  r,  from  Eqs.  (12)  and  (13) 


/  =  1  -  A  [1  -  (r/ro)] 


Therefore, 


r/ro  =  1  —  1/A 


(A4) 

(A5) 


From  Eq.  (A5)  and  the  condition  that  T/Tq  =  1,  /  =  0  at 
f  =  r ,  Eq.  (A3)  reduces  to 


F _ g  -  1 

Fo  ~  a  -  2  +  A(1  -  (r/ro)] 


r  <  f  (A6) 


For  f  =  0,  the  solution  for  the  F  distribution  in  the  limit 
of  Rcr  ^  —  00  is  r  =  Fo  for  r  >  r  and  is  given  by  Eq.  (A6)  for 
Te  <  r  <  r.  Inside  the  exhaust  radius  it  is  undetermined. 

The  solution  for  f  0  is  slightly  different.  At  the  radius 
of  the  exhaust,  flow  is  forced  out  of  the  boundary  layer  so 
that  /  >  0  when  r  <  r«.  Thus  F'  must  be  zero  here  from  Eq. 
(9).  Furthermore,  differentiation  of  Eq.  (11)  indicates 
that  F'  must  remain  zero  for  r  >  r^  until 


(A7) 


This  in  turn  requires  /  to  be  negative  in  some  region  outside 
the  radius  of  the  exhaust.  Thus,  for  f  0,  Eq.  (A6)  applies 
only  to  r  >  r*,  with  r*  defined  so  that 


(A8) 
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To  complete  Eq.  (A8),  /  is  given  by 

/  ==  (v/Ve)[l  +  (1  —  r)(/e  -  1)]  V  <  Ve 

(A9) 

/  =  A{T./To)W^^  -  Ve<V<  V* 

Equations  (A8)  and  (A9)  yield  an  algebraic  equation  relating 
Feand  ?/*: 

1  -  (1  -  f)  |l  -  .4  -  (>?*)‘'^]|  =  ^  ^  X 

^  -  2[(,*)>'*  -  (,,,)'/^]|  (AlO) 

A  second  equation  relating  F^  and  r?*  is  obtained  from  Eq. 
(A6),  which  is  valid  at  r?* : 

^  ^ f A1  D 

Fo  "  a  -  2  +  A[1  - 

Equations  (AlO)  and  (All)  must  be  solved  simultaneously 
to  obtain  Fe  and  rj*.  Results  for  F«/Fo  are  included  in  Fig.  9. 
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Experimental  data  on  the  temperature  dependence  of  the  ion,  electron,  and  neu  tral  emitting 
properties  of  clean,  carbided,  and  oxygenated  porous  tungsten  indicate  that  1)  W2C  has  a 
higher  work  function  v)  than  does  clean  tungsten,  it  adsorbs  cesium  less  tightly  at  ion 

operating  temperature  than  does  clean  tungsten,  and  therefore  it  emits  fewer  neutral  cesium 
atoms  and  possesses  a  lower  critical  temperature  than  does  clean  tungsten;  2)  oxygenated 
tungsten  has  a  higher  work  function  (^5.0  v)  than  does  clean  tungsten,  it  adsorbs  cesium  more 
tightly  than  does  clean  tungsten,  and  therefore  it  emits  fewer  neutrals  and  possesses  a  higher 
critical  temperature  than  does  clean  tungsten.  The  clean  tungsten  is  produced  by  exposure 
to  oxygen  to  remove  carbon,  long-time  high-temperature  cesium  ion  operation,  and  sputter¬ 
ing  in  high  vacuum  free  of  oxygen  and  hydrocarbons.  The  carbided  surface  is  produced  by 
cracking  hydi’ocarbon  vapors  (C2H2,  CII4,  C2II4,  etc.)  and  stabilizing  by  high-temperature 
operation.  X  rays  show  the  surface  to  be  W2C,  and  an  increase  in  thermal  emissivity  is  noted. 
Oxygenated  tungsten  is  pi-oduced  by  exposing  to  oxygen  partial  pressures  of  from  1  X  10  * 
to  1  X  10  tori’.  The  experimentally  observed  effects  of  other  impurities  (calcium,  silicon,  and 
boron)  are  also  discussed. 


Introduction 

IN  the  use  of  hot  })orous  tungsten  to  i)roduce  cesium  ions  for 
electrical  propulsion,  the  degi'ee  of  tungsten  purity  is  of 
extreme  importance.  Materials  affect  the  tungsten  per¬ 
formance  mainly  altering  the  work-function,  the  cesium  bind¬ 
ing  energy,  and  the  emissivity.  The  materials  that  raise  the 
work-function  lower  the  ratio  of  neutral  emission  to  ion  emis¬ 
sion.  Materials  that  lower  the  work  function  increase  the 
neutral  emission,  often  above  the  ion  emission.  If  the  bind¬ 
ing  energy  is  increased,  the  critical  temperature  necessary  to 
evaporate  a  given  current  density  of  ions  will  increase.  If 
the  binding  energy  is  decreased,  the  critical  temperature  will 
be  lower. 

Tungsten  can  be  brought  to  a  very  high  degree  of  purity 
sim])!}^  by  raising  its  temperature,  causing  foreign  materials 
to  diffuse  to  the  surface  and  evajiorate.  In  the  case  of  prac¬ 
tical  ion  emitters,  however,  the  practical  difficulties  of  heating- 
large  areas,  the  tem])erature  limitations  imposed  by  the 
brazes,  and  deleterious  effects  of  further  sintering  interfere 
with  the  use  of  this  method.  The  experimenter  may,  there¬ 
fore,  often  be  working  with  other  than  clean  tungsten. 

This  pa])er  describes  experiments  on  porous  tungsten  emit¬ 
ters  in  which  s])ecial  measures  were  taken  to  control  surface 
conditions.  Ultrahigh  vacuum  was  maintained,  emitters 
were  designed  to  allow  prolonged  heating  to  2000°  K,  cap¬ 
ability  for  surface  sputtering  was  provided,  and  controlled 
amounts  of  impurities  could  be  introduced. 

Results  are  presented  showing  that  oxygen  decreases 
neutrals  but  increases  critical  temperature.  Carbon  de¬ 
creases  neutrals  and  decreases  the  critical  temperature,  but 
raises  emissivity.  Cahdum  increases  neutrals  and  increases 
critical  tem]:)erature.  These  observations  result  from  careful 
repeated  study  of  each  of  these  materials  deposited  on  tung¬ 
sten  that  had  first  been  cleaned  by  high-temperature  opera¬ 
tion  in  high  vacuum  followed  by  sputtering. 


Presented  as  Preprint  64-11  at  the  AIAA  Aerospace  Sciences 
Meeting,  New  York,  January  20-22,  1964;  revision  received 
August  6,  1964.  This  work  was  supported  by  Contract  No. 
NAS3-2524  through  the  NASA  Lewis  Research  Center. 
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Experimental  Procedures 

The  measurements  were  made  on  l-in.-diam  porous  tung¬ 
sten  disks  manufactured  by  Semicon  of  California.  The  ions 
are  focused  and  accelerated  by  two  fine  grids  of  tungsten  wires. 
These  grids  can  be  heated  to  2600°  K  so  as  to  keep  the  surface 
clean.  Electron  currents  from  the  accelerating  grid  to  the 
source  during  ion  emission  and  from  the  focusing  grid  during 
electron  emission  are  thus  eliminated.  When  maintained 
hot  and  at  a  positive  potential,  the  grids  also  can  be  used  to 
sputter  the  tungsten  source,  since  a  fraction  of  the  cesium 
from  the  source  will  be  intercepted,  surface-ionized,  and  ac¬ 
celerated  back  to  the  source. 

A  hot-ribbon  neutral  sensor  off  to  one  side  of  the  ion  beam 
“sees”  the  surface  of  the  porous  tungsten  through  the  fine  set 
of  grid  wires.  Although  the  neutral  detector  measures  propel¬ 
lant  utilization  as  modified  by  the  accelerating  structure 
rather  than  the  desired  true  neutral  fraction,  in  this  case,  be¬ 
cause  of  the  small  amount  of  neutral  scattering  by  the  fine 
grids,  the  two  are  essentially  the  same. 

The  vacuum  obtained  by  a  Welch  “turbomolecular”  pump 
is  oxygen-free  and  hydrocarbon-free,  as  monitored  by  a  mass 
spectrometer  mounted  in  the  system.  A  large  copper  surface 
at  liquid  nitrogen  temperature  surrounds  the  ion  source,  cools 
the  neutral  detector,  and  condenses  cesium  and  water  vapor. 
The  total  pressure  when  operating  is  a  few  times  10  ton* 
and  is  mostly  untrapped  cesium. 

A  clean  tungsten  surface  is  obtained  by  first  heating  in 
oxygen  to  remove  carbon,  operating  for  hours  at  a  relatively 
high  (5-10  ma/cm^)  cesium  ion  current  density  at  2000° K, 
and  then  sputtering.  Such  a  surface  can  then  operate  clean 
for  many  minutes.  During  this  time  a  leak  of  oxygen  pro¬ 
ducing  a  pressure  of  1  X  10  torr  will  detectably  alter  the 
surface  condition.  Because  the  measurements  were  made  on 
thoroughly  cleaned  porous  tungsten  at  relatively  low  ion 
current  density  where  the  pore  distribution  has  little  effect, 
these  data  are  believed  to  be  valid  for  all  clean  porous  tung¬ 
sten  regardless  of  manufacturer. 

The  carbided  surface  is  produced  by  cracking  hydrocarbon 
vapors  (C2H2,  CH4,  C2F4,  etc.)  and  stabilizing  by  high-tem¬ 
perature  operation.  The  short  exposure  time  (minutes)  and 
the  low  pressure  (a  few  times  10  torr)  results  in  a  very  thin 
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Fig.  1  Electron  emission  S- shaped  curve  for  clean  porous 
tungsten  ionizer. 


coating  of  WoC  a  few  microns  thick.  It  has  been  identified 
by  X  rays.  This  surface  can  be  cleaned  up  by  long  (at  high 
T)  exposure  to  oxygen.  It  is  noteworthy  that  oxygen  at  any 
pressure  up  to  10“^  torr  or  more  has  no  effect  on  the  electronic 
properties  of  this  surface  for  considerable  periods  of  exposure. 
This  effect  and  the  cleanup  of  carbon  is  attributed  to  the 
rapid  formation  and  evaporation  of  CO. 

The  qualitative  features  of  an  oxygenated  surface  have  been 
gathered  over  a  long  period  of  time  on  many  different  samples 
of  porous  tungsten.  The  quantitative  effect  depends  on  the 
degree  of  oxygenation,  cesium  ion  current  density,  trace  im¬ 
purities,  and  the  past  history  of  the  surface.  The  carbided 
surface,  on  the  other  hand,  exhibits  the  same  quantitative 
characteristics  time  and  time  again  on  different  sources  car- 
bided  in  different  manners.  This  surface  is  also  much  less 
sensitive  to  traces  of  poisoning  contaminants.  The  truly 
clean  tungsten  surface  is  harder  to  achieve  and  maintain; 
after  the  tungsten  is  essentially  clean,  the  remnant  surface 
contaminants  such  as  oxygen  can  be  sputtered  off. 

Experimental  Results 

Clean  Tungsten 

In  Fig.  1  is  plotted  the  electron  current  density  from 
clean  porous  tungsten  fed  with  cesium.  The  feed  rate  was 
such  as  to  produce  1  ma/cm^  ion  current  density  if  the  voltages 
were  reversed.  Plotted  lightly  in  the  background  are  con¬ 
stant  work-fimction  lines  based  on  the  Richardson  equation 
j  =  120  exp(— amp/cm^.  When  the  experimental 
points  lie  parallel  to  these  lines,  the  surface  is  maintaining  a 
constant  work-function.  The  value  of  the  work-function  of 
any  point  can  be  interpolated  from  its  position  on  the  experi¬ 
mental  curve  relative  to  the  lines  of  constant  <F.  We  can  see 
in  this  instance  that,  at  high  temperature,  cesium  coverage  is 
essentially  zero,  and  we  find  the  work-function  of  this  clean 
porous  tungsten  to  be  4.7  v.  At  lower  temperatures,  the 
cesium  sticks;  this  lowers  the  work-function,  and  causes  the 
electron  emission  to  increase.  The  temperature  at  which  the 
electron  current  crosses  the  3.7  v  line  (1300° K  in  Fig.  1)  is 
approximately  the  critical  temperature  for  ion  emission. 

Under  different  surface  conditions,  the  /S-shaped  curve  may 
dejiart  from  the  constant  work-function  line  at  higher  tem¬ 
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Fig.  3  Electron  emission  S-shaped  curve  for  oxygenated 
porous  tungsten  ionizer. 


peratures,  the  minimum  electron  emission  may  occur  at  a 
higher  temperature,  and  the  rising  portion  of  the  curve  on  the 
low-temperature  side  of  the  minimum  may  have  a  greater 
slope.  The  critical  temperature  then  will  be  higher.  The 
portion  of  the  curve  to  the  right  of  the  critical  temperature 
relates  to  the  adherence  of  large  cesium  coverages  and  has  no 
bearing  on  ion  production. 

In  Fig.  2  we  see  the  percentage  fraction  of  neutral  cesium 
emitted  from  the  same  surface  during  ion  operation  at  high 
voltages.  At  the  right,  the  temperature  is  below  critical,  and 
the  neutrals  are  nearly  100%.  The  critical  temperature  is  in¬ 
deed  1300°  K.  Constant  work-function  lines  are  shown,  based 
on  the  Saha-Langmuir  equation,  which  predicts  that  the 
fraction  of  the  total  cesium  emitted  as  neutrals  will  be 

a  =  (1  +  1  expe(^>  -  V,)/kT)-^ 

where  the  cesium  ionization  potential  Vi  is  3.9  v.  (A  report^ 
by  Teem  and  co-workers  shows  that,  when  a  patchy  surface 
is  involved,  it  is  the  electron  work-function  as  we  measure 
it  with  A  =  120  which  should  be  used  in  this  equation  to  pre¬ 
dict  neutrals.)  At  high  temperatures  the  cesium  coverage 
is  very  low,  and  the  work-function  is  that  of  clean  tungsten. 
The  resulting  neutral  fraction  and  its  temperature  dependence 
agree  reasonably  well  with  the  work-function  found  from  the 
S curve. 

Oxygenated  Tungsten 

Figure  3  shows  the  fi^-shaped  curve  for  oxygenated  tungsten. 
The  dotted  curve  for  clean  tungsten  is  included  for  compari¬ 
son.  For  the  higher  temperatures  to  the  left,  we  see  a  high 
work-function  decreasing  toward  the  value  for  clean  tungsten. 
The  abrupt  steep  rise  as  the  temperature  is  decreased  indicates 
that  the  cesium  has  a  high  binding  energy  and  that  a  high 
critical  temperature  will  result.  Although  oxygenated  tung¬ 
sten  in  vacuum  results  in  a  larger  low-temperature  maximum,  ^ 
the  continuous  maintenance  of  an  oxygen  pressure  pressure 
in  this  case  suppresses  the  electron  emission  at  low  tem¬ 
perature.  In.  Fig.  4  we  see  that  the  critical  temperature  is 
increased  and  that  the  neutrals  are  lower,  relative  to  clean 
tungsten.  The  broad  flat  minimum  region  indicates  the  ad¬ 
herence  of  a  sizable  cesium  coverage  to  quite  high  tempera¬ 
tures,  again  indicating  a  high  binding  energy. 


2000  1600  1400  1200 


EMITTER  TEMPERATURE,  "K 


Fig.  2  Cessium 
neutral  fraction  vs 
temperature  for 
clean  porous  tung¬ 
sten  ionizer. 
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Fig  4  Cesium 

neutral  fraction  vs 
temperature  for 
oxygenated  porous 
tungsten  ionizer. 
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Fig.  6  Cesium  neu¬ 
tral  fraction  vs  tem¬ 
perature  for  carbu¬ 
rized  porous  tung¬ 
sten  ionizer. 


Fig.  5  Electron  emission  S-shaped  curve  for  caburized 
porous  tungsten  ionizer. 

Carburized  Tungsten 

In  Fig.  5  the  5-shapcd  curve  for  carbided  tungsten  is  shown. 
The  work-function  is  about  4.85  v.  Also  as  evidenced  by  the 
low  valley,  the  binding  energy  is  lowered,  predicting  a  lower 
critical  temperature  (1210®K).  It  is  of  interest  to  note  that 
the  binding  energy  for  large  cesium  coverages  is  increased, 
giving  a  larger  low-temperature  peak  emission.  This  char¬ 
acteristic  is  in  close  analogy  to  the  effect  of  W2C  on  electron 
emission  from  barium-im])rcgnated  porous  tungsten.  At  high 
temperatures,  W2C  is  used  to  suppress  electron  emission  by 
allowing  the  barium  to  evaporate.  At  low  temperatures, 
electron  emission  is  enhanced  from  W2C  areas. ^ 

Figure  6  shows  the  neutral  fraction  vs  temperature  for 
carbided  tungsten.  We  sec  that  the  critical  temperature  is 
lower,  that  the  neutrals  are  lower,  and  that  the  strong  tem¬ 
perature  dependence  as  governed  by  the  Saha-Langmuir 
equation  is  evidenced. 

The  im})roved  ion  emitter  properties  of  carbided  tungsten 
are  offset  by  its  higher  thermal  emissivity,  which  is  approxi¬ 
mately  0.4.  Also  a  continuous  high  rate  of  carbon  deposition 
will  eventually  form  the  nonequilibrium  WC  phase  on  the 
surface  which  has  a  lower  work  function^  and  will  degrade  the 
ion  emitting  properties. 


crease  of  neutrals  with  current  density  because  of  insufficiently 
fine  pore  distribution  is  barely  seen  here.  As  pointed  out  by 
the  work  of  Hussman,^  the  neutrals  increase  at  higher  ion 
current  densities,  badly  so  with  a  coarse-grain  porous  tung¬ 
sten  and  less  so  with  a  fine-grain  porous  tungsten.  Also,  the 
critical  temperature  is  less  well  defined  at  high  ion  current 
densities  with  a  large  range  of  temperatures  where  an  increase 
in  temperature  decreases  the  neutrals.  High  current 
densities  up  to  16  ma/cm^  on  many  different  porous  tungsten 
samples  have  been  studied  by  the  authors,  and  the  different 
characteristics  of  high-current-density  ion  emission  and  the 
data  presented  here  are  not  contradictory  and  are  due  to  the 
joore  distribution. 

Conclusion 

An  oxygenated  tungsten  surface  is  identifiable  from  its 
*S-sha])ed  curve  by  its  high  bare  work-function  and  high 
cesium  coverage  at  ion  operating  temperatures  and  from  its 
ion  emission  by  the  high  critical  temperature  and  the  small 
constant  percentage  value  of  neutrals  at  higher  temperatures. 
A  carbided  surface  is  identifiable  from  its  5-shaped  curve  by 
its  stable  4.85  v  work-function  insensitive  to  oxygen  and  the 
deep  minimum,  and  from  its  ion  emission  by  the  low  critical 
temperature  and  the  rai)id  rise  of  neutrals  at  higher  tempera¬ 
tures.  Clean  tungsten  is  identifiable  by  its  known  work-func¬ 
tion  and  its  exti’eme  sensitivity  to  small  amounts  of  oxygen. 


Calcium,  Floiirine,  and  Other  Contaminants 

Calcium  was  studied  and  found  to  be  a  bad  poison;  it  ap- 
I)eared  both  to  lower  the  work-function,  thereby  producing 
high  neutral  emission,  and  to  hold  the  cesium  tightly,  produc¬ 
ing  a  high  critical  temperature.  High-temperature  operation 
was  necessary  in  order  to  lower  the  calcium  concentration  on 
the  surface  by  evaporation.  A  high  pseudocritical  tempera¬ 
ture  existed  where  the  diffusion  rate  to  the  surface  matched 
the  evaporation.  This  temperature  was  often  above  1700° K. 

Fluorine  acts  like  oxygen.  It  raises  the  critical  tempera¬ 
ture  and  lowers  the  neutrals.  Silicon  and  boron  were  found 
to  have  little  effect  on  ion  and  neutral  emission,  although  they 
raised  the  tungsten  work-function  slightly. 

The  presented  data  have  all  been  at  the  relatively  low  cur¬ 
rent  density  of  I  ma/ cm^  in  order  to  illustrate  graphically  the 
basic  effect  of  work-function  and  binding  energy.  The  in¬ 
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The  exhaust  velocity  of  a  propellant  gas  from  an  isothermal  cavity  can  be  significantly  in¬ 
creased  by  a  factor  of  approximately  1.7  above  that  corresponding  to  the  usual  isen tropic 
expansion  by  utilizing  multiple  reheat  by  blackbody  radiation  from  the  walls  during  expan¬ 
sion.  In  order  to  reduce  the  necessary  volume  and  the  frictional  drag  with  the  walls  during 
this  reheat  and  expansion  process,  the  gas  is  wrapped  up  in  a  rotational  flow  pattern  in  which 
angular  momentum  per  unit  mass  is  constant  along  all  streamlines.  As  a  consequence,  the 
expansion  in  the  nozzle  corresponds  to  the  conversion  of  rotational  to  linear  momentum, 
rather  than  the  usual  thermal  to  linear.  In  order  to  absorb  the  radiant  energy  from  the 
walls,  the  gas  must  have  a  sufficient  optical  opacity  (achieved  by  a  small  contaminant  addi¬ 
tion  to  hydrogen)  such  that  the  gas  in  the  cavity  is  approximately  one  radiation  mean  free 
path  thick. 


Rotational  gas  flow  can  be  used  to  enhance  the  ex¬ 
haust  velocity  from  a  constant-temperature  source 
provided  radiation-transport  heating  can  be  made  greater 
than  the  vortex  flow  frictional  decay  time.  In  simplest 
terms,  a  partially  isothermal  expansion  of  the  working  fluid 
can  be  achieved  as  opimsed  to  the  usual  adiabatic  expansion. 
The  additional  enthalpy  supplied  to  the  fluid  during  iso¬ 
thermal  expansion  results  in  a  higher  specific  impulse  for 
rocket  ai^jflications.  Since  this  enthalpy  must  be  added 
to  the  fluid  by  radiation  flow,  the  opacity,  density,  frictional 
decay  rate,  and  radiation  intensity  become  the  determining- 
quantities. 

There  are  two  general  forms  of  rotational  gas  flow:  one 
is  at  constant  angular  velocity  (frequently  referred  to  as 
‘Svheel  rotation”)  and  describes  the  lowest  order  state  of  a 
gas  in  equilibrium  inside  a  rotating  cylinder;  the  second 
form  occurs  at  constant  angular  momentum  per  unit  mass 
and,  to  exist,  requires  that  the  rate  of  angular  momentum 
supplied  to  the  flow  pattern  must  be  large  compared  to  the 
frictional  drag,  both  with  the  walls  and  internally.  The 
state  of  constant  angular  momentum,  therefore,  exists  either 
transiently  or  as  the  result  of  a  continuous  flow  of  injected 
angular  momentum  and  partially  degraded  exhaust. 

In  this  paper  we  are  primarily  concerned  with  the  second 
form  of  rotational  gas  flow  in  which  the  gas  is  injected  tangen¬ 
tially  at  the  periphery  of  a  cylindrical  cavity  and  expands 
radially  toward  the  axis.  The  gas  leaves  the  cavity  by  axial 
flow  through  a  hole  of  smaller  radius  at  one  end  of  the  cavity 
(Fig.  1).  Both  axial  and  radial  velocities  are  considered  as 
small  perturbations  to  the  primary  flow,  which  is  circular. 
The  energy  transferred  in  the  isothermal  expansion  from  the 
state  of  the  gas  at  the  outer  wall  to  that  at  the  smaller  radius 
of  exhaust  is  stored  in  kinetic  energy  of  rotational  velocity. 
This  rotational  velocity  can  then  be  converted  to  axial  ve¬ 
locity  in  a  standard  nozzle  (Appendix  A). 

It  is  useful  to  describe  the  density  and/or  pressure  dis¬ 
tribution  of  the  wheel  rotation  flow  in  order  to  gain  a  quali¬ 
tative  understanding  of  the  flow  pattern  near  injection.  In 
particular,  one  would  wish  to  substantiate  the  possibility  of 
injecting  the  gas  tangentially  at  the  periphery,  in  a  thin 
layer,  at  near-constant  angular  momentum  and  pressure 
equilibrium  with  the  surrounding  gas.  The  subsequent 
radial  and  rotational  flow  is  assumed  to  occur  at  constant 


Received  March  10,  1964;  revision  received  August  17,  1964. 
This  work  was  performed  under  the  auspices  of  the  U.  S.  Atomic 
Energy  Commission.  I  am  indebted  to  James  Hadley  and 
Harry  Reynolds  for  many  useful  discussions  and  encouragement. 
*  Physicist,  Lawrence  Radiation  Laboratory. 


angular  momentum.  The  conditions  required  for  this  to 
occur  will  be  discussed. 

Imagine  a  hot  cylindrical  cavity  (e.g.,  a  reactor  at  tempera¬ 
ture  T)  and  a  working  gas  injected  tangentially  at  a  velocity 
Uq.  To  the  extent  that  the  gas  flow  pattern  can  be  approxi¬ 
mated  by  a  rigidly  rotating  body  with  a  boundary  layer  in 
shear  between  the  gas  and  the  stationary  cylindrical  wall, 
then 

dp /dr  =  rf2V  (1) 

where 

Q,  =  angular  frequency 
p  =  pressure 
p  =  density 

However,  p  —  pkT/m,  and  letting  p(0)  =  density  at  the  axis, 
we  obtain 

p(0)  exp(Qh'hn/2kT)  (2) 

Defining 


then 

p  =  p(0)  exp[i¥2(rVV  “  1)1  (3) 

If  we  now  assume  for  the  injected  gas  ^  1,  so  that  the 
mass  is  concentrated  in  a  relatively  thin  layer  of  constant 
angular  momentum,  and  then  ask  for  the  distribution  as  this 
gas  is  heated  and  forced  toward  the  axis  conserving  angular 
momentum;  and  if  we  assume  sufficient  radiation  transport 
to  maintain  constant  temperatui*e,  then  the  velocity  dis¬ 
tribution  becomes 

rnClr'^  =  const,  or  Qr  —  u  —  u^r^/r  (4) 

Radial  equilibrium  from  Eq.  (1)  demands  that 
dp /dr  —  rOV  =  puah'o^/r^ 
or 

dp  __  dr 

p  kT/m  r^ 

Letting  po  and  po  be  the  density  and  pressure  at  the  wall,  then 
(see  Fig.  2) 

p  =  Po  expM^O-  —  rt/^/r^)  (5a) 

p  =  po  expM^il  —  ro^/r^)  (5b) 
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In  the  injection  nozzle,  M  may  be  large  in  order  that  the 
injected  gas  has  uniform  angular  momentum,  but  after 
entering  the  cavity  the  gas  is  soon  reheated  bj^  radiation.  If 
one  assumes  that  the  injected  gas  expands  rapidly  and  adia- 
batically  in  a  small  nozzle  from  a  reservoir  at  temperature 
T  and  is  then  reheated  “slowly”  in  the  cavity  to  the  same  tem¬ 
perature  T  by  radiation  flow,  then  one  obtains  M  =  [I/7  — 
1)1/2.  -phe  gas  is  then  assumed  to  leave  the  vortex  by  axial 
flow  from  the  cavity  at  the  radius  r.  The  density  distribu¬ 
tion  of  Eqs.  (5)  implies  a  large  expansion  ratio  during  the 
transport  from  Tq  to  r,  and  it  is  this  isothermal  exi*ansion 
that  gives  rise  to  the  enhanced  gas  velocity  UoTo/r. 

The  rate  at  which  energy  must  be  supplied  to  the  gas 
during  this  expansion  is  determined  i)rimarily  by  the  mass 
flow,  and  the  minimum  mass  flow  rate  in  turn  is  determined 
by  the  viscous  drag.  The  energy  removed  by  drag  must 
be  smaller  than  the  energy  supplied  by  radiation;  otherwise, 
the  enhanced  exhaust  velocity  cannot  be  achieved.  The 
drag  occurs  both  at  the  outer  wall  and  the  end  walls;  the 
internal  shear  flow  should  be  laminar  because  the  shear  fiow 
is  irrotational  at  constant  angular  momentum.  In  addition, 
the  density  and  pressure  distribution  of  Eqs.  (5)  is  stable 
against  small  adiabatic  radial  deformations.  This  condition 
is 

_  1  1  (0) 

y  p  dr  p  dr 

which  exiiresses  the  fact  that,  for  stability,  a  small  cell  of  gas 
transported  radially  outward  adiabatically  and  in  pressure 
equilibrium  with  its  surrounding  gas  must  have  lower  density 
than  its  surrounding  gas.  By  inspection,  the  distribution 
of  Eqs.  (5)  satisfies  the  inequality  (6)  provided  only  that  the 
specific  heat  ratio  7  >  1,  which,  indeed,  is  always  the  case. 
The  restoring  force  implied  by  Eq.  (6)  is  compared  to  the 
velocity  shear  stress  in  Appendix  B  and  shown  to  give 
stability.  Consequently,  the  internal  flow  should  be  laminar. 
The  drag,  therefore,  takes  place  at  the  outer  walls,  and  the 
internal  flow  can  be  considered  frictionless. 

The  drag  on  the  outer  wall  will  be  determined  by  turbulent 
flow  and  is  given  by 

r  =  Cfpn^  dynes/cm2  (7) 

where  c/  is  the  coefficient  of  turbulent  skin  friction,  which 
for  large  Reynolds  number  is  of  the  order 

The  drag  at  the  end  wall  is  determined  by  the  thickness 
of  the  Eckman  layer.  If  this  layer  is  less  than  100  mean 
free  paths  thick  (Rejmolds  number  of  100),  then  the  laminai 
shear  stress  becomes  the  drag.  If  the  layer  is  thicker  than 
100  mean  free  paths,  then  presumably  the  layer  will  be 
turbulent,  and  Eq.  (7)  gives  the  drag.  The  Eckman  layer 
is  the  depth  of  penetration  of  a  diffusion  wave  (e.g.,  viscous 
shear  wave)  within  the  traversal  time  of  sound  over  a  dis¬ 
tance  corresponding  to  the  local  logarithmic  density  gradient 
(i.e.,  scale  height  of  the  exponential  atmosi)heie).  dhis 
description  of  the  thickness  of  the  boundary  layer  has  been 
confirmed  by  Greenspan  and  Howard^  in  a  linearized  theory 
of  rotational  flow,  but  it  appears  physically  as  the  result  of 
the  “buoyancy”  of  the  nonrotating  gas  “rising”  in  the  cen¬ 
trifugal  gravitational  field  of  the  rotating  gas.  Since  the 
diffusion  coefficient  can  be  expressed  in  terms  of  mean  free 
paths  and  sound  speed,  the  Eckman  layer  thickness  becomes 

d  =  {Dh/cy>^  (8) 

where 

D  —  diffusion  coefficient  =  iXc 

X  =  mean  free  path 

h  =  scale  height  of  density  distribution  =  (dp/p  dr) 

c  =  sound  speed 
Then 

^/\  =  [§(/i/X)]^/2  =  Reynolds  number  of  the  Eckman  layer 


TYPICAL  STREAM  LINES 
r  number  OF  TURNS~200 


Fig.  1  Vortex  gas  accelerators. 


and  the  shear  stress  becomes 

r  —  vp  ii/b  dynes/cm2  for  c)/X  <  100  (10) 

where  v  is  the  kinematic  viscosity,  and  v  =  iXc'(c'  ==  sound 
speed  within  the  layer). 

If  u  >  c,  where  c  is  measured  in  the  unperturbed  gas,  thea 
locally  within  the  layer  c'  ~  u,  and  Eq.  (10)  becomes 

r  «  (pwV8)(^/X)  (11) 

which  approaches  Eq.  (7)  for  d/X  ~  100. 

The  radiation-flow  heating  required  to  insure  an  isothermal 
angular-momentum-conserving  expansion  in  the  presence  of 
these  frictional  losses  can  be  divided  into  two  parts,  namely, 
1)  the  heat  flow  required  for  an  isothermal  expansion  for  a 
mass  flow  rate  determined  by  the  outer  wall  angular  momen¬ 
tum  loss  and  2)  heat  flow  required  for  the  end  wall  loss. 

The  end  wall  drag,  assuming  an  E(;kman  layer  thickness 
d/X  >  100,  becomes 

Tond  =  \  Cfpu‘^2'Kr  dr 

J  ra 

=  2,r  (;)  exp[i¥2^1  -  dr  (12) 

For  (d/ro/r)2  »  1, 

Tend  «  ('7r/2)ro2c/poWoV^^^  (13) 

The  total  cylindrical  outer  wall  drag  for  a  length  L  becomes 

Tout  =  27rroLc/poWo^  (1^) 

so  that,  provided  the  cylinder  is  long  compared  to  the  radius 
(L  »  ro/4M2),  the  end  wall  drag  can  be  neglected.  Then 
the  radial  mass  flow  rate  per  unit  length  must  give  rise  to  an 
angular  momentum  flow  greater  than  the  outer  wall  drag. 

If  the  minimum  radial  mass  flow  per  unit  length  is  given  as 

^  =  27r  r  r  p  g/cm-sec  f  =  dr/dt  (15) 


Fig.  2  Density  distribution  for  the  vortex  accelerator. 
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Then  equating  drag  to  momentum  flow  at  r  —  ro  gives 

27rro  C/PqUq^  =  27rr  poVo  (16) 

and  at  r  =  ro,f  ~  CfUo;  but  by  Eq.  (15),  /3  is  a  constant,  and 
so 

f  =  C/raUopo/rp  (17) 

The  heating  rate  per  gram  corresponds  to  the  pressure  times 
volume  work  on  the  surrounding  gas: 

=  i  [/I  =  It  ^  I 

By  Eq.  (5)  and  by  observing  that  after  reheat  the  kinetic 
energy  of  injection  must  be  equal  to  the  internal  energy,  then 

Wir)  =  r  —  (7  -  1) 

(19) 

For  an  isothermal,  blackbody  cavity,  the  opacity  (/x  cmV 
g)  required  at  temperature  T  is  determined  by 

Ci  a^V  =  Tl^(?*) 

where 

Cl  =  velocity  of  light 
a  —  Boltzmann  constant 

or 

p  =  c /ro^o®  exp  { [W/ r^)  “  1  ] }  IciaT"^"^  cm V g  (20) 


heavy  element  additions.  The  critical  hydrogen  density 
for  suspension  of  a  uranium  atom  becomes,  from  Eq.  (22), 

p  =  (ilfA)(roA2c,)  (24) 

For  the  assumptions  o-  =  10~^^  cm^^  n  =  20,  r  =  14,  and 

=  5T07 

Po  =  2  X  10-5  g/cm^ 

This  is  a  higher  density  than  that  required  for  radiative  power 
balance  at  T  —  2940°  K  and  so  might  permit  a  modestly 
higher  wall  temperature  by  the  partial  return  of  sublimated 
wall  material. 

Axial  Velocity 

The  axial  velocity  required  within  the  cavity  at  the  ex¬ 
haust  radius  r  must  be  sufficient  to  maintain  an  axial  mass 
flow  equal  to  the  radial  mass  flow.  Assuming  an  exhaust 
area  A,  the  axial  velocity  becomes 

27rro  fpL  —  z  Ap 

Therefore, 

z  =  2TCfitoro^L/Ar  exp[M\l  —  roVr^)]  (25) 

For  the  idealized  flow,  the  effective  area  becomes 

A  -  x[r2  -  (r  *-  h)^]  (26) 

where  h,  the  scale  height  of  the  density  distribution,  is  given 
by 

h  =  l{l/p)idp/dr)]-^  -  ry2MW  (27) 


Assume  hydrogen  in  a  cylindrical  cavity  reactor  with  ro  == 
20  cm,  r  =  14  cm,  T  =  2800°  K,  AP  =  3,  Wo  =  8  X  10^  cm/ 
sec,  and  Cf  —  0.002.  Then 

p  ^  3  X  105  cmVg 

This  corresponds  to  a  minimum  cross  section  of  10“^®  cmV 
molecule  of  hydrogen  and  can  be  compared  to  an  optical 
cross  section  of  the  halogen  gases  of  the  order  3  X  10“^^ 
cin^  and  opaque  carbon  macromolecules  of  v^l0“^^  cm^. 
It  would  therefore  appear  feasible  to  meet  the  opacity  re¬ 
quirements  by  the  addition  of  a  small  percentage  impurity. 

The  opacity  might  also  be  achieved  by  a  carbon  suspension. 
A  carbon  particle  of  radius  R  has  a  drag  coefficient  D  for 
suspension  in  a  velocity  field  r  of 

D  =  irR^pc  f  dynes  (21) 

which  for  suspension  must  be  in  equilibrium  with  the  cen¬ 
trifugal  force,  giving 

TcR’^pcf  =  ^TrR^pp{u^/r)  (22) 

where 

pp  =  density  of  particle 
c  =  local  sound  speed  «  ^^o 

From  Eq.  (22)  w^e  have 

n  -  f(po/Pp)c/(rVro)  (23) 

For  the  conditions 

Pp  =  1  Po  =  1.6  X  10-5  g/cm^ 


However,  the  nonuniformity  of  the  initial  angular  momentum 
distribution  is  unlikely  to  result  in  a  scale  height  as  small  as 
is  implied  by  Eq.  (27).  A  more  realistic  lower  limit  to  h  is  of 
the  order  h  «  r/2,  giving 


_ SCfUQTQ^L 

3r^exp[JP(l  —  u^/P)] 


(28) 


The  limiting  axial  flow  occurs  when  z  ^  u.  Therefore,  we 
have 


^  _  3r^  exp[M^(l  -  nVra)] 
ro8c/ 

For  ro/r  =  2^^^^  c/  =  g-^,  and  =  3, 

L  «  5ro  (30) 

Energy  Flow 

The  total  energy  that  has  been  transferred  to  the  gas  can 
be  divided  into  three  parts : 

1)  The  first  part  is  the  initial  enthalpy  corresponding  to 
the  convective  heating  of  the  gas  at  rest  in  a  heat  exchanger 
external  to  the  cavity.  The  expansion  of  this  heated  gas 
(RTo  ergs/g)  in  the  injection  nozzle  gives  rise  to  the  kinetic 
energy  Uo^/2  ergs/g  at  a  lower  temperature  (Ti  «:  To). 

2)  The  second  part  is  the  reheat  of  this  gas  at  constant 
pressure  po  from  the  injection  nozzle  exit  temperature  Ti  to 
the  cavity  temperature  To.  This  corresponds  to  an  internal 
energy  R(To  —  Ti)  ergs/g  in  addition  to  a  work  term 


Cf  =  0.002  fo  =  20  cm  r  =  14  cm 

then  E  =  2  X  10“5  cm,  corresponding  to  molecules  comprised 
of  a  few  atoms. 

Separation 

The  small  critical  size  of  the  carbon  molecule  for  suspen¬ 
sion  in  the  radial  velocity  suggests  the  partial  separation  of 


Podv  =  (7  -  1)  R(To  -  TO  (31) 

resulting  in  a  total  energy  increase  yR(To  —  TO-  This  re¬ 
heat  of  the  injected  gas  occurs  in  violation  of  the  usual  gas 
dynamic  concept  that  the  stagnation  temperature  must 
always  be  less  than  or  equal  to  the  reservoir  temperature. 
In  this  case,  however,  the  boundary  layer  is  thin  compared 
to  a  radiation  mean  free  path  (^5%),  so  that,  despite  the 
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higher  local  gas  temperatures  in  the  boundary  layer,  heat 
can  still  flow  from  the  opaque  wall  through  the  hot  boundary 
layer  to  the  larger  mass  of  cold  gas  in  the  freestream. 

3)  The  third  part  is  the  work  performed  in  the  isothermal 
expansion  as  the  gas  flows  from  ro  to  r.  This  work  is 

PqVq  \n{v2/vQ)  =  (7  —  l)RTo  \n(v2/vo) 

giving  a  final  total  transfer  of  energy  to  the  gas  of 

ATF  =  +  7  (1  -  |[)  + 

(7  -  1)  -  1)]}  (32) 

Considering  the  limitations  in  the  L/vq  ratio  for  a  useful 
reactor,  the  low  value  of  7(  ~  1.35)  for  hydrogen  at  a  feasible 
wall  temperature,  and  a  reasonable  injection  nozzle  design, 
the  over-all  energy  transfer  becomes  ME  ~  3  RTo,  or  an  in¬ 
crease  of  specific  impulse  by  3^^^  above  the  standard  nozzle. 


Thrust 


The  thrust  of  such  an  engine  is  limited  by  the  energy  trans¬ 
fer  rate  from  the  wall.  The  latter,  of  course,  is  determined 
by  the  blackbody  radiation  from  the  wall  for  the  rotational 
flow  heating. 

If  Tc  is  the  radiation  temperature  in  the  cavity,  and  is 
the  radiation  temperature  of  the  wall,  then  by  Eq.  (32)  and 
assuming  the  reheat  after  injection  occurs  by  radiation. 


(ci/4)  a{TJ  -  Tc^)  =  3ropo(woV2)  ergs/cm^-sec 


=  3(c/WoVo)/2 


(33) 


Assuming  T.  =  2940°  K,  Tc  =  2500°  K,  ro/r  -  2^/2,  7  - 
1.35,  Cf  =  5^,  and  =  3,  then 

Wo  =  8  X  10®  cm/sec 

Po  =  1.4  X  10  g/cm^ 

Pq  =  0.14  atm 

The  specific  impulse  becomes 

£  =  (3)1/2  X  10-2  -  1400  sec  (34) 

The  thrust  becomes 

T  =  2xro  LropoWo(3)i/2  dynes  (35) 

but,  from  Eq.  (17),  ro  =  c/Uq,  so  that 

T  =  27rLropoC/Wo2(3)i/2  ^^ynes  (36) 


that  the  rotating  gas  was  less  than  a  radiation  mean  free  path 
thick.  If  there  were  many  mean  free  paths,  then  the  radiation 
diffusion  equation 


pQ  =  V-^|var) 


^  ^  energy 
g-sec 


(38) 


would  have  to  be  used,  and,  in  general,  the  radiation  heat  flow 
would  be  degraded  by  a  factor  roughly  inversely  proportional 
to  the  number  of  mean  free  paths.  Since  this  number  will 
be  shown  to  be  of  the  order  unity,  the  diffusion  equation 
becomes  a  poor  approximation,  and  the  isothermal  cavity 
radiation  temperature  of  Eq.  (33)  is  a  better  approximation. 

The  optical  thickness  of  the  cavity  in  mean  free  paths  is 

n  =  I  pixdr  =  p  (  p  dr  (39) 

J  n  J  ro 

From  Eq.  (5),  and  performing  the  integration  for  ro/r  = 
21/2  and  i¥2  =  3, 

n  =  0.12porop  (40) 

Using  Eqs.  (20)  and  (33)  for  p,  one  obtains 


Letting 

then 


0.12por()C/ro2wo2  exp[M2(ro2/r2  -  1)] 
M2czarnFcV(^t.^  “  ?'c')](4/Cia)(3c/Wo2po/2)  ^  ^ 

Tc^/{TJ  -  Tc^)  =  / 


For  the  conditions  shown  for  Eq.  (33),  /  =  1;  and  ro/r  = 
21/2;  ^  —  0.8  mean  free  paths,  confirming  the  isothermal 

cavity  approximation. 

In  conclusion,  it  has  been  demonstrated  that  a  significant 
improvement  in  specific  impulse  (1.7)  can  be  achieved  for  a 
nuclear  reactor  hydrogen  rocket  system  by  utilizing  a  rota¬ 
tional  flow  pattern  and  radiation  heat  transfer. 


Appendix  A 

The  wall  drag  in  the  nozzle  is  assumed  small  [Eq.  (7)],  since 
the  linear  path  of  contact  in  the  nozzle  is  small.  As  a  conse¬ 
quence,  angular  momentum  is  conserved.  Therefore,  dur¬ 
ing  radial  expansion  of  the  rotational  flow  in  the  nozzle,  the 
tangential  velocity  u  =  Wo(ro/r)  is  reduced.  Conservation 
of  energy  demands  that  this  appear  as  energy  of  axial  flow 
(exhaust  velocity).  The  axial  acceleration  is  the  resultant 
force  from  the  radial  centrifugal  stress  acting  on  the  inclined 
nozzle  wall. 


For  the  preceding  conditions 

T  =  10®ro2  dynes 

For  a  mean  reactor  density  p  =  i  g/crn^,  the  maximum  ro  for 
1-p  acceleration  is  determined  by 

gpirr^  L  =  T  (37) 

or,  for  the  preceding  example, 

ro  =  20  cm 

L  =  100  cm 

Therefore,  a  reactor  built  of  such  nested  cylinders  with  an 
over-all  diameter  of  320  cm  and  100  cm  long  would  operate 
at  2.85  X  10®  w  with  a  total  thrust  of  4  X  10^  kg. 

Radiation  Transfer 

In  the  calculation  of  required  opacity  [Eq.  (20)]  and  of 
the  heating  rate  [Eq.  (33)  ]  there  existed  the  tacit  assumption 


Appendix  B 

Turbulence 

The  condition  [Eq.  (6)  ]  for  the  stability  of  a  gravitationa 
atmosphere  is  necessary  and  sufficient  for  wheel  rotation 
flow,  i.e.,  no  velocity  shear.  However,  the  question  that 
arises  is  at  what  value  of  7  will  the  velocity  shear  implied 
by  Eq.  (4)  be  stabilized  by  the  restoring  force  of  Eq.  (6)?  A 
linear  analysis  certainly  results  in  a  necessary  condition,  but 
because  of  the  damping  of  viscosity,  the  largest  scale  tur¬ 
bulence  determines  the  stability  condition.  The  largest 
meaningful  radial  perturbation,  turble  size,  becomes  the 
scale  height  of  the  density  distribution,  because  any  larger 
turble  will  necessarily  be  degraded  by  the  very  large  changes 
An  specific  volume.  Using  Eq.  (4)  for  the  velocity  dis¬ 
tribution,  the  velocity  shear  energy  available  in  one  scale 
height  h  becomes 

Aw)2  _  Ao  _  ^0  Y  (Bl) 

2  ~  2  \r  r  -  h) 
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Losing  h  from  Eq.  (27),  the  energy  in  shear  becomes 
Aw^  Uo^  (r/M'roy 

~Y  SUP  [1  -  l/2(r/Mro)2]2 


(B2) 


For  ilf  2  =  3, 


.  O.ll 


On  the  other  hand,  the  energ}!'  associated  with  the  adiabatic 
restoring  force  of  Eq.  (6)  is 

Aw/w  =  AT/T  =7-1  (B3) 


where  w  is  the  internal  energy,  and  Aw  is  the  change  in  w  for 
e-fold  exjmnsion.  However,  from  the  injection  conditions, 

w  —  uq‘^/2 

so  that 


(Aw)2/2  (rA¥ro)2 

le  “  UPiy  -  1)[1  “  l/2(r/Mro)2]2 


(B4) 


so  that  the  energy  available  in  velocity  shear  is  small  com¬ 
pared  to  the  adiabatic  work  of  perturbation.  As  a  conse¬ 
quence,  turbulence  should  be  suppressed  everywhere.  Equa¬ 
tion  (B4)  is  essentially  the  Richardson^  number  and  predicts 
turbulence  close  to  the  value  unity. 
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Stability  of  Circumferentially  Corrugated  Sandwich 
Cylinders  under  Combined  Loads 
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Theoretical  buckling  coefficients  are  obtained  for  the  general  instability  of  simply-sup- 
ported,  corrugated-core,  circular  sandwich  cylinders  under  combined  loads  with  the  corruga¬ 
tions  oriented  in  the  circumferential  direction.  The  differential  equations  of  equilibrium 
which  are  used  to  obtain  the  buckling  equations  are  derived  from  the  small  deflection  equations 
of  Stein  and  Mayers  which  include  the  effect  of  deformation  due  to  transverse  shear.  Ap¬ 
proximate  solutions  to  the  differential  equations  are  obtained  by  Galerkin’s  method.  The 
resulting  Galerkin  equations  are  solved  for  the  critical  buckling  coefficients  with  the  aid 
of  a  digital  computer.  Curves  that  predict  the  critical  buckling  load  are  presented  for  axial 
compression,  external  lateral  pressure,  and  torsion.  In  addition,  curves  are  given  for  the 
combined  loads  of  axial  compression  and  external  lateral  pressure,  torsion  and  internal  or  ex¬ 
ternal  lateral  pressure,  and  axial  compression  and  torsion. 


Nomenclature 


a,  h,  c,  d 
Ac 

A 

Dc 

D 

Dy 

D,y 

Ec 

E 


Fourier  coefficients 

cross-sectional  area  of  core  in  the  xz  plane  per  inch 
of  width,  in. 

2t,  cross-sectional  area  of  the  facing  sheets  per  inch 
of  width,  in. 

EJo  flexural  rigidity  per  inch  of  width  of  the  core 
in  the  direction  of  the  corrugations,  in.-lb 
Eth’^ /2{l  —  flexural  stiffness  per  inch  of  width 
of  equal  thickness  isotropic  facing  sheets  about 
the  centroidal  axis  of  the  sandwich,  in.-lb 
beam  flexural  stiffnesses  per  inch  of  width  of  ortho¬ 
tropic  plate  in  axial  and  circumferential  directions, 
respectively,  in.-lb 

twisting  stiffness  per  inch  of  width  and  inch  of  length 
of  ortho  tropic  plate  in  xy  plane,  in.-lb 
Young’s  modulus  of  elasticity  for  core  material,  psi 
Young’s  modulus  of  elasticity  for  facing  material,  psi 
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Exj  Ey 
Ge 

Gxy 

h 

h 


J 

K 

L 

m,  s 
n 

Na 

Np 


N, 


V 

Q. 


r 


=  extensional  stiffnesses  of  orthotropic  plate  in  axial 
and  circumferential  directions,  respectively,  lb /in. 
=  core  shear  modulus  in  plane  perpendicular  to  cor¬ 
rugations,  psi 

=  shear  stiffness  of  orthotropic  sandwich  in  xy  plane, 
Ib/in. 

=  distance  between  middle  surfaces  of  facing  sheets,  in. 
=  moment  of  inertia  per  inch  of  width  of  the  corruga¬ 
tions  about  the  neutral  axis  of  the  sandwich  com¬ 
posite,  in.® 

=  UD/ PD  sandwich  cylinder  stiffness  parameter 
==  buckling  coefficient 
=  length  of  cylinder,  in. 

=  integers,  number  of  half-waves  in  the  axial  direction 
=  integer,  number  of  half-waves  in  the  circumferential 
direction 

=  force  in  the  axial  direction  per  inch  of  width  acting 
on  the  middle  plane  of  the  sandwich,  Ib/in. 

=  force  in  the  circumferential  direction  per  inch  of 
width  acting  on  the  middle  plane  of  the  sandwich, 
Ib/in. 

=  shear  force  per  inch  of  width  acting  in  the  middle 
plane  of  the  sandwich,  Ib/in. 

=  pressure  acting  on  the  cylinder  in  a  directional  nor¬ 
mal  to  the  plane  of  the  sandwich,  psi 
=  intensity  of  transverse  force  per  inch  of  width  acting 
on  cross  sections  parallel  to  yz  plane,  Ib/in. 

=  radius  of  cylinder,  in. 
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t  -  thickness  of  each  facing  sheet  of  the  sandwich,  in. 

tc  =  core  depth,  in. 

=  thickness  of  the  corrugated  core  sheet,  in. 

=  Gctc,  elastic  core  shear  stiffness  per  inch  of  width  in 
plane  perpendicular  to  corrugations,  lb /in. 

=  total  displacement  in  z  direction 
z  =  Cartesian  coordinates 
=  UfrhiX  -  mU*'' 

=  Lj^irr,  cylinder  aspect  ratio 

,  =  Poisson’s  ratios  associated  with  bending  in  x  and  y 

directions,  respectively 
=  Poisson’s  ratios  associated  with  extension  in  x  and  y 
directions,  respectively 

=  Poisson’s  ratio  for  the  facing  sheet  material 
fjt,  =  Poisson’s  ratio  for  the  core  material 

Introduction 

The  solution  for  the  general  instability  of  corrugated-core 
circular  sandwich  cylinders  with  the  core  oriented  in  the 
circumferential  direction  is  performed  in  a  manner  similai 
to  the  solution  by  Batdorf^-  ^  for  the  general  instability  of 
homogeneous  isotropic  thin-walled  cylinders.  In  the  solu¬ 
tion  presented  and  in  Batdorf’s  solution,  a  differential  equa¬ 
tion  obtained  from  small  deflection  theory  is  solved  by 
Galerkin’s^  method.  Batdorf’s  solution  of  Donnell’s^  differ¬ 
ential  equation  for  homogeneous  isotropic  circular  cylinders 
is  not  valid  for  corrugated  sandwich  plate  because  of  the  low 
shear  stiffness  of  the  sandwich  in  the  plane  perpendicular  to 
the  corrugations.  In  the  present  report,  the  differential 
equations  arc  obtained  from  the  small-deflection  theoiy  for 
curved  orthotropic  sandwich  plates  by  Stein  and  Mayers.® 
The  clastic  constants  for  corrugated-core  sandwich  were 
derived  from  the  basic  corrugated  sandwich  geometry  and 
material  properties  by  Libove  and  Hubka.®  Stein  and 
Mayers^  solved  for  the  general  instability  of  sandwich  cylin¬ 


ders  with  longitudinally  corrugated  core  loaded  under  axial 
compression  in  a  similar  manner.  Reference  8  solved  for  the 
general  instability  of  longitudinally  corrugated  core  sandwich 
cylinders  loaded  under  combined  loads.  The  present  re¬ 
port  takes  into  consideration  axial  compression,  lateral  in¬ 
ternal  and  external  pressure,  and  torsion  on  circumferentially 
corrugated  cylinders. 

The  basic  element  of  the  idealized  corrugated-core  sand¬ 
wich  and  the  coordinate  system  are  shown  in  Fig.  1.  The 
element  consists  of  relatively  thin  isotropic  facings  that 
have  negligible  flexural  rigidities  about  their  own  centroidal 
axes  and  a  highlj^  orthotropic  core,  for  which  shear  distor¬ 
tions  are  assumed  to  be  admissible  only  in  the  x,  z  plane. 
Furthermore,  the  bending  rigidity  of  the  core  is  assumed  to 
be  negligible  in  the  x  direction.  The  facings  are  of  equal 
thickness  and  are  made  of  the  same  material.  Both  the 
facings  and  the  core  are  assumed  to  be  elastic.  The  length 
and  radius  of  the  cylinder  are  assumed  to  be  large  compared 
with  the  over-all  thickness  of  the  sandwich. 

In  general,  for  a  corrugated  core  sandwich,  the  core  shear 
modulus  is  many  times  greater  in  the  plane  along  the  cor¬ 
rugations  than  it  is  perpendicular  to  the  corrugations,  and 
the  preceding  assumption  regarding  the  shear  distortion 
appears  to  be  realistic  for  many  such  configurations. 


Derivation  of  Buckling  Equations 

Figure  1  shows  the  nomenclature  for  the  sandwich  cylinder. 
The  shear  stiffness  in  the  tjz  plane  is  assumed  to  be  infinite; 
therefore,  the  governing  differential  equations  are  given  by 
Eqs.  (7)  and  (14)  of  Ref.  5.  The  in-plane  unit  forces  in  the 
axial  and  circumferential  directions  (Nc  and  Np,  respectively) 
are  defined  as  positive  in  tension  in  Ref.  5.  If  No  and  N p  are 
defined  as  positive  in  compression,  the  differential  equations 
from  Ref.  5  may  be  written  as 


L,ao  +  %'  + 


( 


d.E* 


dho\  _ 
dxbyj 


1  r  ^  n  ^  1 

U  Ll  -  "7  WJ 

D,  (bho  1  j- 

^  1  -  W  U  +  ""  bxby^)  + 

2  ^“\bxby^  Ubif) 


0  (1) 


(2) 


where 
Ld  - 


1  —  IXrlly  dX 
iXyD^ 


'aI  -  MxMi, 


+  2Dxi,  + 


\  b^ 


1  —  MxM 


bx%y 


+ 


D„  b* 


1  -  bt/ 
bx^by^  '  El  by* 

For  simply  supported  edges,  the  boundary  conditions  are 


r  _  ^  J- 


/,  ,q^  _  .G„\  b* 


bhi)  1  bQ^  ^ 
0  "  Dp.  5x  by^ 


0  at  X  —  0,  L 


These  conditions  are  satisfied  by  the  assumed  orthogonal 
deflection  function 


w  =  sin 


2r 


“  .  STTX  ,  ny  “  ,  .  STX 

a,  siny-  +  cos-  Y, 


(3) 


ny  “  STTX  ,  ny  ^  ,  sirx 

Q.  =  sin„-  Y  cos--  +  cos—  ^ 


(4) 


8  =  1 


Fig.  1  Circumferentially  corrugated  sandwich  cylinder. 
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where  n  is  restricted  to  even  positive  integers  equal  to  or 
greater  than  4,  and  s  is  restricted  to  positive  integers  equal 
to  or  greater  than  1. 

The  solution  to  Eqs.  (1)  and  (2)  is  obtained  by  use  of 
Galerkin's  method  as  described  in  Ref.  3.  The  Galerkin  ^ 
equations  are 


/'27rr  rL 

Jo  Jo  w)Vidxdp  =  0 

/•27rr 

0  Jo  w)V2dxdy  =  0 

/*27rr  /•L 

Jo  Jo  w)V3dxdy  =  0 

/•2xr  /*L 

Jo  Jo  iv)V4dxdy  =  0 


Em 

2(1  -  M^) 


Be  =  EJe 


1  +  {EAc/EA) 


1  +  [(1  +  m)/(1  +  iic)]{k/AeyEAc/EA 


EA  +  EAc 


bz  =  I  —  A 


1  +  {EA/EAo) 


NpL^  _  prL^ 
TT^Z)  TT^D 


.  nu  .  rmrx 
V,  =  sm-sm— 


ny  rmrx 
Vz  =  cos—  cos— 


ny  .  rmrx 
¥%  =  COS—  sin— — 
2r  L 


.  ny  rmrx 
Va  =  sin—  COS— 


With  the  introduction  of  these  parameters,  Eqs.  (6)  and  (7) 
are  simplified  to  the  following  form : 

.  S^n  ^  ms 

Aam  Es  ^  ^  hs  7  =  0  (8) 

irm^ 

^  ms  ^ 

— 2  E  Z77rr2  =  0  (9) 


The  expression  for  Ri{Qx,  w)  is  obtained  by  substituting  Eqs. 

(3)  and  (4)  into  Eq.  (1)  and  that  for  RziQx,  w)  is  obtained  ^  ^  ^  q  /qx 

by  substituting  Eqs.  (3)  and  (4)  into  Eq.  (2).  Tr7n‘^  '  m’^  —  s"^  ^  ^ 

After  the  proper  substitution  and  integration  have  been  performed  on  Eqs.  (5a)  and  (5d),  Eq.  (5d)  is  solved  for  Cm,  which  is  sub¬ 
stituted  in  Eq.  (5a).  The  following  equation  results: 


I  Dt  rr^m^  / 

1  -  fl^iXy  \1 


+  2D.y  + 


ViVf— V  -I-  f-V 

J\2r)\L  )  ^  1  -  \2r) 


Gxy  rrhA 

K  U' 


1  _  .  ^  ^ 
^  ^  Ex 


{irm/L)  ^Dx 

1  —  fJLxfiy 


f  Gxy  .  G xy\ 

'  K~ 

B x^Xy  / n  7 

1  fXxlXy  \2/*  j 


nVm'^  G, 
^  E 


—  )  -r  A-  Bxy[  —  ]  — 


_L  ^  (Vl\ 

Ex  \2r) 
^  /n  V  7rm 

'""W  X 


1  _J_  ^^cirrm/Ly  ^ 

(1  -  fixfXyW  2U 


r  ( ™y  , X  y  ™/  ^^By 

LtZ(l  -  ju^/xy)  \  L  /  U  \2r)  L  \1  -  ijix. 
/rrmY  ..  nr  An  ^  mi 


Bxy  )  I  X 


,hs  =  0  (6) 


where  db  §  =  odd  integers. 


In  a  similar  manner,  after  the  proper  substitution  and  integration  have  been  performed  on  Eqs.  (5b)  and  (5c),  Eq.  (5c)  is  solved 
)r  dm,  which  is  substituted  into  Eq.  (5b).  The  following  equation  results  after  substitution  and  simplification  : 


I  Bx  rr^A 
1  -  y,xy.y  JA 


“h  2Bxy  + 


ixxBy  \/ ^y/ ™y  , _ 

1  -  /XxfXyA^rJ  \L  /  1 


Gxy  rr^tyA 


Gxy  /™y 

_ vx _ 

4_ 

\  E,  Ey  )  E,  \2r) 

(rrm/L) ^Bx  .  BxfXy  / ^y  ra  /n\^  TrrrT 

1  -  Hxiiy  1  -  y.xiiy  \2rJ  T  V2r/  ~L 

1  _L  ^xirrm/hy  B^  (r^ 

(1  -  iixliy)V  2V  \2r/ 


.U(l  -  lixlXy)  \  L 


rrmy  1  /  n 

T  I  '  TT  I  rk  . 


1  _L  I^xiirm/Ly  ^ 
(1  -  fixfiyW'^  2U 


/7r?n\2  /^Y  7.  ,  nr  An  ^ 


-  a.  =  0  (7) 


where  m  ±  s  =  odd  integers.  where  m  ±  s  =  odd  integers  and 

Formulas  for  the  phj^sical  constants  Ux,  Uy,  u^',  u,/,  Bx 
Dy,  D,y,  E.,  Ey,  End  G.y  obtained  from  Ref.  6  and  substi-  a  = 

tuted  into  Eqs.  (6)  and  (7).  The  resulting  equations  may  be  ^  —  /j)  +  2m^]m^ 


simplified  by  introducing  the  following  geometric  and  material 
parameters : 


_ _ 13m 

7r^[5i?n^  ^bzn^d^m^  H-  dz0m]  ^ 
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l  10  102  10^  10^ 


Fig.  2  Buckling  coefficients  for  external  lateral  pressure. 

The  critical  buckling  coefficients  Kp,  Kcj  and  Ks  can  be 
obtained  from  Eqs.  (8)  and  (9)  for  a  given  set  of  geometric 
and  material  parameters. 


Fig.  3  Buckling  coefficients  for  axial  compression. 


Mathematical  Solutions  for  Buckling 
Coefficients 

The  buckling  coefficients  for  circumferentially  corrugated 
circular  sandwich  cylinders  may  be  obtained  from  Eqs.  (8)  and 
(9)  for  given  sets  of  parameters.  In  these  solutions,  ni  is 
restricted  to  positive  integers  and  n  is  restricted  to  even 
positive  integers  equal  to  or  greater  than  4. 


Solution  for  Kp*^  Kc  and  Ks  =  0 

Any  of  the  equations  rci:)resented  in  Eqs.  (8)  and  (9)  may 
be  used  to  solve  for  Kp,  if  Ks  is  equal  to  zero,  because  the 
equations  are  independent  for  this  case. 

If  Kc  and  Ks  are  0,  close  inspection  of  the  equation  reveals 
that,  if  771  is  restricted  to  positive  integers,  Kp  will  be  a  mini¬ 
mum  for  771  —  1  and  the  equation  can  be  written  in  the  form 

^  [1  +  +  n^l3Kl  "  m)]  , 

“  D  12J  +  -  m)  + 


A  digital  computer  j^rogram  was  coded  to  solve  Eq,  (10)  for 
various  values  of  n  until  the  minimum  value  of  Kp  was  found 
for  the  chosen  parameters.  A  plot  of  Kp  as  a  function  of  Z 
is  shown  in  Fig.  2  for  various  values  of  J. 


Solution  for  Kc\  Kp  Known:  Ks  =  0 

Any  of  the  equations  represented  by  Eqs.  (8)  and  (9)  may 
be  used  to  solve  for  Kc  if  Ks  is  equal  to  zero,  because  each  of 
the  equations  is  independent.  If  Ks  is  equal  to  zero,  Eq.  (8) 
or  (9)  may  be  written  in  the  form 


Kc 


Dc  [771^  +  n^/3^]n2/  +  -  n)]  , 

D  [2J  +  -  m)  +  277i^]77i’^ 


_ 4Z^m^ _ 

TT^ldim^  +  252712/32^2  +  53/3%'] 


(11) 


A  digital  computer  program  was  coded  to  solve  Eq.  (11) 
for  various  combinations  of  m  and  7^  until  the  minimum  value 
of  Kc  was  found  for  the  chosen  geometric  and  material 
parameters  and  for  a  specified  value  of  Kp.  Figure  3  is  a 
plot  of  Kc  as  a  function  of  Z  for  the  special  case  of  Kp  ~  0. 
Figures  4  and  5  are  plots  of  Kc  as  a  function  of  Kp  for  values 
of  .Z^of  10  and  10^ 


Solution  for  /C;  Kp  and  Kc  Known 

Each  of  the  equations  represented  by  Eq.  (8)  may  be  ex- 
l)ressed  in  the  form 

Aa,n  -  \~^Bhs  -  0  (12) 

Each  of  the  equations  represented  by  Eq.  (9)  may  be  ex¬ 
pressed  in  the  form 

Ahm  “h  =  0  (13) 

where  ??z  =b  s  =  odd  integers,  and 


B  = 


8jSn  sm 

7rm2  5  7n2  — 


=  Ks 


In  matrix  form,  these  equations  become 

X{a}  =  [Gi]{&)  (14) 

X{6}  =  (15) 

where  X  is  a  scalar,  and 

[ft]  =  [A]-nB] 


Fig.  4  Buckling  coefficients  for  combined  lateral  pressure 
and  axial  compression  for  Z  =  10®. 
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Fig.  5  Buckling  coefficients  for  combined  lateral  pressure 
and  axial  compression  for  Z  =  10^. 

The  solution  for  X  by  matrix  iteration  is  complicated  by  the 
fact  that  the  cylinder  will  buckle  at  a  load  level  that  is  inde¬ 
pendent  of  the  direction  of  the  applied  shear.  Therefore, 
the  buckling  coefficients  and  corresponding  eigenvalues  occur 
in  pairs  that  are  equal  in  magnitude  but  opposite  in  sign. 
Solving  Eq.  (15)  for  the  column  matrix  on  the  left-hand  side 
and  substituting  into  Eq.  (14)  results  in  the  following  equa¬ 
tions: 

X2{a}  =  [(?2]{a} 

where 

[(?,]  =  [(?.][-Gi] 

The  matrix  Gz  can  be  formed  either  from  Eq.  (12)  or  (13). 
An  8  X  8  matrix  was  formed  and  iterated  using  a  computer 
program  to  obtain  the  eigenvalue  The  iteration  con¬ 
tinued  until  the  scalar  X^  remained  constant  to  six  significant 
figures.  The  buckling  coefficient  is  the  square  root  re¬ 
ciprocal  of  the  eigenvalue  X^: 

K.  =  (l/X2)l/2 

The  matrix  Gi,  used  to  form  the  8  X  8  ft  matrix,  was  of  the 
following  form: 

s  -  1  s  =  2  s  =  3 


Fig.  6  Buckling  coefficients  for  torsion. 


where  A  t  is  the  value  of  A  for  m  =  i,i  —  1,8,  and 
Brns  =  {SI3n/7rm‘^)s7n/{m^  —  s^) 

The  parameter  n  is  a  constant  for  a  particular  Gi  matrix. 

By  the  proper  interchanging  of  rows  and  columns,  the  same 
value  of  Ks  could  have  been  obtained  by  iterating  a  4  X  4 
matrix  instead  of  an  8  X  8. 

For  a  given  set  of  numerical  values  of  the  sandwich  param¬ 
eters,  buckling  coefficients  are  obtained  for  single  values  of 
n  until  the  minimum  value  of  the  buckling  coefficients  is 
found.  Figure  6  is  a  plot  of  Ks  as  a  function  of  Z  for  the 
special  case  of  Kc  and  Kp  equal  to  0.  Figures  7  and  8  are 
plots  of  Ks  as  a  function  Kc  for  values  of  Z  equal  to  10  and 
10^.  Figures  9  and  10  are  plots  of  Kp  as  a  function  of  Ks  for 
values  of  Z  equal  to  10  and  10^. 

Comparison  with  Other  Solutions 
Cylinders 

The  method  of  solution  used  for  the  corrugated  sandwich 
cylinders  is  the  same  as  that  used  for  homogeneous  isotropic 
cylinders  in  Refs.  1  and  2.  Therefore,  if  the  parameters  for 
a  sandwich,  which  is  the  equivalent  of  a  homogeneous  sheet, 
are  substituted  into  the  sandwich  cylinder  stability  equa¬ 
tions,  the  resulting  equations  should  be  the  same  as  the  equa¬ 
tions  presented  in  Refs.  1  and  2. 

A  sandwich  with  U  =  ^ ,  Dc/D  =  0,  EcAc/EA  =  0,  and 
t  ==  his  the  equivalent  of  homogeneous  sheet.  For  the  case 

s  =  4  s  =  5  s  =  6  s  =  7  s  =  8 
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Fig.  7  Buckling  coefficients  for  combined  axial  com¬ 
pression  and  torsion  for  Z  =  10. 


of  t  =  h,  the  moment  of  inertia  of  the  facing  sheets  about 
their  own  centroid  cannot  be  neglected  so  that  /  is  equal  to 
2/3  With  this  correction,  the  equation  becomes 


+ 


12Zom2 


K. 


-  Kc  -  K 


opo 

irm' 


r  ^ 

m 
ms 


nr 


=  0  (16) 


where 

/3o  =  nL/2Trr,  Z,  =  {LVrb/)(l  - 

This  equation  is  the  same  as  the  equations  given  in  Refs.  1 
and  2  for  cylinders  of  homogeneous  isotro])ic  sheet. 


Fig.  8  Buckling  coefficients  for  combined  axial  com- 
pression  and  torsion  for  Z  —  10®. 


Fig.  9  Buckling  coefficients  for  combined  lateral  pressure 
and  torsion  for  Z  =  10, 


Comparison  with  Results  for  Flat  Plates 

As  the  value  of  Z  for  a  cylinder  becomes  very  small,  the 
radius  of  the  cylinder  becomes  very  large,  and  the  cylinder 
behaves  like  an  infinitely  wide  plate.  Therefore,  at  very  low 
values  of  Z,  the  buckling  coefficients  of  cylinders  should  be 
the  same  as  the  buckling  coefficients  either  for  a  geometrically 
similar  infinitely  wide  or  infinitely  long  flat  plate  that  is  loaded 
in  the  same  manner  with  the  core  oriented  properly. 

The  buckling  coefficients  for  the  pure  load  case  of  shear  at 
Z  =  1  were  compared  with  the  appropriate  buckling  coeffi¬ 
cients  given  in  Ref.  9  for  flat  corrugated  sandwich  plates  with 
aspect  ratios  of  approximately  3.  The  buckling  coefficients 
for  the  flat  plates  were  a  maximum  of  15%  higher  than  the 
buckling  coefficients  for  cylinders  with  Z  =  1,  with  most 
variations  5%  or  less.  The  buckling  coefficients  probably 
would  be  much  closer  if  the  length-to- width  ratio  of  the  plate 
were  larger. 

For  the  case  of  axial  compression  of  a  cylinder  with  a  very 
large  radius,  Eq.  (11)  becomes 

Kc  =  mV[l  +  {mVJ)] 

Kc  is  a  minimum  for  m  =  1, 

/C  =!/[!  +  (1/J)]  (17) 

The  buckling  of  a  column  with  shear  deformations  included 
is  presented  in  Ref.  10.  It  is  valid  for  an  infinitely  wide 


Fig.  10  Buckling  coefficients  for  combined  lateral  pres¬ 
sure  and  torsion  for  Z  =  10®. 
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Table  1  Effect  of  hjr  on  K.^i  J  ~  Dc/D  =  0,  EcAdEA  =  0 


L/r 

z 

1 

5 

10 

5  X  10 

102 

5  X  102 

103 

5  X  103 

10^ 

5  X  104 

10- 

0.1 

n 

64 

68 

76 

120 

146 

Kp 

4.011 

4.211 

4.606 

7.225 

9.440 

0.5 

n 

12 

14 

16 

24 

30 

44 

54 

80 

96 

K„ 

4.021 

4.211 

4.606 

7.225 

9.478 

19.11 

26.39 

57.25 

80.35 

1.0 

n 

6 

6 

8 

12 

14 

22 

26 

40 

48 

72 

86 

K, 

4.021 

4.318 

4.606 

7.225 

9.494 

19.11 

26.49 

57.25 

80.35 

178.0 

251.1 

10.0 

n 

4 

6 

8 

8 

Kp 

57.25 

98.35 

187.7 

259.6 

plate  if  the  moment  of  inertia  of  the  column  is  replaced  by 
the  flexural  rigidity  of  the  plate.  The  critical  buckling  load 
presented  in  Ref.  10  would  then  agree  with  Eq.  (17)  if  Dc/D 
were  small  in  comparison  to  unity. 

Upper  Bound  Axial  Compression 

If  the  value  of  m  is  set  equal  to  infinity  in  Eq.  (14)  and 
Kp  =  0,  the  resulting  expression  is 

Kc^  J  +  my2){l  -  m) 

If  the  loading  case  is  axial  compression  and  {mr/LY  is 
very  large  in  comparison  to  I,  the  theory  that  has  been  pre¬ 
sented  is  valid  for  small  values  of  n.  The  value  of  Kc  is  a 
minimum  for  the  expression  given  previously  if  n  =  0. 
Therefore,  Kc  =  J  or  A^c  =  U  =  Gctc^ 

This  places  an  upper  bound  on  the  buckling  coefficient  of  a 
circumferentially  corrugated  sandwich  cylinder  which  is  sub¬ 
jected  to  axial  compression.  This  can  be  seen  in  Fig.  3. 
The  buckling  curve  for  a  finite  value  of  J  increases  with  in¬ 
creased  Z  until  it  approaches  a  value  of  Kc  which  is  equal  to  the 
value  of  J.  At  this  point  the  curve  becomes  asymptotic 
to  the  value  Kc  =  J. 

When  the  critical  load  per  inch  equals  the  shear  rigidity, 
the  mode  of  failure  is  called  crimping  because  the  wavelength 
of  the  buckle  is  extremely  short.  This  upper  bound  has  been 
derived  in  all  stability  investigations  that  analyze  sandwich 
plates  and  shells  subjected  to  compressive  forces  in  the  direc¬ 
tion  of  the  sandwich  that  has  finite  shear  rigidity.  This 
upper  bound  can  be  seen  in  the  stability  curves  for  flat  sand¬ 
wich  plates  with  either  isotropic  or  corrugated  core  as  well 
as  the  stability  curves  for  sandwich  cylinders  with  isotropic 
core.  In  addition,  this  upper  bound  was  arrived  at  in  a  large 
deflection  theory  of  sandwich  cylinders  subjected  to  axial 
compression.  Therefore,  it  is  believed  that  curves  pre¬ 
sented  for  axial  compression  of  circumferentially  corrugated 
sandwich  cjdinders  subjected  to  axial  compression  are  valid 
in  the  range  of  Kc  =  J. 

Effect  of  Geometric  and  Material  Parameters 
Stiffness  Ratios 

The  parameters  EcAc/EA,  U/Ac,  and  Dc/D  were  investi¬ 
gated  to  determine  their  effect  on  the  buckling  coefficients. 
It  can  be  seen  from  Eqs,  (10)  and  (11)  that,  if  any  of  these 
three  parameters  are  increased  while  the  remaining  param¬ 
eters  are  kept  constant,  the  buckling  coefficient  is  also  in¬ 
creased.  However,  the  effect  on  the  critical  buckling  co¬ 
efficient  of  varying  EcAc/EA^  U/ A cy  and  Dc/D  through  their 
practical  range  is  small.  This  insensitivity  to  changes  in  the 
stiffness  ratios  is  indicated  in  Figs,  2, 3,  and  6  in  which  the  solid 
curves  are  the  buckling  coefficients  for  cylinders  with  EcAc/EA 
=  0,  to/ Ac  =  0,  and  Dc/D  =  0,  and  the  dashed  lines  are  the 
buckling  curves  for  EcAc/EA  =  0.5,  tJAc  =  1.0,  and  Dc/D 
=  0.3.  The  latter  values  of  these  parameters  are  believed 
to  be  about  as  high  as  can  be  achieved  in  practical  applications, 
provided  the  sandwich  material  remains  in  the  elastic  range. 
It  can  be  seen  that  the  maximum  differences  between  the 
dashed  and  solid  curves  are  only  about  20%.  Therefore, 


the  solid  curves  can  be  used  as  a  conservative  close  approxi¬ 
mation  to  the  critical  buckling  coefficient. 

Effect  of  L/r  on  the  Buckling  Coefficients 

If  the  value  of  L/r  is  varied  in  the  buckling  equation  and 
all  of  the  other  parameters  are  kept  constant,  the  critical 
buckling  coefficient  will  also  vary  slightly.  This  variation 
is  caused  mainly  by  the  fact  that  n  is  restricted  to  even  in¬ 
teger  values.  If  n  could  vary  freely,  the  critical  buckling 
coefficients  for  a  given  value  of  Z  would  be  independent  of  the 
L/r  ratio.  If  n  is  restricted  to  even  integer  values,  cylinders 
with  higher  values  of  L/r  often  have  slightly  higher  buckling 
coefficients. 

The  effect  of  L/r  on  the  buckling  coefficient  is  shown  in 
Table  1  for  the  case  of  external  pressure  with  /  =  oo.  It 
can  be  seen  that  the  effect  is  small  except  for  L/r  ~  10. 
Because  the  effect  of  L/r  on  the  critical  buckling  coefficient 
was  small,  curves  were  not  presented  for  the  various  values 
of  L/r.  The  curves  given  were  obtained  with  L/r  values 
which  resulted  in  critical  values  of  n  large  enough  so  that  the 
buckling  coefficients  would  be  ver}^  close  to  the  absolute 
minimum  of  the  equation.  Therefore,  the  curves  generally 
will  be  on  the  conservative  side. 


Conclusion 

The  theory  and  curves  presented  in  the  previous  sections 
have  been  compared  against  existing  theoretical  results  for 
the  case  of  Z  =  1  and  /  =  <»  as  well  as  for  the  case  of  axial 
compression  with  relatively  low  shear  modulus.  The  com¬ 
parison  at  these  extremes  showed  close  agreement,  and  it  is 
believed  that  the  buckling  curves  presented  in  this  report 
are  valid  within  the  limitations  of  small-deflection  theory. 
For  the  cases  of  cylinders  subjected  to  external  pressure  and/ 
or  torsion,  small-deflection  theory  appears  to  be  an  adequate 
tool  for  predicting  the  buckling  phenomena.  This  can  be 
seen  from  Ref.  1,  which  derives  the  buckling  curves  for 
monocoque  cylinders  in  a  manner  similar  to  method  presented 
herein  and  compares  the  results  with  test  data.  For  the  case 
of  external  pressure  or  torsion,  the  agreement  between  theory 
and  tests  was  quite  good,  and  it  is  believed  that  test  data  of 
circumferentially  corrugated  sandwich  cylinders  subjected 
to  external  pressure,  torsion,  or  combinations  of  the  two  will 
be  in  reasonable  agreement  with  the  theory  that  has  been 
presented. 

The  buckling  phenomena  of  homogeneous  isotropic  cylin¬ 
ders  subjected  to  axial  compression  have  not  been  well  repre¬ 
sented  by  small-deflection  theory.  Therefore,  the  results 
that  have  been  presented  for  circumferentially  corrugated 
sandwich  cylinders  under  axial  compression  may  predict 
buckling  loads  that  are  too  high.  However,  for  the  limiting- 
case  in  which  shear  distortion  becomes  predominant,  the 
large-deflection  theory  presented  in  Ref.  10  predicts  the  same 
critical  load  as  presented  in  Fig,  3  (A’c  =  ft^c),  and  the  test 
results  in  Ref.  10  agree  well  with  the  theory  for  sandwich 
cylinders  with  relatively  low  shear  stiffness.  The  accuracy 
of  small-deflection  theory  for  predicting  the  critical  axial 
compression  buckling  load  of  a  sandwich  cylinder  with  rela- 
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lively  high  transverse  shear  ligidity  can  only  be  determined 
by  an  extensive  series  of  tests. 

The  orientation  of  the  core  is  an  important  design  con¬ 
sideration  for  a  corrugated  core  sandwich  cylinder.  The 
direction  to  orient  the  core  is  dcjicndent  upon  the  loading 
condition.  Through  the  use  of  Figs.  2-10  and  Ref.  8,  the 
most  efficient  core  orientation  may  be  chosen  for  corrugated 
(;ore  sandwich  cylinders. 

If  f/  is  a  set  equal  to  infinity,  Eqs.  (7)  and  (8)  are  the  small- 
defl(;ction  buckling  equations  for  an  orthotro])ic  cylinder  in¬ 
cluding  the  effects  of  Poisson’s  ratio.  Equations  (7)  and 
(8)  may  then  be  used  to  determine  the  general  instability 
under  combined  loads  of  a  stiffened  cylinder  with  relatively 
close  stiffeners  that  are  orientated  in  any  direction  by  using 
the  elastic  constants  presented  in  Ref.  12. 
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The  modal  characteristics  of  thin  cylindrical  shells  have  previously  been  determined  only 
for  three  sets  of  boundary  conditions.  In  the  pi-esent  analysis,  all  sixteen  sets  of  homo¬ 
geneous  boundary  conditions  have  been  examined  at  each  end  of  the  shell  (each  set  contains 
four  conditions).  The  equations  of  motion  developed  by  Fliigge  for  thin,  circular  cylindrical 
shells  are  used.  The  general  solution  to  these  equations  can  easily  be  written  down.  One  can 
select  a  circumferential  nodal  pattern,  eight  bovindary  conditions,  and  a  length  of  shell,  and 
then  iterate  numerically  to  find  the  frequency  of  vibration  that  will  meet  these  conditions. 
The  advantage  of  this  approach  is  that  one  can  obtain  a  solution  to  the  basic  equations  for  any 
boundary  conditions  desired.  Results  indicate  that,  contrary  to  the  rather  common  assump¬ 
tion,  the  condition  placed  on  the  longitudinal  displacement  u  in  many  cases  is  more  influen¬ 
tial  than  restrictions  on  the  slope  dw/dx  or  moment  Mx-  It  has  been  found  that  even  for 
long  cylinders  (length  to  radius  ratio  of  40  or  more)  the  minimum  natural  frequency  may 
differ  by  more  than  50%  depending  upon  whether  u  =  0  or  the  longitudinal  stress  resultant 
Nx  =  0  at  both  ends. 


Nomenclature 

a  =  radius  of  cylinder 

h  =  thickness  of  cylinder  wall 

k  =  hyna^^ 

I  =  length  of  shell 

m  —  number  of  axial  half-waves 

n  —  number  of  circumferential  waves 

u  =  longitudinal  displacement 

V  =  tangential  displacement 

w  =  radial  displacement 

X  =  dimensionless  axial  coordinate,  ^/a 

E  =  Young’s  modulus  of  elasticity 

]\f X}  Mx<pj 
Nx,  Nx^,  = 

Qj,  stress  resultants,  see  Fig.  1 

Sx  =  Qx  +  dMx<p/ad<p 

Tx  —  Nx  —  Mxip/d 

=  pa\l  —  v‘^)/E 

V  =  Poisson’s  ratio 

^  =  axial  coordinate 

p  =  mass  density  of  shell  material 

<p  =  circumferential  coordinate 

w  =  circular  frequency 

Wo  =  lowest  extensional  frequency  of  a  ring  in  plane 

strain,  —  l/y 

(  y  ^  d(. . .  )/dx 

(  )•  =  b(...  )/d<p 

Introduction 

The  determination  of  the  modal  characteristics  for  vibra¬ 
tions  of  thin  cylindrical  shells  is  a  problem  of  great  tech¬ 
nical  interest.  However,  in  spite  of  the  great  number  of 
papers  devoted  to  this  topic, ^  only  three  sets  of  boundary 
conditions  (i.e.,  one  set  for  a  force-free  end  and  two  other 
sets  loosely  called  ‘‘freely  supported”  end  and  “clamped” 
end)  have  been  considered  in  the  literature.  Additionally 
there  api)ears  to  be  no  discussion  of  how'  the  modal  char- 
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acteristics  are  altered  when  longitudinal  displacement  is 
prevented  at  the  ends. 

The  primary  contribution  of  this  paper  is  the  pre.senta- 
tion  of  results  obtained  from  an  exact  solution  of  the  basic 
differential  equations  of  motion.  The  method,  which  was 
outlined  by  Flugge  in  1934,  requires  numerical  evaluation 
of  an  eighth-order  determinant  to  find  its  eigenvalues,  and 
this  is  certainly  the  reason  this  approach  w^as  not  feasible 
before  the  advent  of  a  high-speed  digital  computer.  Although 
the  method  requires  numerical  computation,  the  results 
are  exact  in  the  same  sense  that  the  numerical  solution  to  the 
transcendental  frequency  equation  for  a  beam  yields  an  ex¬ 
act  solution. 

This  study  is  identical  in  approach  wdth  the  recently  pub¬ 
lished  W'Ork  of  SobeP  on  the  closely  related  area  of  stability 
of  cylindrical  shells.  The  results  of  these  two  independent 
studies  lead  to  the  same  conclusions  regarding  the  impor¬ 
tance  of  the  various  boundary  conditions. 

The  major  purpose  of  the  present  report  is  to  determine 
the  ranges  of  the  length-to-radius  ratio  l/a  and  radius- 
to-thickness  ratio  a/h  for  which  a  change  in  the  boundary 
conditions  will  appreciably  alter  the  modal  characteristics. 
The  modal  behavior  of  a  simplj'-  supported  shell  without  axial 
constraint  is  used  as  the  reference  for  comparison.  This 
investigation  will  be  directed  into  three  areas:  1)  the  effect 
of  the  various  boundary  conditions  on  the  frequency  enve¬ 
lope  (10  cases  are  considered  here) ;  2)  a  study  of  a  portion 
of  the  over-all  frequency  pattern  for  one  value  of  a/h  and 
for  two  sets  of  boundary  conditions;  and  3)  a  brief  study  of 
the  modal  stress  resultants  for  several  cases. 

This  study  will  be  presented  in  two  parts.  The  second 
part,  which  is  in  preparation,  will  consider  the  cases  for  which 
n  =  0  and  n  —  1.  Also  in  the  second  part  a  brief  investiga¬ 
tion  will  be  made  of  shells  having  one  or  both  ends  entirely 
force  free  (all  values  of  n  will  be  considered) .  A  comparison 
with  experimental  data  will  be  made  for  a  cylinder  having 
force-free  ends. 

The  Flugge  equations  used  in  the  present  analysis  are  based 
on  the  usual  assumptions  of  linear  thin  shell  theory,  i.e., 
that  the  shell  is  thin  (usually  considered  to  mean  a/h  >  10), 
of  constant  wall  thickness,  and  of  a  linear,  homogeneous, 
isotropic  material.  The  results  apply  only  for  small  de¬ 
flections  and,  since  the  effects  of  shear  distortion  and  rotatory 
inertia  of  the  shell  wall  have  been  neglected,  the  results- 
apply  only  when  the  half-wave  length  of  the  mode  shape  is. 
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more  than  ten  times  the  shell  wall  thickness  (l/ma  >  10  h/a, 
'ir/n  >  10  h/a)j  where  m  and  2n  are  the  number  of  axial  and 
circumferential  half-waves. 

Method  of  Solution 

The  present  analysis  is  based  on  the  followin«;  equations 
of  motion  developed  by  Flugge^  for  free  vibrations  of  thin, 
circular  cylindrical  shells  (see  Fig.  1): 

u"  +  (1  +  k)ir  +  v"  -  kw'"  + 

^  ^  kw'"  +  vw'  —  ^  =  0 

«'•  +  (1  +  ^k)v"  - 

2  2  ^  (1) 

^  kw"'  +  w'  —  7^  =  0 

—ku’"  +  ~  ^  o~ 

2t  ^ 

w  -f-  +  2u;"*‘  +  W"  +  2w"  w]  =  0 

where 


Fig.  I  Coordinate  system  and  shell  element. 

will  always  be  at  least  two  roots  of  the  form  {±ib).  Th\s 
leads  to  a  solution  of  the  form 


(  )'  =  d(  )/da:  (  )'  =  d(  )/dip 

72  =  pa2(I  -  v-^)/E  k  -  /i2/12a2 

For  a'^complete  cylinder,  the  general  solution  for  modal 
viliration  can  easily  be  written  in  the  following  form : 


The  arbitrary  constants  Asn  will  be  evaluated  by  considering 
the  boundary  conditions  at  each  end  of  the  shell.  Any  of 
the  boundary  conditions  can  be  a  general  function  of  the 
circumferential  coordinate  (p  and  can  be  expressed  by  a 
Fourier  scries  in  (p.  Thus,  in  the  general  case  of  nonuniform 
boundary  conditions,  the  frequency  of  modal  vibration  co  will 
depend  upon  all  of  the  harmonics  n.  For  the  siiecial  cases 
in  which  the  boundary  conditions  depend  on  only  one  har¬ 
monic,  or  when  the  boundary  conditions  are  homogeneous, 
the  modal  frequency  will  be  a  function  of  a  single  value  of  n, 
and  the  summation  over  n  in  Eq.  (2)  can  be  discarded.  Only 
this  latter  case  will  be  considered  in  the  jiresent  paper. 
Thus  the  index  n  will  be  dro})ped. 

Substitution  of  these  exju’essions  into  the  homogeneous 
differential  equations  leads  to  an  eighth-order  algebraic  equa¬ 
tion  for  Xsi 

X/  +  sf,6X.®  +  ff.4X/  +  +  ff,,o  =  0  (3) 


where 


=  9xk  (h/a,  V,  n,  o)) 

The  preceding  solution  is  readily  obtainable  from  Ref.  3. 
In  contrast  to  the  associated  statics  problem  for  which  the 
roots  of  Eq.  (3)  are,  in  general,  all  complex,  it  can  be  shown 
that  the  solution  for  the  vibration  problem  will  usually  have 
the  form 


X  =  rta,  ±(c  =b  id) 

Avhere  a,  6,  c,  d  are  real  quantities.  For  a  finite  shell,  there 


w  =  +  C2e-'‘^  H-Ca  cos6.r  C4  ^inhx  -f 

cosdx  -h  Ce  sinda;)  cosdx  + 

(78  sindr))  cos?2(pe^"’^  (4) 

with  similar  expressions  for  u  and  v.  Note  that  Eq.  (4)  has 
been  rewritten  so  that  the  complex  constants  As  have  been 
replaced  by  real  constants  C«.  The  exju’essions  for  u  and 
V  involve  combinations  of  the  constants  Cs  and  the  real  and 
imaginary  parts  of  as  or  185.  It  should  be  noted  that  the 
parameters  a,,  and  jd*  dei)end  on  X.s,  h/a,  v,  n,  and  co.  When 
the  solutions  to  Eq.  (3)  are  obtained,  as  and  can  be  evalu¬ 
ated. 

Once  the  boundary  conditions  are  sj^iecified  (four  at  each 
end  of  the  shell),  the  problem  is  entirely  determined.  The 
detailed  statement  of  these  conditions  leads  directly  to  eight 
equations  for  the  eight  unknown  constants  Cs^  These  equa¬ 
tions  involve  the  four  quantities  a,  h,  c,  and  d.  Since  the 
boundary  conditions  are  homogeneous,  the  determinant  D 
of  these  equations  must  be  zero  for  a  nontrivial  solution. 

It  does  not  appear  feasible  to  seek  analytic  expressions  for 
the  quantities  a,  b,  c,  and  d.  Thus,  at  this  i)oint  in  the 
analysis,  a  numerical  evaluation  of  the  solution  is  intro¬ 
duced.  We  now  select  a  given  shell  (i.e.,  fix  a/h,  l/a,  v),  an 
assumed  number  of  circumferential  waves  n,  and  a  specific 
set  of  boundary  conditions  at  each  end.  Starting  from  some 
initial  estimate  for  the  frequency  co,  we  can  iterate  to  find 
the  values  of  co  which  will  make  the  determinant  D  go  to  zero. 
We  can  cover  the  entire  range  of  problems  of  interest  by 
varying  the  initial  input  to  the  determinant,  i.e.,  by  varying 
a/h,  l/a,  V,  n,  or  the  boundary  conditions. 

No  assumptions  or  simplifications  beyond  those  under¬ 
lying  Eqs.  (1)  have  been  introduced  in  the  numerical  evalu¬ 
ation,  and  the  solution  can  be  obtained  with  any  desired 
degree  of  accuracy.  In  the  present  instance,  the  frequency 
was  determined  to  six  significant  figures.  Such  accuracy, 
required  only  for  intermediate  computations,  is  necessary 
in  order  to  obtain  accurate  values  for  the  mode  shapes  and 
corresponding  modal  stress  resultants.  The  final  result  is 
only  meaningful  for  three  or  four  significant  figures  of  course. 
The  number  of  iterations  required  for  convergence  is  greatly 
reduced  if  good  initial  estimates  are  available.  The  solu¬ 
tions  developed  by  Arnold  and  Warburton^-  ^  are  excellent 
for  this  purpose.  It  should  be  noted  that,  for  any  given 
modal  pattern  (fixed  number  of  axial  half-waves  m  and  cir- 
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m=1  m=2 

AXIAL  NODAL  PATTERN 


nn  =  3 


cumferential  waves  n),  there  are  three  frequencies,  corre¬ 
sponding  to  different  amplitude  ratios  in  u,  v,  and  w.^  If 
longitudinal  and  tangential  inertia  terms  are  omitted,  there 
will  be  only  one  value  of  oj  for  each  pair  of  m  and  n.  For 
n  >  Ij  this  eigenvalue  is  an  approximation  to  the  lowest 
of  the  three  frequencies  just  mentioned.  In  the  present 
approach,  the  number  of  axial  half-waves  m  cannot  be  speci¬ 
fied  conveniently  in  advance,  and  thus  one  must  take  care 
to  determine  the  mode  shape  as  well  as  the  frequency  in  each 
instance,  since  there  are  an  infinite  number  of  eigenvalues  for 
any  fixed  set  of  values  of  n,  a/h,  l/a,  and  v.  Although  it  is 
possible  for  two  mode  shapes  to  have  identical  natural  fre¬ 
quencies,  this  can  occur  only  if  they  have  different  values  of 
n.  For  a  given  number  of  circumferential  waves,  the  fre¬ 
quency  increases  monotonically  as  the  number  of  axial  waves 
increases.  However,  for  long  shells  the  frequencies  for 
in  =  1,  2,  3,  ...  ,  are  very  closely  spaced;  the  longer  the 
shell  the  closer  are  the  frequencies  of  adjacent  axial  modes. 


Fig.  3  Frequency  envelope,  cases  1  and  6, 


Fig.  4  Frequency  envelope,  cases  1-3. 


Finally  it  should  be  pointed  out  that,  for  mode  shapes  in 
which  n  >  2,  if  one  starts  from  a  zero  frequency,  the  mini¬ 
mum  nonzero  eigenvalue  obtained  will  be  that  of  an  infinite 
cylinder  (or  a  ring  in  a  state  of  plane  strain).  This  value  is 
independent  of  the  axial  wavelength  (and  hence  independent 
of  the  boundary  conditions)  and  represents  the  asymptotic 
value  for  a  given  n,  a/hj  and  as  ^/a  oo .  It  does  not, 
in  general,  represent  a  solution  for  a  finite  shell.  The  nu¬ 
merical  computation  was  done  on  an  IBM  7094  computer. 

Boundary  Conditions 

There  are  16  possible  sets  of  homogeneous  boundary  condi¬ 
tions  which  can  be  specified  independently  at  each  end  of  the 
shell.  These  consist  of  all  combinations  of  the  following: 


w  =  0  OY  Sx  ^  Qx  (Va)  =  0  (5a) 

dw/dx  =  0  or  Mx  =  0  (5b) 

=  0  or  Nx  ~  0  (5c) 

V  =  OoyTx  Nx<p  -  (1/a) Mx^  =  0  (5d) 


(For  a  discussion  of  the  origin  of  the  force  boundary  condi¬ 
tions  indicated  in  Eqs.  (5a)  and  (5d),  see  Ref.  3,  p.  233.) 
For  completeness,  all  16  sets  of  conditions  were  studied  in 
the  course  of  the  present  investigation  for  shells  having  the 
same  boundary  conditions  at  both  ends.  Free  ends  (cases 
with  Sx  ~  0)  will  be  discussed  in  a  subsequent  paper.  Addi¬ 
tionally,  selected  combinations  of  one  set  at  one  end  and  a 
different  set  at  the  other  were  examined. 

The  significant  findings  of  this  study  can  be  summarized 
by  discussing  the  ten  cases  indicated  in  Table  1.  Certain 
symbols  used  therein  are  defined  in  Fig.  1.  The  exact 
solution  for  case  1  has  been  discussed  in  detail  by  Arnold 
and  Warburton.^  It  is  included  here  for  comparison.  Arnold 
and  Warburton  also  presented  an  approximate  solution®  for 
case  7.  A  comparison  of  their  results  with  the  present  analy¬ 
sis  is  given  below. 


Discussion  of  Results 
Frequency  Envelope  for  n  >  2 

The  general  character  of  the  various  mode  shapes  is  indi¬ 
cated  in  Fig.  2.  Modes  for  which  n  <  2  have  a  somewhat 
different  behavior  from  those  having  n  >  2  and  will  be 
treated  at  a  later  date. 
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For  an}^  fixed  values  of  n  and  there  are  three  natural 
frequencies  corros}:)ondinc;  to  three  mode  shapes  (having 
different  u,  v,  w  amplitude  ratios).  The  asymptotic  values 
of  these  frequencies  for  long  axial  wavelengths  are : 

Flexural  Vibrations  of  a  Ring  n  =  0) 

(co,/coo)2  =  {liy\2a^)nKn'^  -  +  D 

Axial  Shear  Vibration  (ic  =  ?;  =  0) 

(oi2/o)oy  =  (1  —  v)n}/2 

Extension al  Vibrations  of  Ring  u  =  0) 

{oos/oioy  =  +  1 

In  general,  two  of  these  three  frequencies  are  several  orders 
of  magnitude  higher  than  the  minimum  value  and  hence  are 
not  usually  of  immediate  interest. 

These  higher  frequencies  will  arise  only  if  all  three  inertia 
terms  are  retained  in  Eqs.  (1).  Although  these  higher  fre¬ 
quencies  are  not  to  be  studied  here,  all  three  inertia  terms  have 
been  retained  in  developing  the  results  presented  herein. 
One  approach  for  determining  the  region  of  influence  of  the 
various  boundary  conditions  on  the  modal  behavior  of  cylin¬ 
drical  shells  consists  of  looking  at  the  minimum  natural  fre¬ 
quency  (which  is  the  envelope  of  the  frequency  curves  drawn 
for  constant  values  of  n).  The  value  of  n  varies  from  point  to 
point  as  indicated  on  the  curves  shown  in  Figs.  3-7.  Alore- 
over,  for  a  given  shell  of  fixed  length,  changing  the  boundary 
conditions  may  alter  the  value  of  n  associated  with  the  mini- 


Table  1  List  of  boundary  conditions  used  in  present 
analysis 


Case 

Boundary  conditions 

no. 

Description 

X 

=  0 

X  =  l/a 

1 

Simple  support  without  axial 
constraint  (called  “freely  sup- 

w 

=  0 

w  =0 

V 

=  0 

V  =0 

ported”  in  Ref.  3) 

=  0 

Mr  =  0 

N, 

=  0 

Nr  =  0 

2 

Simple  support  without  axial 

w 

=  0 

w  —  0 

constraint  at  one  end,  with 

V 

=  0 

V  =0 

axial  constraint  at  other 

Mr 

=  0 

Mr  =  0 

Nr 

=  0 

u  —  0 

3 

Simple  support  with  axial 

w 

=  0 

w  —  0 

constraint 

u 

=  0 

u  =  0 

V 

=  0 

V  =0 

Mr 

=  0 

Mr  =  0 

4 

Simple  support,  no  tangential 

w 

=  0 

w  =0 

constraint  (similar  to  case  1, 

Mr 

-  0 

Mr  =  0 

witht;  5^  0) 

Nr 

=  0 

Nr  =  0 

Tr 

-  0 

Tx  =  0 

5 

Simple  support,  axial  constraint 

W 

=  0 

w  —  0 

but  no  tangential  constraint 

u 

-  0 

u  =0 

(similar  to  case  3,  with  v  0) 

Mr 

=  0 

Mr  =  0 

Tr 

=  0 

Tx  =  0 

6 

Clamped  end,  without  axial 

W 

=  0 

w  =0 

constraint 

-  0 

ly'  =  0 

V 

=  0 

V  =0 

Nr 

=  0 

Vx  =  0 

7 

Clamped  end,  with  axial  con¬ 

w 

=  0 

w  =0 

straint  (called  “fixed  end’  ’ 

w' 

=  0 

w'  =0 

in  Ref.  4) 

u 

=  0 

u  =0 

V 

-  0 

V  =0 

8 

Clamped  end,  no  tangential 

w 

=  0 

w  =0 

constraint  (similar  to  case  6, 

w' 

=  0 

w'  =0 

but  with  V  7^  0) 

Nr 

=  0 

Nr  =  0 

Tr 

=  0 

Tr  =  0 

9 

Clamped  end,  with  axial  con¬ 

W 

=  0 

w  =0 

straint  but  no  tangential  con¬ 

w' 

=  0 

w'  =0 

straint  (similar  to  case  7,  but 

u 

=  0 

u  =0 

witht;  5^  0) 

Tr 

=  0 

Tr  =0 

10 

Simple  support  without  axial 

w 

=  0 

w  =0 

constraint  at  one  end,  clamped 

V 

=  0 

V  =0 

with  axial  constraint  at  the 

Mr 

=  0 

w'  =  0 

other  end 

Nr 

=  0 

u  =0 

Fig.  5  Frequency  envelope,  case  7  and  Arnold  and  War- 
burton’s  appi'oximate  solution. 

mum  frequency.  Since  the  minimum  frequency  always 
occurs  for  a  mode  having  one  axial  half-wave  (m  =  1),  Figs. 
3-7  are  all  drawn  for  m  =  1. 

One  should  keep  in  mind  the  fact  that,  for  long  shells,  the 
minimum  frequency  will  occur  for  n  —  1,  The  values  of 
l/a  for  which  this  change  takes  place  depend  upon  a/h. 
For  a/h  =  20,  the  crossover  occurs  for  I/a  =  12  to  18; 
for  a/h  —  5000,  the  change  occurs  for  l/a  >  100. 

The  effect  of  clamping  {hw/dx  =  0)  is  illustrated  in  Fig.  3, 
in  which  the  minimum  frequency  for  a  simply  supported 
shell  without  axial  constraint  is  compared  with  that  of  a 
clamped  shell  without  axial  constraint.  Clearly,  the  effect 
of  clamping  rapidly  diminishes  as  the  length  increases.  The 
magnitude  of  the  increase  in  minimum  frequency  due  to 
clamping  is  quite  small  for  all  but  very  short  shells  {l/a  <  1). 

The  influence  of  axial  constraint  {u  —  0)  is  illustrated  in 
Fig.  4.  Here  the  minimum  frequency  for  a  simply  supported 
shell  without  axial  constraint  is  compared  with  that  of  a 
simply  supported  shell  with  axial  constraint  at  one  or  both 
ends.  In  direct  contrast  to  the  previous  case,  the  effect  of 
axial  constraint  is  significant  even  for  very  long  shells  and 
for  all  values  of  a/h.  Note  that  the  minimum  frequency  for 
case  3  is  about  40  to  60%  higher  than  in  that  of  case  1  through- 


LENGTH  TO  RADIUS  RATIOi/a 

Fig.  6  Freqviency  envelope,  cases  1  and  3-5. 
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Fig.  7  Frequency  envelope,  cases  6-9. 


out  most  of  the  region  of  interest.  This  difference  may 
be  even  greater  for  certain  modes  (see  Fig.  8).  The  ph^^sical 
reason  for  the  difference  in  the  influence  of  w  —  0  as  compared 
with  dw/dx  ==  0  perhaps  can  best  be  understood  by  examin¬ 
ing  the  modal  stress  resultants.  This  wdll  be  done  in  an¬ 
other  section.  Although  the  curves  on  Fig.  4  have  been 
drawm  for  m  =  1,  the  freqiiencies  for  modes  having 

one  axial  node  (?/i  =  2),  for  a  simply  supported  shell 
wdth  axial  constraint  (case  3),  can  be  determined  directly 
from  the  intermediate  curve  (case  2)  on  Fig.  4.  It  can  be 
showm  that  a  shell  of  length  2l/a,  boundary  conditions  of 
case  3,  and  with  ni  =  2,  has  the  same  modal  behavior  as  a 
similar  shell  of  length  l/a,  with  m  —  1  and  boundary  condi¬ 
tions  of  case  2.  Further  study  indicates  that,  no  matter 
wLat  homogeneous  boundary  conditions  are  enforced  at 
the  ends  of  the  shell,  as  m  increases,  the  modal  characteristics 
gradually  aj:)proach  those  of  a  simply  supported  shell  without 
axial  constraint  (case  1).  This  trend  can  be  seen  (for  case 
7)  in  Figs.  8-10. 

Arnold  and  Warburton^  used  the  Ra3deigh-Ritz  procedure 
to  obtain  an  aj^proximate  solution  for  wLat  they  called  a  shell 


Fig.  8  Frequency  distribution  for  u  =  2,  m  >  1. 


Fig.  9  Frequency  distribution  for  l/a  =  1  and  l/a  =  10. 

with  ^‘fixed  ends.”  This  is  a  shell  clamped,  with  axial  con¬ 
straint,  at  both  ends  (case  7).  Although  they  took  only 
a  one-term  approximation  to  the  mode  shape,  their  solution 
for  the  frequenc^^  agrees  very  closely  with  the  results  of  the 
present  analysis  (see  Fig.  5),  theirs  being  a  maximum  of 
5%  higher.  For  most  cases,  the  results  agree  within  2%. 
As  is  to  be  expected,  however,  the  modal  stress  resultants  as 
predicted  by  their  solutions  are  quite  seriously  in  error. 
Arnold  and  Warburton^s  paper  is  misleading,  how^ever,  in  so 
far  as  it  implies  that  the  primary  change  from  the  ^ffreely 
supported”  case  (studied  earlier  b^^  them^)  was  the  addition 
of  clamping.  The  effect  of  elastic  moment  restraint  which 
they  considered  must  actuall}^  be  quite  small. 

In  all  of  the  preceding  cases,  we  have  assumed  that  the 
tangential  displacement  v  is  zero.  If  this  requirement  is 
relaxed,  with  all  other  parameters  remaining  the  same,  the 
frequenc}^  will  be  lower  (see  Figs.  6  and  7).  The  greatest 
change  in  the  frequency"  due  to  relaxing  the  condition  «;  =  0 
occurs  for  n  =  1.  It  is  important  to  note  at  this  point  that 
for  this  boundaiy  condition  the  minimum  frequency  may 
occur  for  n  =  I  even  for  short  shells. 


Over-All  Frequency  Pattern 

It  is  not  ])ractical  to  try  to  compare  on  a  two-dimensional 
plot  the  influence  of  different  boundary  conditions  on  the 
over-all  frequency  distribution.  This  was  the  reason  for 
discussing  only  the  frequency  envelope  in  the  preceding 
figures.  In  order  to  understand  how  these  figures  relate 
to  the  over-ail  pattern,  one  case  will  be  studied  in  more  depth. 
Figure  11  is  a  three-dimensional  plot  of  the  frequencj^  as  a 
function  of  n  and  l/a,  for  a  specific  shell  (a/h  =  100,  p  —  0.3), 
and  for  one  axial  half-wave.  Two  different  sets  of  boundary 
conditions  are  shown;  simple  support  without  axial  con¬ 
straint  (case  1)  and  clamped  wdth  axial  constraint  (case  7). 
Note  that  the  scale  for  l/a  is  reversed  from  the  sense  used  in 
preceding  figures.  The  minimum  curves  shown  in  Fig.  11 
are  the  type  of  curves  plotted  in  Figs.  3-7. 

The  difference  betw^een  the  surface  for  case  1  and  the 
surface  for  case  7,  for  l/a  <  1,  is  primarily  due  to  the  effect 
of  moment  restraint.  For  l/a  >  1,  the  difference  is  due  to 
the  effect  of  axial  restraint.  The  frequencies  associated  wdth 
the  various  values  of  n  for  a  fixed  l/a  are  very  close  in  magni¬ 
tude  for  short  shells,  as  evidenced  by  the  nearly  horizontal 
grid  lines  in  the  n  direction.  For  long  shells,  the  influence  of 
the  boundary  conditions  extends  over  a  much  narrower  band 
of  circumferential  waves. 
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Fig.  10  Frequency  distribution  for  Ija  —  100. 

To  further  illustrate  these  points,  a  cross  section  of  Fig. 
11  has  been  drawn  for  three  different  values  of  l/a  (i.e.,  1, 
10,  100).  Figure  9a  is  the  cross  section  for  //a  =  1.  (Only 
the  m  =  1  curve  a])pears  in  Fig.  11.)  Note  that 
the  value  of  n  for  which  the  minimum  frequency  occurs 
depends  upon  the  half-wavelength  Ijma.  Note  also  that, 
for  ??i  =  1,  there  are  nine  values  of  n  which  have  frequencies 
less  than  the  minimum  value  for  m  =  2.  For  l/a  =  10 
(Fig.  9b),  there  are  three  values.  Figure  10  shows  a  change 
in  character  of  the  ordered  frequencies.  The  minimum  fre¬ 
quency  occurs  for  n  =  1,  and  there  are  no  other  values  of  n 
which  have  frequencies  less  than  that  for  n  =  1  and  rn  =  3. 
For  w  =  2,  there  are  10  values  of  m  which  have  corresi)onding 
frequencies  that  are  less  than  the  minimum  value  for  n  =  3. 

The  detailed  behavior  of  the  higher  modes  for  the  entire 
range  of  l/a  is  illustrated  in  Fig.  8  for  n  —  2.  These  curves 

- CASE  7 

(CLAMPED  ENDS, 

THESE  SURFACES  ARE  BASED  ON  WITH  AXIAL 

THE  FOLLOWING  PARAMETERS:  CONSTRAINT) 


a/h  =  100,  v=0.3,  m  =  1  i  _  ■  CASE  1 


Fig.  12  Mode  shape  for  a/h  ==  20,  [/a  ==  1,  n-  —  4. 

are  tyi)ical  of  those  obtained  for  any  value  of  n.  The  dimin¬ 
ishing  inuflence  of  the  boundary  conditions  on  higher  values 
of  n  is  clearly  seen  here.  Note  also  that,  for  m  =  1  and 
5  <  l/a  <  15,  the  frequency  for  case  7  is  almost  100%  higher 
than  for  case  1 .  In  this  same  region,  the  difference  in  mini¬ 
mum  frequencies  is  about  50%. 

Modal  Stress  Resultants 

A  study  of  selected  stress  resultants  that  arise  during 
modal  vibration  is  essential  for  full  understanding  of  the 
influence  of  the  various  boundary  conditions  on  the  modal 
behavior  of  thin  shells.  The  results  shown  in  Figs.  12-16 
are  all  for  a/h  =  20.  For  thinner  shells,  the  moment  dis¬ 
tribution  is  not  influenced  nearly  as  much  by  the  various 
boundary  conditions  and,  in  fact,  is  very  close  to  that  for  a 
simply  supported  shell  in  all  cases.  The  axial  force  distribu¬ 
tion,  on  the  other  hand,  is  essentially  independent  of  a/h. 

There  is  no  unique  basis  for  comparing  the  magnitude  of 
the  various  stress  resultants  for  different  conditions.  For 
our  purpose  here,  the  maximum  radial  deflection  has  been 
taken  as  the  normalizing  factor.  The  important  items  to 
compare  from  case  to  case  are  not  so  much  the  magnitudes 
of  the  stress  resultants,  but  rather  their  distributions. 

In  Figs.  14  and  15,  distributions  of  both  the  axial  force  Nx 
and  the  axial  moment  Mx  are  com])ared  for  two  sets  of  bound- 


Fig.  13  Mode  shape  for  a/h  =  20,  l/a  ~  10,  n  =  2. 
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Fig.  14  Distribution 
of  axial  force  during 
modal  vibration. 


ary  conditions,  cases  1  and  7.  From  these  figures,  we  can 
see  that  the  region  in  which  the  moment  is  affected  decreases 
as  the  shell  gets  longer.  Furthermore,  a  study  of  other 
values  of  a/h  shows  that,  as  the  shell  becomes  thinner,  the 
boundary  conditions  have  less  and  less  influence  on  the 
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Fig.  15  Distribution  of 
axial  moment  during  mo¬ 
dal  vibration. 


moment  distribution.  The  influence  of  the  condition  hw/ 
dx  =  0  is  generally  localized,  and  this  underlies  the  frequency 
distribution  shown  in  Fig.  3.  The  shape  of  the  axial  force 
distribution  shown  in  Fig.  14,  on  the  other  hand,  could 
apply  to  any  shell.  It  is  apparent  that  the  boundary  condi¬ 
tion  =  0  alwa3^s  has  a  strong  influence  on  the  axial  force 
distribution,  and  this  contributes  to  an  understanding  of 
the  significant  increase  in  the  frequency  shown  in  Fig.  4. 

Figure  16  rather  clearly  demonstrates  the  increasing  local¬ 
ization  of  the  effects  of  the  boundary  conditions  as  the  num¬ 
ber  of  axial  waves  increases.  This  is  in  accord  with  the 
trend  already  noted  in  Figs,  8-10. 

The  difference  in  behavior  of  'Nx  and  Mx  for  the  various 
boundary  conditions  is  similar  to  the  static  response  of  a 
thin  cylindrical  shell  to  various  types  of  edge  loading.  It 
has  been  shown®  that,  for  cylindrical  shells,  certain  types 
of  edge  loading  produce  significant  stresses  only  in  a  very 
localized  boundary  zone,  whereas  other  types  of  loading- 
will  propagate  far  into  the  interior  of  the  shell. 

Conclusions 

The  present  approach  provides  a  powerful  tool  for  examin¬ 
ing  a  wide  variety  of  boundary  conditions  and  their  influence 
on  the  modal  behavior  of  cylindrical  shells.  Since  no  ap¬ 
proximations  have  been  introduced  beyond  those  underlying 
Fliigge’s  equations,  the  mode  shapes,  modal  accelerations, 
and  modal  stress  resultants  can  be  computed  quite  accurately. 
The  results  of  this  study  clearly  indicate  that  care  must  be 
taken  in  any  approximate  analysis  to  use  appropriate  bound¬ 
ary  conditions. 
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Fig.  16  Distribution  of  axial  force  during  modal  vibration 
when  m  =  6. 

One  important  question,  not  studied  here,  is  what  consti¬ 
tutes  reasonable  boundary  conditions  in  actual  practice. 
Although  this  question  is  not  answered,  it  is  clear  that  the 
out  of  plane  stiffness  of  end  rings  is  far  more  important,  in 
general,  than  the  resistance  of  a  ring  to  rotation  of  its  cross 
section.  Furthermore,  it  is  to  be  noted  that  a  stiff  end  ring 
will  provide  axial  restraint  for  n  >  2,  even  if  the  ends  of  the 
shell  can  move  axially  or  rotate  as  a  plane.  This  indicates 
that  what  constitutes  axial  restraint  iov  n  >  2  may  not 
necessarily  be  considered  axial  restraint  for  n  =  0  or  n  —  1. 

References 

1  Gros,  C.  G.  and  Forsberg,  K.,  “Vibrations  of  thin  shells: 
a  partially  annotated  bibliography,”  Lockheed  Missiles  and 
Space  Co.,  SB  63-43  (1963). 

2  Sobel,  L.,  “Effects  of  boundary  conditions  on  the  stability 
of  cylinders  subject  to  lateral  and  axial  pressures,”  AIAA  J.  2, 
1437-1440(1964). 


]:)ECEMBEK  1964 


INFLUENCE  OF  BOUNJIARY  CONDITIONS  ON  THIN  SHELLS 


2157 


3  Fliigge,  W.,  Stresses  in  Shells  (Springer-Verlag,  Berlin,  1960), 
Chap.  5,  pp.  219  and  233. 

^  Arnold,  R.  N.  and  Warburton,  G.  B.,  “Flexural  vibrations  of 
the  walls  of  thin  cylindrical  shells  having  freely  supported  ends,'^ 
Proc.  Roy.  Soc.  (London)  A197,  238-256  (1949). 


®  Arnold,  R.  N.  and  Warburton,  G.  B.,  “The  flexural  vibra¬ 
tions  of  thin  cylinders, Inst.  Mech.  Engrs.  (London),  Proc. 
Automobile  Div.  167,  62-80  (1953). 

®  Steele,  C.  R.,  “Shells  with  edge  loads  of  rapid  variation,” 
Lockheed  Missiles  and  Space  Co.,  TR  6-90-63-84  (1963). 


DECEMBER  1964  AIAA  JOURNAL  VOL.  2,  NO.  12 
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An  inve.stigation  was  made  of  approximate  methods  for  inverting  Laplace  transforms  that 
occur  in  viscoelastic  stress  analysis  when  use  is  made  of  the  elastic-viscoelastic  analogy.  Al- 
frey’s  and  ter  Haar’s  methods  and  Schapery’s  direct  method  were  examined  and  shown  to  be 
special  cases  of  a  general  inversion  formula  due  to  Widder.  Schapery’s  least  squares  method 
and  several  techniques  based  on  orthogonal  function  theory  were  also  examined.  Viscoelastic 
solutions  to  two  problems  involving  deformations  and  stresses  in  solid  propellant  rocket 
motors  under  axial  and  transverse  acceleration  loads  were  obtained  by  use  of  several  of  the 
methods  discussed.  The  problems  were  typical  of  the  type  where  the  associated  elastic  solu¬ 
tion  is  known  only  numerically.  The  use  of  the  orthogonal  polynomial  methods  is  explained 
in  detail,  and  their  limitations  discussed.  From  the  investigation  described,  it  was  con¬ 
cluded  that  Schapery’s  dhect  method  and  ter  Haar’s  method  generally  give  good  results  when 
applicable.  Widder’s  general  inversion  formula,  which  includes  Alfrey’s  method  as  a  special 
case,  is  not  useable  for  the  type  problems  of  interest  here.  Although  the  orthogonal  poly¬ 
nomial  methods  possess  characteristics  that  make  them  especially  suited  to  the  type  prob¬ 
lems  considered,  their  use  appears  limited  by  severe  computational  difficulties.  Schaperj ’s 
least  squares  method  gives  good  results  to  most  problems  of  interest. 


Introduction 

The  elastic-viscoelastic  analogy  has  been  the  method 
most  commonly  used  for  obtaining  stress  distributions 
and  displacements  in  linear  viscoelastic  bodies.  The  analogy 
has  been  derived  using  both  a  separation  of  variables  tech¬ 
nique  and  an  integral  transform  method.  Alfrey^  was  the 
first  to  formulate  the  analogy  using  the  separation  of  vari¬ 
ables  technique,  whereas  Read^  was  first  to  derive  the  analogy 
using  Fourier  integral  transforms.  Lee^  subsequently  showed 
that  the  analogy  could  also  be  derived  by  use  of  the  Laplace 
transform.  Further  developments  and  extensions  have  been 
concisely  summarized  by  Hilton.'*  In  the  remarks  that  fol¬ 
low,  the  elastic- viscoelastic  analogy  discussed  will  be  the  form 
derived  by  Lee.® 

The  elastic-viscoelastic  analogy  can  be  shown  to  exist  by 
operating  on  the  field  equations,  constitutive  equations,  and 
boundary  conditions  of  a  linear  viscoelastic  body  with  the 
Laplace  transform  with  respect  to  time.  This  operation 
reduces  derivatives  and  integrals  with  respect  to  time  to 
algebraic  expressions  of  the  transform  parameter.  The 
equations  that  result  after  this  operation  are  analogous  to 
the  field  equations,  constitutive  equations,  and  boundary 
conditions  that  govern  the  behavior  of  an  elastic  body  of  the 
same  geometry  as  the  viscoelastic  body.  If  the  solution  to 
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Rocket  Conference,  Palo  Alto,  Calif.,  January  29-31,  1964; 
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this  associated  elastic  problem  can  be  obtained,  the  solu¬ 
tion  to  the  time  dependent  viscoelastic  problem  can  be  ob¬ 
tained  by  operating  upon  the  stresses  and  displacements  of 
the  associated  elastic  problem  with  an  inverse  Laplace  trans¬ 
form.  Thus,  the  results  of  the  theory  of  elasticity  can  be 
used  to  obtain  solutions  to  viscoelastic  problems. 

There  are  three  general  classes  of  problems  where  an  exact 
form  of  the  elastic-viscoelastic  analogy  does  not  apply.  The 
first  class  consists  of  problems  with  moving  boundaries  where 
the  motion  is  due  to  some  external  source  and  is  entirely 
different  from  the  usual  infinitesimal  deformations  due  to 
load,  temperature,  etc.  The  second  class  consists  of  prob¬ 
lems  where  the  type  of  boundary  condition  at  a  boundary 
point  changes  with  time,  i.e.,  a  stress  boundary  condition  at 
a  point  at  one  instant  of  time  changes  to  a  displacement 
boundary  condition  at  another  instant  of  time  and  vice 
versa.  The  third  class  consists  of  j^roblems  where  the  com¬ 
pressible  material  properties  are  time  dependent.  If  the 
material  properties  are  time  dependent,  the  differential  equa¬ 
tions  have  variable  coefficients  or  the  integral  equations  are 
not  of  the  convolution  type.  Thus,  the  constitutive  equa¬ 
tions  do  not  reduce  to  algebraic  expressions  when  operated 
on  with  the  Laplace  (or  Fourier)  transform. 

Although  these  limitations  are  serious  and  exclude  from 
consideration  many  problems  of  interest  in  viscoelastic  stress 
analysis  of  solid  propellant  rocket  motors,  there  are  still 
many  problems  that  fall  within  the  realm  of  application  of  the 
analogy  which  are  of  interest.  Until  recently,  viscoelastic 
solutions  to  problems  in  which  the  associated  elastic  problem 
was  obtained  by  some  numerical  technique  have  been  un¬ 
obtainable  by  this  method  because  of  the  difficulty  of  taking 
the  inverse  Laplace  transform  of  functions  that  are  known 
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only  numerically,  i.e.,  functions  known  only  at  discrete  points 
in  the  body  and  only  for  discrete  values  of  the  material  con¬ 
stants.  Also,  there  exist  many  problems  that  possess  asso¬ 
ciated  elastic  solutions  that  are  algebraically  too  complicated 
to  be  readily  inverted  by  formal  inversion  methods. 

In  this  paper,  several  methods  for  accomplishing  the  ap¬ 
proximate  Laplace  transform  inversion  of  a  function  known 
only  numerically  for  discrete  values  of  the  transform  param¬ 
eter  will  be  discussed.  Since  an  algebraically  complicated 
associated  elastic  solution  can  be  reduced  to  a  solution  known 
only  at  discrete  points  and  for  discrete  values  of  the  material 
constants,  only  the  numerically  known  solution  will  be  dis¬ 
cussed. 

Numerical  Transformed  Viscoelastic  Solution 

At  tliis  point  it  appears  beneficial  to  outline  the  procedure 
for  obtaining  transformed  viscoelastic  solutions  from  asso¬ 
ciated  elastic  solutions  obtained  by  some  numerical  process. 

When  the  transformed  viscoelastic  solution  or  associated 
elastic  solution  can  be  expressed  analytically,  the  moduli  of 
the  associated  elastic  problem  are  functions  of  the  transform 
parameter.  The  form  of  these  equivalent  moduli  depends  on 
the  transformed  viscoelastic  moduli.  The  boundary  condi¬ 
tions  of  the  associated  problem  also  depend  on  the  transform 
parameter.  Laplace  transform  inversion  of  the  associated 
elastic  problem  yields  the  viscoelastic  solution  directly. 

When  the  associated  elastic  solution  is  not  available  in 
analytical  form  suitable  for  formal  inversion,  numerical  values 
of  the  transformed  viscoelastic  solution  must  be  obtained 
which  correspond  to  certain  discrete  values  of  the  transform 
parameter.  If  the  time  variation  of  the  viscoelastic  moduli 
of  the  particular  material  of  interest  is  known,  it  is  possible 
to  express  the  equivalent  moduli  of  the  material  in  terms  of 
the  Laplace  transform  of  the  viscoelastic  moduli.  Since  the 
equivalent  moduli  and  the  transformed  boundary  condi¬ 
tions  can  be  evaluated  for  particular  values  of  the  transform 
parameter,  the  associated  elastic  solution  can  be  evaluated 
for  ]:)articular  values  of  the  transform  parameter.  The 
transformed  viscoelastic  solution  (associated  elastic  solution) 
then  can  be  found  for  all  real  values  of  the  transform  param¬ 
eter.  Now,  if  a  method  of  inverting  the  solution  for  discrete 
values  of  the  transform  parameter  is  available,  the  visco¬ 
elastic  solution  to  the  problem  can  be  obtained. 

To  further  illustrate  this  procedure,  consider  the  problem 
of  finding  the  axial  disj^lacements  in  a  finite-length,  hollow, 
circular,  linear  viscoelastic  cylinder  bonded  to  a  rigid  case 
on  the  outer  boundaiy  of  the  cylinder  and  on  one  end  and 
subjected  to  an  axial  acceleration  loading.  Application  of 
the  elastic-viscoelastic  analogy  involves  the  Laplace  trans¬ 
form  inversion  of  the  solution  of  an  associated  elastic  prob¬ 
lem  which  consists  of  an  elastic  cylinder  of  the  same  shape 
subjected  to  boundary"  and  loading  conditions  that  are  equal 


Fig.  1  Illustration  of  sifting  property  of  Dirac  delta  func" 
tion. 


to  the  transformed  viscoelastic  conditions.  Inversion  of 
such  a  solution  would  then  yield  the  solution  to  the  visco¬ 
elastic  problem. 

No  closed  form  solution  for  this  associated  elastic  problem 
has  yet  appeared  in  the  literature,  although  a  numerical  solu¬ 
tion  has  been  obtained  by  Parr.®  This  solution  utilized  an 
iterative  process  to  solve  a  system  of  finite-difference  equa¬ 
tions  to  determine  stress  functions  at  a  network  of  discrete 
points  in  the  body.  The  stresses,  strains,  and  displacements 
were  evaluated  from  the  stress  functions  by  finite-difference 
forms  of  various  analytical  relations. 

The  axial  displacement  w  at  any  point  in  the  elastic  prob¬ 
lem  could  be  expressed  as 

=  {b8g/E)m/2h),  (a/b),  p]  (1) 

where 

b  —  outer  radius  of  propellant 
a  —  inner  radius  of  propellant 
I  =  length  of  propellant  grain 
5  =  density  of  propellant 
g  =  axial  acceleration 
E  —  tensile  modulus 
V  =  Poisson^s  ratio 

Only  three  input  parameters  were  required  for  the  solution, 
the  radius  ratio  a/b,  the  length-to-diameter  ratio  l/2b,  and 
Poisson’s  ratio  v.  The  transformed  viscoelastic  solution  is 
then  obtained  from  Eq.  (1)  by  replacing  the  elastic  constants 
E  and  p  by  the  equivalent  viscoelastic  constants  E^p)  and 
p^p)  and  replacing  the  acceleration  g  by  the  transform  of 
the  acceleration  in  the  viscoelastic  problem  g{p).  The 
transformed  viscoelastic  displacement  at  a  point  is  then  given 


E^(p)  and  pHp),  the  equivalent  moduli,  are  defined  as 
E*(p)  =  pE*(p) 

vHp)  = 


(3) 


where  E*(p)  and  p*(p)  are  the  Laplace  transforms  of  the 
time-dependent  relaxation  modulus  in  uniaxial  extension 
E*{t)  and  the  viscoelastic  Poisson’s  ratio  p*(t)  determined 
from  a  uniaxial  tensile  test,  respectively. 

The  procedure  for  obtaining  the  transformed  viscoelastic 
displacement  w(p)  at  various  values  of  p  is  as  follows.  First, 
compute  values  of  g{p),  E^{p),  and  p^{p)  which  correspond 
to  a  particular  value  of  p,  e.g.,  p  =  Po-  Second,  the  numeri¬ 
cal  procedure  for  obtaining  the  elastic  solution  w,  as  stated 
in  Eq.  (1),  is  then  used  with  p  =  p*(p/),  E  =  E*{p/),  and 
g  =  g{pQ)  (also  values  of  a,  b,  I,  and  5).  This  operation  is 
equivalent  to  the  procedure  for  evaluating  Eq.  (2).  w{pq) 
is  therefore  obtained  by  evaluating  the  elastic  solution  for 
w.  Repeating  this  procedure  with  p  =  pi,i  ^  1,  2,  3,  ...  , 
gives  values  of  the  transformed  function  for  various  values 
of  Pi.  Thus,  to  obtain  the  viscoelastic  solution,  the  values 
of  the  w{pi),  i  —  1,  2,  3,  ...  ,  must  be  used  to  obtain  the 
inverse  function  wit).  Several  techniques  for  accomplishing 
such  an  inversion  approximately  will  be  discussed  in  the 
following  section. 


Approximate  Laplace  Transform  Inversion 
Methods 


General  Theory 

Before  beginning  a  discussion  of  the  approximate  inversion 
methods,  certain  elementary  aspects  of  Laplace  transform 
theory  will  be  reviewed  here  for  terminology  and  complete¬ 
ness,  f 

t  For  a  comprehensive  treatment  of  Laplace  transform 
theory,  see  one  of  the  standard  treatise  on  the  subject  such  as 
Widder.6 
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The  Laplace  transform  / (p)  of  a  function  / (t)  is  commonly 
indicated  by  Llf{t)}  and  defined  as 

/4/(0}  =/(p)  = /o“ (4) 

where  p  is  the  transform  parameter  and/(p)  is  a  function  of 
p  different  from,  but  related  to/(0.  In  order  for  the  Laplace 
transform  of  a  function  to  exist,  it  is  sufficient  that  the  func¬ 
tion  be  sectional! y  continuous  in  every  finite  interval  in  the 
range  t  >  0  and  that  the  function  be  of  exponential  order 
00 .  The  parameter  p,  in  general,  is  a  complex  variable. 

If  the  transformed  function  f{p)  is  analytic  and  of  order 
in  a  half-plane  Reip)  >  a,  where  c  is  a  constant  greater 
than  zero,  then  the  inverse  Laplace  transform  gives  the 
original  function  fit),  termed  the  “indicia!  function,''  in 
terms  of  a  complex  integral  as 

=  m  =  (5) 

Here  L~'^{f(p)}  is  used  to  indicate  the  inverse  Laplace  trans¬ 
form  of  fit).  Although  this  inversion  integral,  which  is  an 
integral  in  the  complex  plane  along  a  line  parallel  to  the 
imaginary  axis,  can  be  written  in  terms  of  a  real  infinite 
integral,  the  evaluation  is  more  difficult  than  evaluation  of 
the  complex  integral.  Hence,  the  complex  form  is  usually 
used  in  conjunction  with  certain  auxiliary  line  integrals  and 
the  theory  of  residues.  In  any  case,  the  inversion  can  be 
quite  difficult  and  tedious  for  complicated_  forms  of  the  trans¬ 
formed  function  fip).  If  the  function  fip)  is  known  only 
numerically  for  discrete  values  of  p,  some  approximate 
inversion  scheme  must  be  used. 

The  need  for  inverting  Laplace  transforms  has  been  ex¬ 
perienced  in  many  fields,  and,  as  a  result,  approximate  in¬ 
version  methods  have  been  developed  in  connection  with 
several  distinct  subjects.  A  unified  treatment  of  the  most 
promising  a]:)proximate  inversion  methods  is  presented  in 
the  following  sections. 

Inversion  Methods  Based  on  Widder’s  General  Inversion 
Formula 

Widder®  has  suggested  use  of  a  general  inversion  formula 
first  proposed  by  Post.^  The  general  inversion  formula  repre¬ 
sents  the  general  case  of  a  set  of  inversion  methods  that 
have  recently  been  considered,  namely,  the  methods  of 
Alfrey,^  ter  Haar,®  and  Schapery.® 


Widder^s  general  inversion  formula 

Widder’s  general  inversion  formula  is  based  on  the  sifting 
pro):)erty  of  the  Dirac  delta  function.  This  proi:)erty  is  best 
stated  by  the  formula 


hit)bit  —  T)dt  —  hir)  r  >  0 

where 

(  0  i  9^  T 

Sit  -  t)  =  <  lim  I  /At  t  =  T 

1  A<-»-0 


(6) 


A  gra])hical  interpretation  of  the  sifting  ]n'oi)erty  of  the 
delta  function  is  shown  in  Fig.  1.  From  the  figure  it  can 
be  seen  that  hit)  is  essentially  constant  in  the  region  where 
the  impulse  function  is  large  (^  =  r),  and  the  product  hify 
bit  —  r)  is  zero  elsewhere.  The  integral  in  Eq.  (6)  is  ac¬ 
cordingly  equal  to  hit)  \  i  =  t  times  the  area  below  the  bit  —  r) 
curve.  Since,  by  definition,  the  area  is  unity,  i.e., 


h{t  ~T)dt  =  \  r  >  0  (7) 


the  result  expressed  in  Eq.  (6)  becomes  apparent. 

To  obtain  the  Laplace  transform  in  a  form  in  which  this 
relation  may  be  used,  the  definition  integral  is  differentiated 


Fig.  2  Intensity  functions  arising  in  Widder’s  general 
inversion  formula. 


under  the  sign  of  integration  n  times  with  respect  to  the 
transform  parameter  p.  This  operation  gives 

=  (-i)»  (8) 

With  a  slight  modification,  this  integral  can  be  converted 
into  a  sifting  integral  as  in  Eq.  (6).  The  function  in  brackets 
resembles  a  delta  function  and  can  be  approximated  by  such 
a  function  after  the  normalization  requirements  stated  in 
Eq.  (7)  are  satisfied.  Since  the  integral 

Jo"  (9) 


is  not  unity,  the  function  in  brackets,  hereafter  called  the  in¬ 
tensity  function,  must  be  multiplied  by  before  being 

replaced  by  the  delta  function.  Then, 

~  ”*  ^c)  (10) 

where  U  is  any  specified  time  at  which  the  5  function  is  not 
zero.  The  function  on  the  left  has  a  maximum  at  t  =  n/p, 
and  if  the  delta  function  is  assumed  to  be  located  at  this 
point,  Eq.  (10)  becomes 

b[t  —  (n/p)]  ^  ip>^'^^/n\)P’e~^^  (11) 

The  family  of  functions  represented  by  successively  higher 
values  of  n  is  shown  in  Fig.  2  where  the  location  of  the  maxi¬ 
mum  point  of  the  functions  has  been  chosen  to  be  at  /o  =  1 
or  n/p  =  1.  It  can  be  seen  from  Fig.  2  that  increasing  the 
value  of  n  increases  the  accuracy  of  the  approximation  stated 
in  Eq.  (11),  and  with  the  use  of  Stirling’s  formula  it  can  be 
shown  that 

lim  ip'^+^/n\)P^e~p^  =  -  in/p)] 

n— ►00 

If  Eq.  (11)  is  sub.stituted  into  Eq.  (8),  there  results  the  sifting 
integral 

Api)l3dng  the  properties  of  the  sifting  integral  [see  Eq.  (6)] 
to  Eq.  (12)  yields  the  relation 


(13) 


Equation  (13)  can  be  written  in  a  slightly  different  form  to 
give  the  general  inversion  formula  as  proi)osed  by  Widder. 
This  relation  is 


fit)  =  lim 

n— yoo 


r  (  — 

L  n\ 


(14) 
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where  the  limit  has  been  applied  to  indicate  that  the  accuracy 
of  the  approximation  increases  with  n  because  of  the  stronger 
resemblance  of  the  intensity  function  to  the  delta  function 
for  higher  values  of  n, 

Alfrey^s  approximation 
Alfrey’s  approximation  is 


By  inspection  of  Eq.  (14),  it  can  be  seen  that  Alfrey^s  ap¬ 
proximation  is  exactly  the  first-order  approximation  of 
Widder’s  general  inversion  formula,  i.e.,  Widder^s  formula 
when  n  =  1.  Hence,  the  assumptions  and  limitations  of 
Alfrey’s  inversion  method  are  a  special  case  of  those  of 
Widder’s  method. 

ter  Hoards  approximation 

ter  Haar^  proposed  a  method  for  approximate  inversion  of 
the  Laplace  transform  which  did  not  involve  knowing  any 
derivatives  of  the  transformed  function,  ter  Haar’s  approxi¬ 
mation  is 

m  «  [pf(p)l-in  (16) 

To  arrive  at  this  relation,  a  slightly  different  approach  was 
used  by  ter  Haar.  Instead  of  differentiating  the  definition 
integral,  as  was  done  previously,  ter  Haar  simply  multiplied 
and  divided  the  integrand  of  this  integral  by  t.  Performing 
this  operation  on  Eq.  (4)  results  in  the  expression 

=  /o”‘t 

As  was  j)ointed  out  by  ter  Haar,  the  function  in  brackets 
resembles  a  delta  function  and  therefore  may  be  approximated 
by  the  function 

^  _  to)/p’^]  (18) 

where  the  factor  has  been  introduced  for  normalization 
purposes.  Making  this  substitution  in  Eq.  (17)  yields 

py(p)  - (19) 

It  can  be  seen  by  comparing  Eqs.  (18)  and  (10)  that  the 
intensity  function  of  ter  Haar,  which  is  assumed  to  be  ap¬ 
proximated  by  a  delta  function,  is  the  same  as  that  of  Widder 
when  n  —  1.  Thus,  the  nature  of  ter  Haar^s  approximation 
is  the  same  as  that  of  Widder  when  w  ==  1,  although  the 
indicial  functions  in  Eqs.  (19)  and  (12)  differ  by  a  factor 
of  l/t  This  difference  results  in  somewhat  different  ap¬ 
proximations. 

Applying  the  sifting  integral  properties  to  Eq,  (19)  gives 

v^Kp)  -  (20) 

Assuming  the  delta  function  location  to  be  at  the  point  where 
the  intensity  function  is  a  maximum  {t  =  \/p)  allows  Eq. 
(20)  to  be  rewTitten  in  the  form  of  Eq.  (16),  which  is  ter 
Haar’s  approximation. 


Method  Based  on  Prineiple  of  Least  Squares 

This  method  was  first  proposed  by  Schapery.®  Schapery 
concludes  from  his  studies  of  irreversible  thermodynamics 
that  the  class  of  problems  to  which  the  elastic-viscoelastic 
analogy  may  be  applied  has  time-dependent  solutions  of  the 
form 


f{t)  =  Cl  -\-  C4  +  0{t)  (22) 

where  Ci  and  are  constants  and  6{i)  is  the  transient  com¬ 
ponent  of  the  solution  defined  as 

e{t)  =  fjH{T)e-*/^dT  (23) 

The  function  ^(t),  referred  to  as  a  spectral  function,  may 
consist  either  entirely  or  partly  of  Dirac  delta  functions. 
As  Schapery^  points  out,  if  H(r)  is  the  sum  of  a  series  of  delta 
functions  such  as 


m 

H(t)  =  E  hiir  -  r.)  (24) 

i=l 

then  the  transient  component  of  the  response  function  is 


e(t)  =  f;  A.-e-'/-'  (25) 

The  form  of  Eq.  (25)  suggests  that  d(t)  may  be  expressed 
approximately  as 


m 

e(t)  «  e*(t)  =  (26) 

i  =  l 

where  the  and  Qi  are  constants  to  be  determined  by  mini¬ 
mizing  the  mean  square  error  between  6{t)  and  0*{t).  This 
mean  square  error  is,  by  definition, 

=  /y  m)  -  e*(t)]Ht  (27) 

By  prescribing  the  a^,  the  Qi  may  be  determined  by  mini¬ 
mizing  with  respect  to  Qi.  This  minimization  process 
results  in  the  expression 

^  =  /o”2[^(«)  -  =  0 

(i=  1,2,...,  m)  (28) 

or,  equivalently, 

d(t)e-‘/‘^<dt  =  e*(t)e-‘/‘“dt 

(j  =  1,  2,  .  .  .  ,  m)  (29) 

Equation  (29)  essentially  means  that,  for  the  mean  square 
error  of  the  approximation  to  be  a  minimum,  the  Laplace 
transform  of  the  approximation  must  equal  the  Laplace 
transform  of  the  exact  function  at  least  at  the  m  points  p  = 
l/ji,  i  =  1,  2,  ...  ,  m.  Therefore,  m  relations  are  available 
relating  the  Laplace  transforms  of  d(t)  and  ^*(0,  each 
evaluated  at  p  =  \/oLi,  i.e.. 


Schapery^s  direct  method  of  approximation 

Schapeiy’s  direct  method®  of  approximate  inversion  gives 
the  same  result  as  ter  Haar’s  except  that  the  location  of  the 
delta  function  is  chosen  differently  which  results  in  a  differ¬ 
ent  relation  between  p  and  t.  To  obtain  Schapery’s  formula, 
the  delta  function  is  located  at  the  centroid  of  the  intensity 
function  in  the  logt  scale  which  is  the  point  where  pt  «  0.5. 
The  final  form  of  Schapery's  direct  method  of  approximation 
is 

/(<)  =  [)o7(p)]p-o.5/i  (21) 

Schapeiy  points  out  that  the  method  is  mainly  limited  to 
problems  where  pf(p)  is  essentially  a  linear  function  of  logp. 


6(p)\v  =  \/ai  =  6*(p)\p  =  i/ai  (i  =  1,  2,  ...,  m)  (30) 

Since  d{t)  was  assumed  to  be  of  the  form  indicated  in 
Eq.  (26),  Eq.  (30)  reduces  to  the  series  of  equations: 

e(p)|p=l/a.-  =  [(1/a,)  +  (1/^^)] 

(i=  1,2,...,  m)  (31) 

which  may  be  used  to  evaluate  the  gi  in  terms  of  the  values 
of  the  transformed  function  d{p)  at  the  points  pi  =  1/at. 
Thus,  the  transient  component  of  the  solution  of  Bif)  may  be 
determined  and  the  constants  Ci  and  C2  determined  from 
given  initial  and  boundary  conditions. 
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Papoulis’  Legendre  Polynomial  Inversion  Method 

Expansion  of  the  desired  time-dependent  indicia!  function 
f{t)  into  a  series  of  orthogonal  polynomials  in  real  time  as  a 
means  of  approximate  inversion  has  received  the  attention 
of  two  investigators,  Papoulis^®  and  LanczosA^  The  methods 
are  based  on  the  idea  that  the  form  of  the  transformed  poly¬ 
nomials  is  known  and  the  coefficients  of  the  polynomials 
are  calculable  in  terms  of  values  of  the  transformed  function 
at  equidistant  points  along  the  real  axis.  The  method,  as 
described  by  Papoulis,  which  uses  Legendre  polynomials 
for  the  orthogonal  set  is  presented  in  the  following  section. 

As  described  by  Papoulis,  the  definition  integral  [Eq. 
(4)  ]  may  be  transformed  according  to  the  relation 

=  X  7  >  0  (32) 

where  7  is  a  scaling  factor  that  remains  constant  throughout 
any  particular  expansion;  7  will  be  discussed  in  more  detail 
later  after  it  becomes  clear  what  purpose  it  serves.  The 
function /(O  in  Eq.  (4)  becomes 

m  =f\-{l/y)\nx]^Kx)  (33) 

Making  these  substitutions,  Eq.  (4)  becomes 

yKv)  =  x^'^^^'^~^f{x)dx  (34) 

By  expressing  p  in  terms  of  7  as 

p  =  (2A:  +  1)7  (35) 

Eq.  (34)  takes  the  form 

yf{2ky  +  t)  =  x^’‘j{x)dx  (36) 

Therefore,  if  the  value  of  J(p)  is  known  at  the  point  p  = 
{2ky  +  7),  this  is  equivalent  to  knowing  the  2A;th  moment 
of  the  function /(a;)  in  the  interval  (0,  1). 

The  Legendre  polynomials  Pn{x)  form  a  complete  orthog¬ 
onal  set  in  the  interval  (  —  1,  1)  and  by  extending  the  defini¬ 
tion  of  f{x)  in  the  interval  (  —  1,  1)  b}^  defining /(a;)  to  be  an 

even  function,  i.e., 

j{x)  =  J{-x)  (37) 

the  function  J{x)  can  be  expanded  into  a  series  of  even 
Legendre  polynomials.  Such  an  expansion  gives 

m  =  Z  C,Py{x)  (38) 

y-o 


The  major  task  remaining  is  to  evaluate  the  Cj.  It  is 
known that  the  series  expansion  of  a  function  is  uniquely 
determined  by  its  moments  that  are  known  quantities  as  seen 
from  Eq.  (36).  Using  the  fact  that  P2y(e~  "^0  is  an  even  poly¬ 
nomial  in  of  degree  2j,  Papoulis  shows  that  the  transform 
of  P2;(e"'^0  is  of  the  form 


[p  -  y][p  -  37]  ...  b  -  {2j  -  1)7] 
p[p  +  27]  .  .  .  [p  +  2^7] 


(39) 


Therefore,  taking  the  Laplace  transform  of  both  sides  of 
Eq.  (38)  gives 


P 


7]  ■  ■  ■  [p  -  (2j  -  1)7] 

p  .  .  .  [p  +  2i'7] 


Cl  (40) 


Replacing  p  fii-st  by  7  then  87,  67,  .  .  .  ,  (2^  +  1)7,  .  .  .  in 
Eq.  (40)  gives  the  following  .system  of  equations  to  evaluate 
theC,-: 


7/(7)  =  C,  7/(37)  =  iCo  +  AC. 


7/(2i7  +  7I 


2i+  1 


+ 


+  .  .  .  + 


I2j  +  l]l2j  +  3] 

2i[2i  -  2]  ■  ■  ■  2C, 

[2j  +  l][2j  +  3]  .  .  .  [4i  +  1] 


(41) 


Thus,  using  Eqs.  (41)  to  evaluate  the  Cj  in  terms  of  the 
known  values  of  /(p)  determines  the  expansion  defined  in 
Eq.  (38),  which  in  terras  of  real  time  is 


m  =  E  CiPy{e-^‘)  (42) 

y=o 

As  seen  from  Eq.  (42),  the  scaling  factor  7  enters  the  final 
expression  as  a  factor  of  the  exponent  of  e.  The  function 
e~^  varies  over  the  interval  (*—2  <  logx  <  1)  but  is  essentially 
constant  elsewhere.  If  a  function /(i)  varies  over  an  interval 
greater  than  (— 2  <  log7^  <  1),  then  functions  of  the  form 
cannot  adequately  describe  its  variation  over  the  total 
range  of  variation.  Thus,  7  must  assume  multiple  values 
depending  on  the  interval  of  time  of  interest  and  different 
expansions  must  be  obtained  for  each  choice  of  7. 

Thus,  the  inversion  of  the  Laplace  transform  can  be  ac¬ 
complished  by  expanding  the  desired  indicial  function  f{t) 
in  terms  of  an  infinite  convergent  series  of  orthogonal  func¬ 
tions  whose  coefficients  are  calculable  in  terms  of  equidistant 
values  of  the  Laplace  transform  along  the  real  axis. 

Lanezos  method,  which  utilizes  Legendre  polynomials, 
differs  in  theory  only  slightly  from  the  method  described  by 
Papoulis.  Instead  of  using  the  exact  form  of  the  polynomials 
used  by  Papoulis,  Lanezos  uses  a  slightly  modified  form  for 
the  polynomials,  which  are  orthogonal  on  the  interval  (0,  1). 
Lanezos  has  refined  the  method  of  application  to  the  point 
that  computational  efforts  are  minimized,  and  the  coefficients 
Cj  are  determined  in  a  slightly  different  form  than  in  Papou¬ 
lis’  method.  The  nature  of  the  results  of  the  two  methods 
are  very  similar. 

The  basic  idea  of  the  orthogonal  polynomial  approxima¬ 
tions  has  also  been  extended  by  Papoulis  and  Lanezos  to 
include  Chebycheff  and  Laguerre  polynomials.  For  a  com¬ 
prehensive  description  of  these  methods,  see  Ref.  12. 


Numerical  Examples 

The  methods  of  approximate  inversion  of  the  Laplace 
transform  just  presented  vary  considerably  in  regard  to  the 
assumptions  and  mathematical  techniques  used  in  their 
derivation.  Also,  application  of  the  methods  is  considerably 
different.  In  order  to  illustrate  the  use  of  and  clarify  the 
restrictions  on  the  various  methods,  solutions  to  two  prob¬ 
lems  are  presented  which  are  of  interest  in  solid  propellant 
structural  integrity  analysis.  The  problems  are  typical  of 
the  type  where  the  solution  is  unobtainable  by  formal  Laplace 
transform  inversion  methods.  The  solutions  presented  here 
are  intended  only  to  indicate  the  method  of  application  and 
nature  of  the  results  of  the  various  methods  and  not  neces¬ 
sarily  to  indicate  the  accuracy  obtainable  with  any  method. 

The  first  problem  is  that  of  finding  the  circumferential 
stress  ad  at  a  point  on  the  inner  boundary  of  an  infinite- 
length,  hollow,  circular  cylinder  of  linear  viscoelastic  mate¬ 
rial.  The  cylinder  is  bonded  to  an  elastic  case  and  is  lying 
in  a  horizontal  position  loaded  by  its  own  weight.  The 
cylinder  is  assumed  supported  by  a  concentrated  load  as  illus¬ 
trated  in  Fig.  3. 

The  second  problem  involves  the  determination  of  the 
axial  displacement  at  a  point  on  the  inner  boundary  of  a 
finite-length,  hollow,  circular  cylinder  of  linear  viscoelastic 
material  bonded  to  a  rigid  case  and  subjected  to  an  axial  ac¬ 
celeration  load  as  shown  in  Fig.  4. 

In  solving  both  problems,  realistic  material  property  data 
were  used.  The  actual  material  behavior  is  idealized  but  is 
typical  of  many  solid  propellant  materials.  It  is  character¬ 
ized  by  the  tensile  relaxation  modulus  E*{t)  shown  in  Fig.  5 
and  is  seen  to  have  relaxation  processes  occurring  over  several 
decades  of  logarithmic  time.  The  collocation  method^^  for 
fitting  a  series  of  exponentials  to  measured  data  was  used  to 
obtain  an  analytical  expression  for  the  tensile  relaxation 
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Fig.  3  Infinite-length  cylinder  under  transverse  acceler¬ 
ation  load  supported  by  point  load  at  B, 

modulus.  The  resulting  expression  for  used  to  obtain 
the  curve  in  Fig.  5  is 

E*{t)  =  600  -  1945.2986-^0^  +  16334.19e-5o^  + 

21670.066e-5^  +  16951.871e-o-5^  +  6425.041e-o*o5^  (43) 

where  the  units  of  E*(i)  and  t  are  pounds  per  square  inch 
and  minutes,  respectively. 

The  material  was  assumed  to  be  elastic  in  isotropic  tension 
and  the  time  dependent  Poisson’s  ratio is  thus  expressible  as 

v%t)  =  i  -  lE*it)/6K]  (44) 

where  the  bulk  modulus  K  was  assumed  to  have  the  value 
of  500,000  psi. 

Problem  I:  Transverse  Acceleration  of  Infinite- Length 
Cylinder 

A  viscoelastic  solution  has  been  obtained  by  Lianis^®  to 
the  problem  of  transverse  slump  of  a  solid  propellant  rocket 
grain  bonded  to  a  rigid  case,  but,  as  yet,  no  solution  has 
appeared  in  the  literature  to  the  problem  of  a  solid  propellant 
rocket  grain,  assumed  to  be  viscoelastic,  bonded  to  an  elastic 
case.  From  the  results  of  the  elastic  solution  of  Gillis,^®  the 
affect  of  the  flexible  case  is  considerable  and  would  also  be 
significant  for  a  viscoelastic  analysis. 

The  elastic  solution  obtained  by  Gillis^®  was  used  to  obtain 
the  viscoelastic  solution  to  the  problem  of  transverse  accelera¬ 
tion.  Gillis  solved  the  problem  of  an  infinite-length,  hollow, 
circular,  elastic  cylinder  bonded  to  an  elastic  case.  The 


method  of  solution  involved  application  of  Muskhelishvili’s 
complex  variable  method  for  solving  problems  with  circular 
boundaries.  Each  concentric  cylinder,  i.e.,  the  case  and  the 
grain,  was  considered  separately.  The  unknown  interface 
stresses  were  represented  as  infinite  complex  Fourier  series 
with  unknown  coefficients.  These  coefficients  were  later 
evaluated  by  equating  the  normal  and  shearing  stresses  and 
the  displacements  at  the  interface. 

The  solution  resulting  from  this  technique  was,  in  the  form 
of  an  infinite  series  whose  coefficients  were  algebraically  com¬ 
plicated  functions  of  the  elastic  material  properties;  hence, 
formal  Laplace  transform  inversion  of  such  a  form  was  im¬ 
practical.  Therefore,  the  approximate  Laplace  transform 
inversion  methods  described  herein  are  particularly  well  suited 
for  this  problem. 

The  geometry  of  the  problem  considered  is  as  shown  in 
Fig.  3,  and  the  following  numerical  values  were  used  for  the 
various  descriptive  parameters;  R1/R2  —  0.25,  Ri/R2  = 
1.005,  p/8  ^  4.733,  Vc  =  0.3,  and  Gc  =  30.0  X  10®  psi,  where 
p  is  the  weight  density  of  case,  8  the  weight  density  of  pro- 
pellant,  Vc  the  Poisson’s  ratio  of  elastic  case,  and  Gc  the 
modulus  of  elasticity  of  case  in  shear. 

The  dimensionless  circumferential  elastic  stress  ae  at  point 
A  (Fig.  3)  is  a  function  of  Poisson’s  ratio  and  the  elastic 
tensile  modulus.  Application  of  the  elastic-viscoelastic 
analogy  to  this  function  in  the  manner  described  earlier  yields 
the  following  expression  for  the  transformed  viscoelastic 
stress : 

^  =  -f(p*,  Ef)  (45) 


The  gravitational  acceleration  has  been  assumed  to  be  a  con¬ 
stant  applied  at  time  i  =  0  so  that  8(p)  ~  8q/p  and  p(p)  = 

The  equivalent  modulus  G^{p)  is  expressible  in  terms  of  the 
equivalent  moduli  v^{p)  and  E^{p)  as 


GHp)  = 


eHp) 

2[1  +  ^%)] 


(46) 


Repeated  computation  of  [aB{p)/8QR2\  with  v  =  v*{p)  and 
E  —  E^{p)  then  allows  the  transformed  quantity  to  be  deter¬ 
mined  numerically  for  various  values  of  p. 

The  transformed  viscoelastic  solution  will  now  be  inverted 
by  two  of  the  methods  discussed  earlier. 


Schapery’s  direct  method 

Application  of  Schapery’s  direct  method  of  inversion  is 
straightforward  and  needs  no  elaboration  regarding  its  use. 
Equation  (21)  can  be  readily  applied  to  this  problem  to  give 
the  direct  method  approximation  as 

<re(i)  ^  r P^b{p)1 

8qR2  L  ^0-^2  Jp=0.5/t 


(47) 
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It  is  seen  that  the  time-dependent  function  ae{t)  is  thus 
numerically  equal  to  the  transformed  function  paeip)  when 
p  =  0.5/^.  Values  of  pdre(p)  were  computed  for  various  p 
values  in  the  manner  described  earlier  maintaining  as  much 
accuracy  as  possible  on  an  IBM  7090  computer.  The  re¬ 
sults  from  these  computations  are  shown  in  Fig.  6  on  the 
appropriate  curve. 

Papoulis'*  Legendre  polynomial  approximation 

Of  the  methods  discussed  in  this  paper,  the  methods  based 
upon  properties  of  orthogonal  polynomials  appear  to  be  the 
least  known.  Therefore,  more  detail  will  be  included  in 
application  of  these  methods  than  would  normally  be  needed. 
The  inversions  performed  here  are  intended  only  to  indicate 
the  method  of  application  and  the  nature  of  the  results  ob¬ 
tained  and  not  necessarily  to  indicate  the  best  accurac}^  ob¬ 
tainable  with  these  methods. 

The  first  decision  to  be  made  is  how  many  terms  should 
be  included  in  the  expansion  and  what  values  the  scaling- 
factor  7  should  assume.  In  order  to  cover  a  span  of  time 
of  several  decades,  a  very  large  number  of  terms  would  have 
to  be  included  in  the  series  expansion  for  the  time-dependent 
function,  Eq.  (42).  An  alternative  to  including  a  large 
number  of  terms  in  the  series  is  to  develop  several  expansions 
all  with  a  smaller  number  of  terms  but  which  apply  in  differ¬ 
ent  intervals  of  time.  This  is  accomplished  b}^  considering 
expansions  with  different  values  of  the  scaling  factor  y  used 
in  each  expansion. 

Previous  results  have  shown^^-  that,  although  Schapery’s 
direct  method  may  be  in  error  a  significant  amount  at  any 
instant  of  time,  the  method,  if  applicable,  still  indicates  the 
general  behavior  of  the  time-dependent  function.  Thus, 
Schapery^s  direct  method  can  be  used  as  a  guide  in  determin¬ 
ing  what  intervals  of  time  are  of  greatest  interest  when  decid¬ 
ing  what  values  of  the  scaling  factor  y  are  to  be  used.  For 
the  problem  under  consideration,  observation  of  the  results 
of  the  direct  method  (Fig.  6)  indicates  that  the  time  interval 
of  greatest  interest  is  between  \ogt  =  —3  and  \ogt  =  +3, 
since  the  time-dependent  function  is  essentially  constant 
elsewhere. 

The  choice  of  the  scaling  factor  y  also  depends  upon  the 
number  of  terms  considered  in  the  series  expansions.  For 
minimum  computation  effort,  it  was  decided  to  include  only 
the  first  six  terms  in  the  series  expansion.  The  resulting 
expression  for  the  time-dependent  function  then  becomes  an 
expression  of  the  form 

m  =  E  (48) 

1  =  0 


log  i-min. 


Fig.  6  Circumferential  stress  in  infinite -length  cylinder 
subjected  to  transverse  acceleration  load. 

dependent  expression.  For  convenience  in  applying  the 
inversion  method,  it  can  be  easily  programed  for  performance 
on  a  high-speed  computer.  This  was  done,  and  the  resulting 
time-dependent  solution  was  obtained  as  a  function  of  the 
values  of  the  transformed  function.  Expressions  for  the 
time-dependent  function,  where  up  to  six  terms  have  been 
included  in  the  expansion,  are  included  in  the  Appendix  for 
reference  purposes.  Here,  it  is  only  necessary  to  say  that 
application  of  the  method  yielded  the  expression 

[ae(t)/doR2]  =  Ao  +  + 

+  Ase  (50) 

where  the  Ai  are  given  for  the  various  7  values  in  Table  1. 

These  equations  are  shown  graphically  in  Fig.  6  along  with 
the  results  of  Schapery’s  direct  method. 


Problem  II :  Axial  Slump  of  Finite-Length  Cylinder 

The  geometry  of  the  problem  under  consideration  here  is 
shown  in  Fig.  4,  and  the  descriptive  parameters  for  this 
problem  take  the  numerical  values  a/h  =  0.2  and  l/2b  =  2.0. 
The  problem  was  discussed  earlier  in  this  paper  in  detail  in 
regard  to  the  method  of  obtaining  the  transformed  visco¬ 
elastic  solution  from  associated  elastic  solutions  obtained 
by  some  numerical  technique.  Equation  (2)  gives  the  ex¬ 
pression  for  the  transformed  viscoelastic  displacement  in 
terms  of  the  equivalent  moduli  and  boundary  conditions. 
Assuming  the  acceleration  g(t)  to  be  a  step  function  of  magni¬ 
tude  go  applied  at  time  i  =  0  allows  Eq.  (2)  to  become 

w(p)  ^  fl(l/2b),  (a/b),  pHp)]  /r.x 

%o  E*ip) 


where  the  A  i  are  constants  to  be  determined.  Observation 
of  the  time  dependence  of  these  exponentials  indicates  that 
the  series  will  be  applicable,  at  most,  over  an  interval  of  about 
two  decades  of  logarithmic  time.  These  limits  on  the  in¬ 
terval  of  applicability  are 

-2.0  <  log7f  <  0 
or 

-[2.0  +  log7]  <  logt  <  -  [log7]  (49) 

Thus,  by  varying  7  it  is  seen  that  the  intervals  of  time  over 
which  the  expansions  are  applicable  are  changed,  and  7  should 
be  selected  accordingly.  From  considerations  of  this  type, 
it  was  determined  that,  for  the  problem  under  consideration, 
expansions  would  be  made  with  7  =  2.0,  7  =  O.I,  and  7  = 
O.OI. 

Normal  application  of  this  Legendre  pol3momial  inversion 
method  involves  solving  Eqs.  (41)  for  the  Cj  which,  in  this 
case,  are  evaluated  in  terms  of  [pd-6{p)/8oR2]j  where  p  assumes 
the  successive  values  7,  37,  67,  77,  07,  and  II 7.  Substi¬ 
tution  of  these  Cj  into  Eq.  (42)  then  gives  the  desired  time- 


This  expression  was  used  to  compute  [w(p)/b8gQ]  at  various 
p  values  and  will  now  be  inverted  by  ter  Haar^s  approximate 
inversion  formula  and  Papoulis'  Legendre  polynomial  inver¬ 
sion  method. 

In  problem  I,  all  of  the  values  for  the  transformed  func¬ 
tions  were  computed  by  use  of  a  digital  computer.  Since 
this  involves  calculating  the  associated  elastic  solution  for 
each  p  value  of  interest,  it  can  sometimes  require  large 
amounts  of  computer  time.  In  order  to  determine  if  the 


Table  1  Coefficients  for  Legendre  polynomial  series 
expansion  for  circumferential  stress  in  infinite-lengtli 
cylinder 


II 

to 

b 

y  -  0.1 

11 

0 

b 

Ao 

H-2. 9101288 

+3.2446153 

+3.3485413 

A\ 

-1.1336263 

-1.5955523 

-0.1508337 

A2 

-h4. 9700432 

+7.0635583 

+  1.3693328 

Az 

-11.220680 

-17.294206 

-6.7259964 

A, 

+  11.587841 

+  19.018909 

+  10.444514 

A, 

-4.514669 

-7.7341720 

-5.4694445 
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Fig.  7  Maximum  vertical  deflection  of  finite-length  cylin¬ 
der  under  axial  acceleration. 


associated  elastic  solution  could  be  calculated  for  only  a  few 
values  of  p  and  the  results  interpolated  to  obtain  the  results 
for  any  p  value  of  interest,  the  data  for  the  values  of  the 
transformed  displacement  were  obtained  from  a  graph  plotted 
from  only  a  few  exact  values  of  the  transformed  displacement. 

ter  Haar’s  approximation 

ter  Haar's  approximation  was  used  to  indicate  that  the 
method  is  the  same  as  Schapery^s  direct  method  except 
that  the  results  are  shifted  an  amount  equal  to  log2  parallel 
to  the  log^  scale.  Application  of  Eq.  (16)  gives  the  time- 
dependent  vertical  displacement  at  the  location  shown  in 
Fig.  4  as 


The  results  from  Eq.  (52)  are  shown  graphically  in  Fig.  7. 

Papoulis’  Legendre  polynomial  inversion  method 

Expansions  for  lw{t)/b8gQ]  were  obtained  for  scaling  factor 
values  of  7  =  0.001  and  y  =  0.01  again  mainly  to  indicate 
the  nature  of  the  results.  The  computer  program  mentioned 
previously  was  used,  and  the  results  are  expressions  of  the 
type 

lw{t)/bdgo]  =  ^0  +  A,e  + 

A2e  +  A,e-^y^  +  A,e-^y^  +  A.e-^^'y^  (53) 

where  the  Ai  assumes  the  values  shown  in  Table  2.  The  re¬ 
sults  from  these  calculations  are  shown  in  Fig.  7. 

Discussion 

Widder’s  General  Inversion  Formula 

Widder^s  method,  which  includes  Alfrey’s  method  as  a 
special  case,  can  be  applied  to  problems  having  discrete  elastic 
solutions  but  with  doubtful  accuracy.  Application  of  these 
methods  involves  obtaining  derivatives  of  successively 


Table  2  Coefficients  for  Legendre  polynomial  series 
expansion  for  axial  slump  of  a  finite-length  cylinder 


y  =  0.01 

Y  =  0.001 

Ao 

-hO. 00039179618 

+0.00672576811 

Ai 

-0.002994930 

-0.0063681163 

A2 

-hO.  014314120 

+0.051678120 

Az 

-0.032746425 

-0.15256234 

A4 

-hO. 033910939 

+0.18186449 

As 

-0.012904986 

-0.75686391 

higher  orders.  Because  of  the  nature  of  the  problem  being 
considered,  these  derivatives  must  be  obtained  by  numerical 
differentiation  techniques.  In  order  to  examine  the  prac¬ 
ticality  of  obtaining  accurately  the  derivatives  of  a  function 
by  using  various  numerical  differentiation  techniques,  several 
functions  whose  derivatives  were  known  exactly  were  exam¬ 
ined.  The  functions  examined  were  relatively  well  be¬ 
haved  and  of  exponential  and  decaying  periodic  forms. 
Derivatives  up  to  the  third  order  were  obtained  with  the 
use  of  differentiation  formulas  that  involved  using  three, 
five,  and  seven  data  points  to  obtain  each  derivative.  It 
was  found  that  derivatives  of  functions  obtained  near  the 
ends  of  the  interval  under  consideration  were  not  reliable. 
Third-order  derivatives  were  obtainable  within  the  interval 
using  central  difference  formulas  with  results  falling  within 
engineering  accuracy.  However,  if  the  behavior  of  the 
function  is  not  clear,  the  process  of  obtaining  derivatives 
numerically  does  not  give  results  having  sufficient  accuracy 
to  warrant  their  use.  This  is  due  to  the  influence  of  the 
increment  size  between  data  points  and  the  formula  to  be 
used  in  obtaining  the  derivative,  i.e.,  3,  5,  or  7  point  formulas. 
In  general,  attempting  to  obtain  these  derivatives  numerically 
is  a  questionable  procedure  and  should  be  avoided  if  possible. 
Thus,  the  applicability  of  Alfrey^s  and  Widder’s  methods 
to  problems  of  this  type  appears  limited. 

Schapery’s  Direct  Method  and  ter  Haar’s  Method 

The  direct  method  of  Schapery  and  the  method  of  ter 
Haar,  being  the  same  except  for  the  relation  bet^veen  p  and 
f,  can  be  considered  as  one.  This  method  obviously  pos¬ 
sesses  a  simplicity  that  is  highly  desirable.  The  method 
can  be  applied  directly  by  simply  multiplying  the  value  of 
the  transformed  function  by  p  and  evaluating  the  result  at 
p  =  a/t.  Application  of  the  method  introduces  no  error 
except  that  inherent  in  the  method  itself.  It  appears  that 
of  the  methods  considered  in  this  paper,  the  methods  of  ter 
Haar  and  Schapery  are  easiest  to  apply  for  all  problems. 

Unfortunately,  the  methods  are  not  applicable  except  when 
the  function  pf  (p)  is  practically  a  linear  function  of  logp.  If 
the  functions  vary  rapidly  with  time,  the  methods  can  give 
some  extremely  poor  results. For  many  problems  in  solid 
propellant  structural  integrity  analysis,  the  behavior  of  the 
time-dependent  function  is  such  that  the  method  is  applicable. 
This  allows  a  determination  of  an  approximate  solution  very 
conveniently.  However,  at  any  instant  of  time  the  answer 
may  be  in  error,  and  there  is  no  way  to  estimate  the  error 
involved.  If  care  is  exercised  in  applying  the  method  only 
to  applicable  problems,  good  results  can  generally  be  obtained. 

Schapery Least- Squares  Method 

Schapery’s  least-squares  method  has  been  examined  in  de¬ 
tail  elsewhere^-  and  hence  was  not  used  to  obtain  the  solu¬ 
tion  to  a  specific  problem  in  this  paper.  The  extension  sug¬ 
gested  by  Schapery®  to  obtain  better  results  to  the  problem 
of  approximately  inverting  the  function  [pR{p)/Eg]  con¬ 
sidered  by  Muki  and  Sternberg^^  was  made  with  satisfactory 
results.  Eight  terms  were  included  in  the  time-dependent 
expression.  The  results  are  shown  in  Fig.  8  along  with 
Schapery’s  direct  method  approximation,  ter  Haar’s  approxi¬ 
mation,  and  the  finite-difference  solution  of  Lee  and  Rogers.^® 

The  method  is  well  founded  mathematically,  and  the 
scheme  for  collocating  the  transformed  curve  gives  good 
results. 

Orthogonal  Polynomial  Inversion  Methods 

The  Papoulis’  and  Lanczos’  methods  are  essentially  the 
same,  and  their  limitations  will  be  discussed  together. 

The  methods  appear  to  be  ideally  suited  to  the  inversion  of 
functions  known  only  at  discrete  real  values  of  the  transform 
parameter  p.  Fitting  the  transformed  series  expansion  to 
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the  transformed  function  in  the  p  plane  at  certain  perscribed 
points  allows  the  coefficients  of  the  expansion  to  be  deter¬ 
mined  very  readily.  Unfortunately,  the  majority  of  func¬ 
tions  of  interest  in  solid  propellant  structural  integrity 
analysis  vary  very  slowly  with  time  so  that  the  coefficients 
depend  to  a  large  extent  on  small  differences  between  very 
large  numbers.  This  leads  to  computational  difficulties  and 
requires  the  original  data,  i.e.,  values  of  the  transformed 
function,  to  be  known  extremely  accurately. 

Examples  of  the  type  of  error  encountered  are  shown  in 
Fig.  7  where  it  will  be  recalled  that  the  values  of  the  trans¬ 
formed  function  were  obtained  by  reading  values  from  a 
graph.  From  inspection  of  Fig.  7,  it  can  be  seen  that  the 
expansions  oscillate  about  some  mean  value.  The  magni¬ 
tude  of  the  oscillation  is  dependent  upon  the  magnitude 
of  the  error  involved  in  the  computation. 

Illustration  of  the  good  approximations  that  can  be  made 
are  seen  in  Fig.  6  where  the  curves  for  the  various  expan¬ 
sions  are  generally  very  smooth  over  their  range  of  api')lica- 
tion.  For  7  =  2.0,  the  range  of  application,  according  to 
the  criterion  discussed  earlier,  i.e.,  —  2  <  log7i  <0,  is  —2.301 
<  \ogt  <  —0.301.  It  can  be  seen  that  the  expansion  with 
7  =  2.0  accurately  describes  a  curve  in  its  range  of  applica¬ 
tion.  It  differs  somewhat  from  the  direct  method  approxi¬ 
mation;  however,  it  is  not  known  which  of  the  curves  is  in 
error. 

Similarly,  the  expansions  for  7  =  0.1  and  7  =  0.01  which 
apply  over  the  intervals  —  1  <  log^  <  +  1  and  0  <  \ogt  < 
+  2,  respectively,  accurately  describe  the  time-dependent 
function.  In  regions  where  the  interval  of  application  of  two 
expansions  overlap,  the  exi)ansions  seem  to  agree  fairly  closely. 
It  can  be  seen  that,  by  fairing  in  a  curve  through  the  expan¬ 
sion  solutions  for  7  =  2.0,  7  =  0.1,  and  7  =  0.01  in  their 
appropriate  intervals  of  applicability,  the  actual  time- 
dependent  behavior  of  the  function  may  be  determined. 
Presumably,  better  approximations  could  be  obtained  by  in¬ 
cluding  more  terms  in  the  series  expansions. 

The  magnitude  of  the  coefficients  of  the  Legendre  poly¬ 
nomials  limits  the  number  of  terms  which  can  be  considered 
in  the  series  solution  suggested  by  Papoulis.  Since  only  the 
even  Legendre  polynomials  are  used,  the  order  of  the  poly¬ 
nomials  used  is  almost  double  the  number  of  terms  con¬ 
sidered,  e.g.,  a  six-term  expansion  involves  the  use  of  a  tenth- 
order  polynomial.  Since  the  magnitude  of  the  coefficients 
of  the  Legendre  polynomials  increase  very  rapidly  and  small 
differences  between  very  large  numbers  are  significant  as 
discussed  earlier,  there  exists  a  practical  limit  to  the  number 
of  terms  that  can  be  considered  with  the  current  capacities 
of  high-speed  computers.  For  the  results  presented  in  this 
paper,  the  Legendre  polynomial  expansions  were  obtained 
iising  double-precision  computational  schemes.  Single  pre¬ 
cision  routines  were  not  of  sufficient  accuracy  to  give  mean¬ 
ingful  results. 

In  order  to  investigate  the  effect  of  slight  error  in  the  values 
of  the  transformed  function  which  are  used  as  data  for  the 
orthogonal  expansion,  an  analysis  was  made  for  a  series  of 
exponentials  of  the  form 

5 

fit)  =  E  (54) 

1  =  0 

Operating  on  this  function  with  the  Laplace  transform  with 
respect  to  time  gives 


Values  of  this  function  were  computed  for  p  values  of  1,  3,  5,  7, 
and  9  and  the  results  used  as  input  data  for  obtaining  an 
orthogonal  function  expansion  using  Papoulis’  Legendre 
polynomial  inversion  method.  The  results  of  this  computa¬ 
tion  are  shown  in  Fig.  9  as  a  solid  line. 

To  examine  the  effect  of  error,  the  data  point  corresponding 
to  p  =  7  was  changed  from  the  correct  value  of  3.8310344 


Fig.  8  Dii'ect  method,  ter  Haar’s  method,  and  eight  term 
lea  St- squares  approximations  for  R(t)/EG* 


to  3.8348653,  an  error  of  0.1%.  The  expansion  was  made 
in  the  same  manner  as  before  with  the  result  shown  by  the 
dashed  curve  in  Fig.  9.  It  can  be  seen  that  the  method  is 
extremely  sensitive  to  errors  in  the  original  data,  i.e.,  errors 
in  values  of  the  transformed  function. 

Conclusions 

From  the  investigation  conducted  and  results  presented, 
several  general  conclusions  can  be  drawn  concerning  the 
Laplace  transform  inversion  methods  discussed  here. 

In  regard  to  Schapery’s  direct  method  and  ter  Haar’s 
method,  it  appears  that  these  methods,  when  applicable, 
will  give  a  good  description  of  the  behavior  of  the  time- 
dependent  function.  It  is  possible  that  the  methods  will  give 
slight  errors  in  magnitude  at  any  instant  of  time.  Also, 
the  difference  between  the  transform  parameter  p  and  time 
t  is  different  for  the  two  methods  that  result  in  the  curves 
being  slightly  shifted  from  each  other  in  the  log^  scale.  Al¬ 
though  Schapery’s  method  for  evaluating  the  relation  be¬ 
tween  these  parameters  is  more  sophisticated  than  ter 
Haar’s,  ter  Haar’s  method  sometimes  gives  more  accurate 
results,  In  general,  these  methods  provide  a  very  quick 
and  easy  method  for  approximately  inverting  Laplace  trans¬ 
forms,  provided  the  functions  are  nearly  linear  in  logi.  Large 
errors  can  occur  if  not.^^ 

The  methods  of  Widder  which  involve  derivatives  of 
successively  higher  orders  appear  to  be  of  very  limited  use 
for  approximately  inverting  functions  known  only  numer¬ 
ically.  The  error  involved  with  the  use  of  numerical  deriva¬ 
tives  is  sometimes  great  and  hence  makes  the  use  of  such 
methods  highly  questionable.  If  the  method  is  applied  to 


Fig.  9  Illustration  of  error  sensitivity  of  Papoulis  method . 
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Table  3  Coefficients  of  in  Eq.  (A3)  used  in  determining  expression  for  Legendre  polynomial  series  expansion 


Z)o  Di  D2  Dz  Di  D5 


Bo 

Ri 

B2 

B, 

B, 

B, 


1 

-2.5 

0 

2.5 

0 

0 

U 

0 

U 

0 

u 

0 

3.375 

-11.25 

7.875 

0 

0 

0 

-4.0625 

28.4375 

-51.1875 

26.8125 

0 

0 

4.6484375 

-55.78125 

184.078125 

-227.90625 

94.960903 

0 

-5.1679688 

-1-99.746094 

-164.22656 

1055.7422 

-997.08984 

344.44922 

problems  with  complicated  algebraic  analytical  solutions 
where  the  derivatives  of  the  transformed  function  can  be 
determined  exactly,  then  the  methods  give  good  approxima¬ 
tions. 

The  collocation  method  or  least-squares  method  of  Schapery 
appears  to  offer  a  very  good  method  for  inverting  functions 
of  interest  in  viscoelastic  stress  analysis  of  solid  propellant 
rocket  grains.  Of  all  the  methods  considered,  the  least- 
squares  method  seems  to  possess  the  greatest  potential. 

The  orthogonal  polynomial  inversion  methods  are  mathe¬ 
matically  well  founded  and  appear  to  possess  many  desirable 
features.  The  main  disadvantage  of  the  method  is  the  ex¬ 
treme  sensitivity  to  error  in  the  original  data.  If  this  dis¬ 
advantage  could  be  overcome,  the  methods  could  be  used 
to  refine  an  answer  to  any  degree  of  accuracy  desired.  In 
their  present  form,  however,  use  of  the  methods  appears 
limited. 

By  using  a  combination  of  the  methods  described  in  this 
paper,  reliable  results  can  be  obtained  to  the  problem  of 
approximately  inverting  functions  known  only  numerically 
for  discrete  values  of  the  transform  parameter.  If  accuracy 
of  the  magnitude  being  demanded  in  the  representation  of 
viscoelastic  material  property  data  is  desired,  only  the  orthog¬ 
onal  polynomial  methods  and  Schapery's  least-squares 
method  possess  the  potential  for  accomplishing  the  inversion 
with  this  accuracy.  The  orthogonal  polynomial  methods 
appear  limited  by  their  sensitivity  to  error,  but  if  this  could 
be  overcome,  the  results  could  be  refined  to  any  degree  of 
accuracy  desired. 


Appendix:  Simplified  Form  of  Legendre 
Polynomial  Inversion  Method 


The  method  of  approximate  Laplace  transform  inversion 
based  upon  properties  of  Legendre  polynomials  and  described 
by  Papoulis  has  been  further  simplified  for  the  case  of  a  six- 
term  expansion.  The  simplification  was  made  with  the  in¬ 
tention  of  programing  the  method  for  operation  on  a  digital 
computer.  Included  in  this  Appendix  is  an  expression  for  the 
time-dependent  function  in  terms  of  values  of  the  function 
pfip),  where  f{p)  is  the  Laplace  transform  of  the  time- 
dependent  function  of  interest /(f).  The  expression  is  pre¬ 
sented  in  such  a  manner  that  errors  due  to  rounding  off  are 
kept  to  a  minimum.  The  expression  for  f{t)  is 


m  -  [&  -  f  + 1  ft  -  s  ^'  +  S  *■ 
l[ft  - 1 


81 


n  I  R  _L  R  J- 


256 
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Bi  + 


B,  + 


f[ft-|ft^fft-“*‘] 
f[ft-fft  +  fft}-  + 


64351 

128 


^  (Al) 

256 


where  the  Bi  are  given  in  terms  of  the  values  of  p]{p)  in 
Table  3.  The  Bi  referred  to  in  the  table  correspond  to  data 
points  and  are  defined  as 

Bi  =  p/(p)|p=[2i+i]r  {f  =  0,  1,  .  .  .  ,  5)  (A2) 


The  values  given  in  the  table  are  the  coefficients  aij  of  the 
Bi  where  the  Bi  are  expressed  as 

5 

Bi=  Y.  oiiiBj  (A3) 

j  =  0 

Equation  (Al)  was  programed  for  the  IBM  7090  digital 
computer  and  the  program  used  to  obtain  the  polynomial  ex¬ 
pansion  results  included  in  this  paper.  Equation  (Al) 
may  be  used  with  less  than  six  terms  by  simply  neglecting 
the  Bi,  which  correspond  to  the  terms  to  be  neglected. 
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A  closed-form  solution  is  given  of  the  differential  equation  defining  the  axisymmetric  de¬ 
formations  of  a  circular  cylindrical  shell  with  parabolically  varying  wall  thickness,  and  the  16 
influence  coefficients  connecting  the  deformations  and  the  stress  resultants  acting  in  the 
end  sections  of  a  shell  of  finite  length  are  presented  in  tabular  form.  A  numerical  example 
show's  that  the  maximal  stresses  calculated  with  the  aid  of  these  influence  coefficients  can 
in  some  cases  differ  significantly  from  those  obtained  when  the  stress  analysis  is  carried  out  in 
the  usual  manner,  that  is,  with  the  aid  of  the  influence  coefficients  of  the  shell  of  uniform  wall 
thickness. 


1.  Introduction 

A  COMMON  structure  in  the  missile  industry  is  the 
circular  cylindrical  shell  whose  wall  thickness  is  con¬ 
stant.  This  shell  supports  the  various  loads  imposed  upon 
it  principally  by  means  of  membrane  stresses  that  are  con¬ 
stant  through  the  wall  thickness.  However,  in  many  struc¬ 
tural  applications,  it  is  necessary  to  join  the  cylinder  to  a 
shell  of  unequal  radius  of  curvature  or  to  a  rigid  bulkhead. 
Within  a  distance  or  boundary  layer  whose  length  from  the 
juncture  is  of  order 

I  =  (ahoyf-^  (1.1) 

where  a  is  the  radius  and  ho  is  the  thickness  of  the  shell, 
significant  bending  stresses  and  local  variations  of  the  mem¬ 
brane  stresses  arise;  these  are  usually  called  discontinuity 
stresses.  To  strengthen  the  structure  in  this  region,  the  wall 
thickness  is  often  increased  locally.  The  effect  of  this 
strengthening  is  generally  not  taken  into  account  in  the 
analysis  of  the  stresses,  because  influence  coefficients  for 
finite-length  circular  cylindrical  shells  with  rapidly  varying 
wall  thickness  have  not  been  calculated  and  tabulated. 
The  purpose  of  the  present  paper  is  to  help  eliminate  this 
inconsistency  from  the  analysis  through  the  development 
of  a  closed-form  solution  of  the  governing  equation  for  shells 
with  parabolically  varying  wall  thickness  and  the  tabulation 
of  influence  coefficients  of  cylindrical  shells  whose  wall  thick¬ 
ness  varies  considerably  within  the  characteristic  length 
(1.1). 

Various  authors  have  considered  rotationally  symmet¬ 
ric  shells  with  variable  wall  thickness.  Timoshenko^  and 
Fliigge^  investigated  a  dome  loaded  by  its  own  weight. 
They  calculated  the  shape  of  the  meridian  such  that  the 
membrane  stresses  are  constant  everywhere  and  showed 
that  for  such  a  dome  the  thickness  of  the  wall  varies  ex¬ 
ponentially.  De  Silva  and  Naghdi^  examined  a  class  of 
shells  of  revolution  whose  wall  thickness  varies  in  such  a 
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way  that  the  two  governing  differential  equations  of  the 
problem  (moment  equilibrium  and  compatibility)  can  be 
combined  into  a  single  second-order  complex  differential 
equation  and  solved  by  a  method  of  asymptotic  integration. 
Honegger^  solved  the  problem  of  a  conical  shell  with  linearly 
varying  wall  thickness. 

Many  papers  have  been  written  on  the  circular  cylindrical 
shell  with  variable  wall  thickness.  Reissner  and  Sledd^ 
determined  the  upper  and  lower  bounds  of  the  influence 
coefficients  of  shells  with  arbitrarily  varying  thickness  by 
application  of  the  minimal  principles  of  elasticity.  They 
investigated  the  special  case  of  a  semi-infinite  cylinder  with 
exponentially  varying  thickness.  C.  R.  Steele,®  in  some 
unpublished  calculations,  found  the  exact  solution  of  the 
equation  of  equilibrium  of  such  a  shell  and  showed  that  the 
exact  values  of  the  influence  coefficients  are  about  midway 
between  the  upper  and  lower  bounds.  Meissner^  analyzed 
a  cylindrical  shell  whose  wall  thickness  varies  linearly,  and 
Timoshenko^  and  Flugge^  computed  the  discontinuity 
stresses  in  such  shells  where  the  thickness  varies  slowly 
enough  that  the  effect  of  moments  and  transverse  shear  forces 
ai)plied  at  one  end  is  not  felt  at  the  other  end.  Federhofer® 
considered  the  case  of  parabolically  varying  wall  thickness 
and  solved  the  problem  of  a  liquid-filled  tank  whose  upper 
boundary  is  free  and  whose  lower  boundary  is  clamped. 
The  wall  thickness  varies  along  the  entire  length  of  the 
tank.  He  also  calculated  stresses  and  displacements  in  such 
a  tank  loaded  axisymmetrically  along  its  lower  boundary 
by  a  moment  or  a  shear  force.  However,  he  did  not  develop 
closed-form  expressions  for  the  influence  coefficients,  as  is 
done  here. 

Esslinger®  derived  influence  coefficients  for  a  finite-length 
cylindrical  shell  of  constant  thickness.  These  quantities 
are  rederived  herein  in  a  different  form  that  allows  them 
to  be  easily  compared  to  the  influence  coefficients  of  a  cylindri¬ 
cal  shell  with  parabolically  varying  wall  thickness. 

Sledd^®  derived  influence  coefficients  for  circular  cylindrical 
shells  with  linearly  varying  wall  thickness. 

In  this  paper,  the  influence  coefficients  of  a  finite  circular 
cylindrical  shell  whose  wall  thickness  varies  rapidly  and 
quadratically  are  obtained  in  closed  form,  and  these  influence 
coefficients  are  employed  to  find  the  discontinuity  stresses 
in  a  cylindrical  shell  thickened  only  in  the  boundary  region 
near  the  clamped  edge  at  the  bottom. 
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Fig.  1  Sign  convention. 


2.  Differential  Equation  of  Equilibrium 
and  Solution 

The  equation  of  equilibrium  of  a  circular  cylindrical  shell 
that  deforms  symmetrically  to  its  axis  is  given  by  Timo¬ 
shenko^  as 


i!. 

dx'^ 


Eh  . 
—-w  =  0 


(2.1) 


where  D  is  the  flexural  rigidity 

D  =  Ehy  12{1  -  V^)  (2.2) 

The  sign  convention  for  the  stress  and  displacement  quanti¬ 
ties  is  shown  in ^  Fig.  1,  The  following  nondimensional 
quantities  will  be  introduced  in  this  equation : 

H  =  h/h  J  =  x/xi  b  =  w/ a  (2.3) 

Here  /?o  is  the  thickness  of  the  shell  at  a:  =  Xi^  that  is,  at  J  = 
1  (see  Fig.  2), 

The  thickness  of  the  shell  is  assumed  to  vary  parabolically : 

H  =  he  (2.4) 

Since  h  =  ho  Sit  x  =  Xi,  the  constant  b  must  be  equal  to  unity. 
Substitution  from  Eqs.  (2.3)  and  (2.4)  into  Eq.  (2.1)  gives 

(f'5'0"  +  ^c*e^  =  0  (2.5) 

where 

(  )' =  d(  )/df  c^TXifa  .  . 

[3(1  -  v^){a/hoyV^^  ^  ^ 

The  solution  of  Eq.  (2.5)  has  the  form 

5  =  e  (2.7) 

which  yields  the  characteristic  equation 

p(p  —  l)(p  +  3)(p  +  4)  -j-  4c^  =  0  (2.8) 

Substitution  of  the  new  variable 

q-=p-\-i  (2.9) 

eads  to 

(^2  _  9) (^2  ..  2^5)  +  4c4  =  0  (2.10) 

The  four  solutions  of  Eq.  (2.10)  are 


q  —  io;  ± 


where 


r(152  +  8^cy‘  +  171W2 

“-L  8  J 

(2.12) 

^  j'(162  +  8V)''2  -  17 

(2.13) 

If  c  is  greater  than  unity,  the  quantities  a  and  /3  are  both 
real.  If  c  is  equal  to  unity,  /?  is  equal  to  zero,  and  the  char¬ 
acteristic  equation  (2.10)  has  only  two  distinct  roots.  If  c 
is  less  than  unity,  ^  is  imaginary,  and  Eq.  (2.10)  has  four 
distinct  real  roots.  If  c  1  the  roots  of  Eq.  (2.8)  are 

Pj  =  —  f  ±  a  db  (2.14) 

and  the  general  solution  of  Eq.  (2.5)  becomes 

5  =  E  (2.15) 

i  =  i 

Equation  (2.15)  has  four  arbitrary  constants  Aj*.  These 
are  determined  from  boundary  conditions  at  xi  and  X2  (see 
Fig,  2).  The  unique  solution  of  Eq.  (2.5)  corresponding  to 
particular  boundary  conditions  is  found  more  easily  if  Eq. 
(2.15)  is  written  in  the  form 

8  =  sin^  sinh0  + 

B  smd  cosh</)  +  C  cosO  sinh<^  +  D  cosO  cosh</>]  (2.16) 
where 

6^  ^  log^  0=0!  logf  (2,16a) 

If  c  =  1,  the  general  solution  of  Eq.  (2.5)  is 

5  =  vr7/2  -1-  A3(logJ)f^^/2  q_ 

ASogOr^^^^-]  (2-17) 

The  influence  coefficients  will  be  calculated  assuming  that 
c  ^  1.  The  values  for  c  =  1  may  be  obtained  from  these  by 
allowing  to  approach  zero  in  Eqs,  (3.22)  to  (3.31). 

3.  Calculation  of  Influence  Coefficients 

The  moment  distribution  in  the  segment  Xi  to  X2  can  be 
calculated  hy  substituting  Eq.  (2.16)  in  the  expression 

M  =  -  ^  ed"  (3.1) 

and  the  shear  distribution  can  be  calculated  from 

7  =  1  (Miy  =  -  ^  (f«")'  (3.2) 

Xi  Xy^ 

where 

Eho^ 

“  “  12(1  -  p'‘) 

Differentiation  of  Eq.  (2.16)  and  substitution  into  Eq.  (3,1) 
and  Eq.  (3.2)  gives 

M  =  (~Doa/xi^)e^^[A'  Sind  sinh0  R'  sinO  cosh0  + 

C'  COS0  sinh0  -f  D'  cos0  cosh0]  (3.4) 

y  =  {—Doa/xi^)e'‘^[{<^B'  —  idC"')  sin^  sinh0  + 

{aA*  —  /3D')  sin^  cosh0  +  {fiA'  +  o!D')cos^  sinh0  + 

+  aC')  cos<9  cosh0]  +  f  M/^Xi  (3.5) 

The  integration  constants  A',  R',  C',  and  D'  are  linear 
combinations  of  A,  B,  C,  and  D,  The  boundary  conditions 
at  a;  =  xi,  that  is  at  ^  =  1,  yield 

D'  =  -(xi^/Doa)Mi 


(2.11) 


(3.6) 
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(3.7) 


The  boundary  conditions  at  x  =  X2,  that  is  at  {  =  xo/xi,  give 
A '  sin 02  sinh<^2  +  -S'  sin 02  cosh^2  +  C'  cos02  sinh<^2  + 


D'  cos 02  cosh  02 


_ a 

Do  \o /  \a:2/ 


M2  (3.8) 


(aB'  —  jSC')  sin02  sinh02  +  (aA'  —  jSD')  sin02  cosh 02  + 
{(3 A'  +  «D')  COS02  sinh02  +  (I3B'  +  «C')  cos02  cosh 02  = 


^„U)w 


(3.9) 


where 


02  ^  ^  log(a:2/a:i)  02  ^  «  log(a:2M)  (3.10) 

The  four  equations,  i.e.,  Eqs.  (3. 6-3,9),  can  be  solved  for 

A',D',  a',D': 

A'  =  ^  (aO  ^  j^“  (sin202  +  sinh202)  + 

^  P  sinh02  cosh02  “  ^  ^  00802^  + 

ViXil  —  0  sinh02  cosh02  +  a  sin02  cos02]  + 

A/2  ^  j^(«2  +  /32)  sin 02  sinh02  +  ~  a  sin  02  cosh 02  — 

5  1 

-  0  COS02  sinh02  +  V2X1  (  —  1  [  —  a:  sin02  cosh02  + 

jS  COS02  sinh02]|  (3.11) 
^  ^  ^  sin02  cos02  +  a/3  sinh02  cosh02  — 

^  /3  sinh202^  +  7ia;i[/3  sinh202]  + 

\5/2  r 

A/2  (  ~  1  I  cosh 02  —  a/d  COS02  sinh02  — 

^  a  sin02  sinh02j  +^20:1^^^  [a  sin02  sinh02]|^  (3.12) 

(?)■(’'■ -it)-'*®'] 

D'  =  -(a/Do)(:ri/a)Wi  (3.6') 


where 


A  =  a^  sin 202  ~  sinh202 


(3,14) 


The  original  constants,  A,  D,  C,  and  D,  in  Eq.  (2.16)  can  be 
written  in  terms  of  A',  D',  C',  D'  in  the  following  manner: 

A  -  (1/6)  (4A'  +  2aD'  -  -  a^D')  (3.15) 

B  =  (1/6)  (2aA'  +  4D'  -  a/3(7'  -  2/3D')  (3.16) 

C  =  (l/6)(2/3A'  +  al3B'  +  40'  +  2aD')  (3.17) 

D  =  (l/6)(ajdA'  +  2/3D'  +  2aC"  +  4D')  (3.18) 


where 


b  =  2(13^  +  4)(4  -  a2) 


(3.19) 


The  16  influence  coefficients  for  displacements  and  rotations 
at  Xi  and  X2  are  found  by  substituting  the  expressions  derived 
for  A,  D,  C,  D  in  Eq.  (2.16)  and  its  derivatives  evaluated  at 


-X.C 


Fig.  2  Longitudinal  section  through  wall  with  boundary 
moments  and  shear  forces. 

^  =  1  and  f  ==  X2/xi.  These  displacements  and  rotations 
can  be  written  as 


(3.20) 


[  Wy  ^ 

Cn 

C12 

Cn 

C14' 

1  ' 

Xl 

C21 

C22 

Cn 

C24 

Mi 

I  ^2  1 

c„ 

C32 

Cii 

Ca4 

i 

1  X2  , 

.04, 

C42 

Cn 

(744, 

1  (  M, 

where 


dw\ 


dw 


(3.21) 


It  is  found  that 


Cii  =  ^  { -  2a2  sin202  +  2/3^  sinh202  + 

a2/3  sin02  cos02  —  a/32  sinh02  cosh02}  (3.22) 


c 


i. 


Cn  =  ^  - 

5 

P^{1  +  a^)  sinh202  +  7^  oij3^  sinh02  cosh02  — 

^  a2/3  sin02  cos02  (3.23) 

(ly'"  ^  a/3{^  COS03  sinh<^„  - 

a  sin 02  cosh 02)  (3.24) 

Cm  =  ^4,  =  -^,  (-9  ^  “-8  j  (a^  +  jS^)  sine,  sinh^j  - 

5  5  ) 

-  /3  COS02  sinh02  +  2  ^  cosh 02  >  (3.25) 

'|“~5a/3  (sin  2  02  +  sinh202)  + 

/3^a2  +  /32  +  sinh02  cosh02  + 
a  ^a^  +  /3' 

rt2  I 


a  c 


4 


^  sin 02  COS02  (3.26) 


C2Z  —  C32 


5  5 

-  jd  cos 02  sinh02  —  ^  a  sin 02  cosh 02  (3.27) 

^  di 


•} 


-  h  (I)"’  L  ‘0  >= 

^  —  jd  ^a^  +  /32  +  COS02  sinh02  — 

a^a^  +  /3^  —  sin02  cosh02|^  (3.28) 
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Table  1  In0uence  coefficients  for  constant-thickness 
wall 


rL/a 

'CIF 

"^12* 

-CI3" 

^1/ 

^22* 

0.15 

6.667 

66.668 

3,333 

66.666 

888.946 

688.871 

0.20 

5.000 

37,502 

2.500 

37.499 

375.075 

374,975 

0.25 

4.0C0 

24.003 

2.000 

23.998 

192.093 

191.968 

0.30 

3.334 

16.671 

1.666 

16.664 

111.223 

111.073 

0.40 

2.501 

9.383 

1.250 

9,370 

47.024 

46.824 

0.50 

2.001 

6.013 

0.999 

5.992 

24.186 

23.936 

0.60 

i.669 

4.166 

0.832 

4.156 

14.112 

13.812 

0.80 

1.255 

2.377 

0.621 

2.324 

6.156 

5.757 

1.00 

1.009 

1.552 

0.493 

1.469 

3.370 

2.873 

2.00 

0.569 

0.567 

0.200 

0.268 

1.076 

0,155 

4.00 

0,500 

0.501 

-0.002 

-0.028 

1.002 

-0.052 

iO.OO 

0.500 

0.500 

0.000 

O.OCO 

l.OCQ 

0.000 

,i0.00 

0.500 

0.5C0 

0.000 

0.000 

l.OOO 

0.000 

a^/3  sin <92  cos02  +  cxj3^  sinh<^2  cosh <^2}  (3.29) 

5 

/3^(1  +  a^)  sinh2(/>2  -  -  a/3^  sinh02  cosh(/)2  + 

^  a^/3  sin02  cos02i  (3.30) 


a 

DqT 


(x)'  |-5a,0  (sm^O‘2  +  sinh202) 

25\  . 

-  J  sin 


+  + 


4 

sin^2  cos^2|  (3.31) 


sinh02  cosh  <^2  — 
25) 


The  quantities  c,  r,  Do,  a,  (3,  h,  A,  d,  and  0  are  given  by  Eqs. 
(2,6,  3.3,  2.12,  2.13,  3.19,  3.14,  and  3.10),  respectively.  The 
influence  coefficients  for  c  <  1  are  found  by  replacing  /? 
everywhere  by  ip.  If  P  is  allowed  to  approach  zero,  the  in¬ 
fluence  coefficients  for  the  case  c  =  1  result. 


4.  Influence  Coefficients  for  Constant  Wall 
Thickness 

Expressions  (3.22-3.31)  are  complicated  indeed,  and  their 
derivation  is  rather  tedious.  They  may  be  partially  checked 
by  comparing  them  with  the  influence  coefficients  for  a  finite- 
length  cylindrical  shell  of  constant  thickness.  These  quan¬ 
tities  can  be  derived  from  the  solution  of  Eq.  (2.1),  where  the 
coefficients  D  and  Eh/a^  are  now  constant.  The  general 
solution  is 

w  ^  Cl  sin  (ra:/a)  sinh  (ra:/a)  + 

C2  sm{Tx/a)  cosh(rx/«)  +  Cz  GOs{Tx/a)  sinh (ra;/a)  + 

Ca  cos(rx/a)  cosh(ra;/a)  (4.1) 

where  r  is  given  by  Eq.  (2.6).  The  four  constants  of  integra¬ 
tion  are  evaluated  as  before  in  terms  of  the  edge  shear  forces 


Fig.  3  Longitudinal  section  through  cylindrical  fuel  tank 
attached  to  a  rigid  bullthead. 


and  moments,  and  the  influence  coefficients  are  defined  as 
in  Eqs.  (3.20).  The  length  of  the  shell  is  L.  The  16 
influence  coefficients  are 


Cn'  = 

C12'  = 

C13'  = 

Cu' 


1  /  tL  .  ,  rL  .  tL  tL\ 

1  cosh —  sinh - sin —  cos —  I  = 

Dot^  2A'  V  a  a  a  a  / 


2A'  ' 

J_| 

Dor^ 

2A'  ' 

1 

DoT^ 

2A'  * 

a 

2  1 

-Csi'  =  C34'  =  -Cai 


1  /  ,  tL  . 

—  t:;  I  —sin—  smh—  1 

Dqt^  A'  \  a  a  / 


-  =  C41'  ==  (72/  = 


—  Czz* 

(4.2) 

(4.3) 

-Czi' 

(4.4) 
Cz2 


(4.5) 


~  ^  ( — cos’^  sin—  —  cosh—  sinh— )  =  —  Caa^ 

Dot  A'  \  a  a  a  a  / 

(4.6) 

Cn  =  i  (^sin—  cosh—  +  cos^  sinh— ^  =  —Ca2' 
Dot  A'  \  a  a  a  a  / 

(4.7) 


where 


a 


sinh' 


tL 


(4.8) 


5.  Influence  Coefficients  for  Slowly  Varying 
Wall  Thickness 


Equations  (3.22-3.31)  may  be  compared  with  Eqs.  (4.2-4.7) 
for  a  shell  whose  wall  thickness  varies  slowly.  Let 


h/ho  =  1  at  x  = 

^  Xi 

(5.1a) 

h/ho  =  1  +  e  at  x 

=  X2 

(5.1b) 

X2  —  Xi  ~  L 

(5.1c) 

where  e  is  an  arbitrarily  small  number 

.  If 

0 

11 

(2.40 

then  from  Eqs.  (5.1a-5.1c), 

X2/X1  ==  1  +  fe 

(5.2) 

and 

=  2^)  (1  +  0(e) 

.) 

(5.3) 

a  € 

From  Eqs.  (2.6,  2.12,  and  2.13)  it  is 

seen 

that 

for  small  € 

Q,  =  (3  =  C  =  (1  + 

e 

...) 

»  1  (5.4) 

The  quantities  (3.10)  become 

^  ,  2T(L/a)  ^  1 

02  —  <j>2  ==  (1  +  0{e)  +  .  .  . 

€ 

)  log( 

■) 

—  TL/aiX  +  (7(e)  +  .  .  .  ) 

(5.5) 

If  Eqs.  (5.3-5 .5)  are  substituted  into  Eqs.  (3.22-3.31)  and 
e  is  allowed  to  approach  zero,  the  influence  coefficients  of  a 
shell  with  parabolic  thickness  variation  approach  those  for 
constant  thickness  [Eqs.  (4.2-4,7)]. 

Dimensionless  forms  of  the  influence  coefficients  for  con¬ 
stant  thickness  are  listed  in  Table  1.  They  are  functions 
of  one  parameter  tL/q.  Dimensionless  forms  of  the  Cij  for 
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parabolic  thickness  variation  are  listed  in  Table  2.  They 
are  functions  of  two  parameters,  and  c.  The  quantity 
hi/ ho  is  the  ratio  of  the  thicknesses  at  Xi  and  xi,  respectively, 
and  c  is  given  by  (2.6).  In  both  tables,  the  Ca  can  be  ex¬ 
pressed  in  terms  of  the  dimensionless  quantities  (7»,*  by  the 
following  formulas : 

Ci]  =  Cij*{a^/DoT^)  when  i  andy  are  odd 

Cij  =  Ct/*(aV/)o7'^)  when  one  subscript  is  odd  and  the 

other  is  even  (5.6) 


Cij  =  Cii*{a/DQT)  when  i  andy  are  even 

Table  2  covers  all  cases  of  practical  interest.  If  the  thick¬ 
ness  varies  parabolically  from  ho  to  hi  within  the  character¬ 
istic  length  (a/io)^''^,  the  parameter  c  satisfies  the  inequality 


^  [3(1  -  ^^)]^/^ 
"  -  {h/h)W  _  1 


(5.7) 


For  the  cases  tabulated,  the  maximum  value  of  c  with  the 
constraint  (5.7)  is  c  =  3.14  (Poisson^s  ratio  =  0.3).  If  c 
is  greater  than  the  right-hand  side  of  Eq.  (5.7),  the  thickness 
variation  is  relatively  slow,  and  the  influence  coefficients 
approach  the  appropriate  values  for  a  semi-infinite  shell  of 
constant  thickness.  If  c  is  very  small  and  hi/ ho  is  fairly 
large,  the  Kirchoff-Love  hypothesis  (])lane  sections  remain 
plane)  may  not  be  valid,  thereby  invalidating  the  governing 
equation  (2.1).  In  this  regard,  the  influence  coefficients 
listed  under  hi/h  =  4,  c  =  0.15  can  be  used  only  for  very  thin 
shells.  For  example,  suppose  h^/ho  —  4,  c  =  0.15,  and  a/Ao 


=  100.  Substitution  of  these  numbers  into  Eqs.  (2.4)  and 
(2.6)  with  simple  algebraic  manipulations  leads  to 

Xi  —  X\  =  1.16/?o  (5«8) 

Equation  (5.8)  states  that  in  a  distance  approximately  equal 
to  the  initial  thickness  of  the  shell,  the  wall  thickness  is 
quadrupled.  Equation  (2.1)  is  obviously  not  valid  for  such 
a  rapid  variation.  On  the  other  hand,  \i  a/ ho  =  2500, 

Xi  —  Xi  =  29/io  (5.9) 

The  thickness  quadruples  over  a  distance  of  29  times  the 
initial  thickness  and  the  Kirchoff-Love  hypothesis  is,  there¬ 
fore,  realistic. 

6.  Discontinuity  Stresses  in  a  Cylindrical 
Fuel  Tank 

In  a  large  fuel  tank  for  a  missile,  discontinuity  stresses  at  a 
juncture  may  design  the  thickness  of  the  wall  there.  Con¬ 
siderable  weight  can  be  saved  if  the  wall  is  thickened  locally 
in  such  a  way  that  a  minimum  amount  of  material  added 
reduces  the  discontinuity  stresses  below  some  design  level. 
The  quantities  n  and  hi  (see  Fig.  2)  should  be  established  for 
a  shell  of  given  a/ho  such  that  the  weight  and  stress  require¬ 
ments  are  satisfied.  In  the  following  analysis,  the  discon¬ 
tinuity  stresses  in  a  cylindrical  fuel  tank  that  is  attached  to  a 
rigid  bulkhead  are  calculated.  Figure  3  shows  such  a  tank 
filled  with  liquid  to  a  depth  d.  The  portion  of  the  shell 
X  <  Xi  is  of  constant  thickness  and  is  assumed  to  be  long  com¬ 
pared  to  the  characteristic  length  (ahoY^^.  It  is  joined  at 


Table  2  Influence  coefficients  for  varying  thickness 


c 

-C,,* 

1 

O 

* 

-Cl3* 

0.15 

13.229 

303.417 

5.623 

0.20 

9.920 

170.644 

4.2i6 

0.25 

7.935 

109.192 

3.372 

0.30 

6.613 

75.831 

2.810 

0.40 

4.959 

42.653 

2.108 

0.50 

3.967 

27.299 

1.686 

0.60 

3.306 

18.958 

1.405 

0.80 

2.480 

10.666 

1.054 

1.00 

1.984 

6.830 

0.84  3 

2.00 

0.995 

1.727 

0.420 

4.00 

0.520 

0.509 

0.200 

6.00 

0.404 

0.361 

0.109 

10.00 

0.406 

0.390 

0.012 

20.00 

0.451 

0.441 

-0.000 

50.00 

0.480 

0.476 

-0.000 

r  * 

-n  * 
^24 

303.417 

8773.120 

241.674 

8773.102 

170.643 

3700.554 

135.919 

3700.530 

IC9.192 

1894.356 

86.972 

1894.326 

75.830 

1096.319 

60.399 

1096.284 

42.652 

462.515 

33.973 

462.468 

27.297 

236.836 

21.742 

236.777 

18.956 

137.089 

15.098 

137.018 

10.662 

57.889 

8.492 

57.795 

6.823 

29.698 

5.434 

29.580 

1.699 

3.900 

1.352 

3.664 

0.398 

0.858 

0.313 

0.393 
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Fig.  4  a)  Exploded  longitudinal  section  through  cylindrical 
tank  showing  moments  and  shear  forces  corresponding  to 
particular  solutions  and  b)  additional  moments  and 
shear  forces  needed  for  compatibility  at  Xi  and  X2^ 


a;  =  to  a  short  shell  of  parabolic  thickness  variation.  The 
governing  equation  in  the  region  a;i  <  <  3^2  is 

=  AcKa/h)il/E)iPo  +  PiQ  (6.1) 

and  in  the  region  a:  <  a:i  is 

5/"'  +  =  4cKa/h){UE){Po  +  PiO  (6.2) 

where 

Pq  ^y(x2  —  d)  Pi  =  —yxi  (6.3) 

The  constant  y  is  the  specific  gravity  of  the  liquid.  The 
subscript  c  denotes  constant  thickness.  The  pressure  is 

positive  inward.  The  particular  solutions  of  Eq.  (6.1)  and 
(6.2)  are  easily  found  to  be,  respectively, 

<'>■*> 

S„-ii(P,  +  P,0  (6.5) 

The  moment  and”shear  distributions  corresponding  to  the 
particular  solutions  of  Eq.  (6.1)  and  (6.2)  are 

^  3^17. 

Mep  =  0  (6.8) 

Vcp  =  0  (6.9) 

The  particular  solutions  (6.4)  and  (6.5)  and  the  corresponding 
moment  and  shear  force  (6.6)  and  (6.7)  are  shown  in  Fig. 
4a.  The  displacement  w  is  defined  by  Eq.  (2.3).  It  is 
evident  that  the  displacements,  rotations,  moments,  and 
shears  (6.4-6.9)  are  not  compatible  at  Xi,  and  that  the 
boundary  conditions  =  x  “  6  at  2:2  are  not  satisfied.  Figure 


4b  shows  the  moments  and  shears  that  must  be  introduced 
at  Xi  and  xz  in  order  to  satisfy  all  conditions.  Geometric 


compatibility  at  Xi  demands  that 

Ccpi  -h  Wc  =  Wpi  -h  Wi  (6.10) 

Xcpi  +  Xc  ==  Xpi  +  Xi  (6.11) 

Physical  compatibility  at  xi  demands  that 

M,  =  Mpi  +  Ml  (6.12) 

7c  =  Vpi  4-  Vi  (6.13) 

The  clamped  edge  condition  at  X2  requires  that 

'I0p2  “h  1^2  =  0  (6.14) 

Xp2  +  X2  =  0  (6.15) 


The  deformation  quantities  Xn  ^2,  and  X2  are  expressed  in 
terms  of  Mi,  Vi,  M2,  and  V2  by  Eqs.  (3.20),  mdwc  and  Xc  are 
expressed  in  terms  of  Me  and  Vc  through  the  equations 

The  Kij  are  the  influence  coefficients  for  a  semi-infinite  cylindri¬ 
cal  shell  with  constant  wall  thickness: 


_  1 

~  2  Dor^ 


Ki2  —  ~f<2l  — 


K22  — 


a 

DqT 


1 

2^2 

(6.17) 


Now  Me,  Vc,  Ml,  Vi,  M2,  and  72  can  be  determined  from  the 
relations  (6.10)  to  (6.15).  The  moment  distribution  in  the 
region  Xi<x<X2  due  to  Mi,  7i,  M2,  and  72  is  found  with  the 
help  of  Eqs.  (3.6-3.9)  and  Eq.  (3.4).  The  hoop  stress  dis¬ 
tribution  is  calculated  from 

N  =  -Ehd  =  (6.18) 

where  8  is  given  by  Eq,  (2.16).  The  resultant  moment  and 
hoop  stress  distributions  in  rci  <  a;  <  0:2  are  the  sums  of  the 
distributions  due  to  Mi,  Vi,  M2,  and  72  and  those  due  to 

8p. 

The  moment  and  hoop  stress  distributions  in  the  constant 
thickness  region  (re  <  Xi)  are  obtained  from  formulas  in  Timo¬ 
shenko^  once  Me  and  Vc  are  known.  The  stresses  at  the 
outer  fiber  of  the  shell  are  computed  from  the  moment  and 
hoop  resultants  by  means  of 

=  QM/h'^  (6.19) 

N/h  -  vm/h^  (6,20) 

Figures  5  and  6  demonstrate  the  effect  of  edge  thickening  on 
the  discontinuity  stresses  (6.19)  and  (6.20).  For  various 
degrees  of  edge  thickening,  the  axial  and  circumferential 
stress  parameters  a  Jay  and  a  e/ay  are  plotted  vs  the  non- 
dimensional  distance  from  the  edge  y/a.  These  stresses 
are  compared  with  the  stresses  generated  in  a  similar  shell 


Fig.  5  Axial  stress  reduction  due  to  thickening  of  the 
wall. 


Fig.  6  Cheumferential  stress  reduction  due  to  thickening 
of  the  wall. 
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of  constant  thickness  (lines  labeled  /z2/^o  =  l-O).  The 
depth  of  the  liquid  is  equal  to  the  diameter  of  the  shell.  For 
the  case  alK  ==  100,  n  =  10,  and  =  3,  the  maximum 
o'j;/a7  is  reduced  from  350  to  120  (Fig.  5).  This  is  indeed 
a  significant  reduction  and  demonstrates  clearly  that  the 
influence  coefficients  given  by  Eqs.  (3.22-3.31)  must  be  used 
to  obtain  an  accurate  estimate  of  the  maximum  stress. 
The  maximum  is  reduced  from  197  to  188  (Fig.  6). 

The  effect  of  the  thickening  on  cr^max  is  small  because  the 
hoop  stress  builds  up  to  its  maximum  away  from  edge  where 
the  shell  thickness  is  constant. 

In  all  the  cases  plotted,  the  maximum  stress  for  the  shells 
with  the  thickened  edges  is  slightly  higher  than  the  membrane 
hoop  stress  due  to  the  hydrostatic  pressure. 
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Influence  of  Work-Hardening  on  the 
Dynamic  Stress-Strain  Curves  of  4340  Steel 
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The  experimentally  determined  one-dimensional  strain  dynamic  stress-strain  curve  of  Rc54 
hardness  4340  steel  is  shown  to  be  in  agreement  with  the  uniaxial  strain  curve  calculated  from 
quasi-static  properties.  Strain-rate  independent  elastic-plastic  theory  including  work¬ 
hardening  was  employed  in  the  calculation.  The  agreement  between  theory  and  experiment 
shows  that  the  stress-strain  curve  of  fully  hardened  4340  obtained  at  low  strain  rate,  which 
indicates  appreciable  work-hardening,  can  be  used  to  predict  dynamic  behavior.  In  contrast, 
the  experimental  data  for  Rcl5-  and  Rc32-4340  steel  showed  strain-rate  sensitivity.  When 
these  data  are  analyzed  by  the  same  procedure  used  for  the  fully  hardened  steel,  a  different 
stress-strain  path  is  obtained  for  each  peak  stress  level  investigated.  The  results  suggest 
that  the  observed  large  increase  in  flow  stress  with  increase  in  strain  rate  is  not  limited  to 
stress  levels  around  the  yield  point  but  persists  as  long  as  the  strain  rate  is  high. 


Introduction 

The  determination  of  Hugoniot  equations  of  state  from 
shock-wave  measurements  has  been  reported  by  many 
investigators.^"^®  Many  of  these  studies  have  utilized  high 
explosives  to  produce  shock  waves  with  stresses  in  excess  of 
100  kbars.l  Under  these  conditions,  material  rigidity  con¬ 
tributes  a  relatively  small  amount  to  the  observed  stress, 
so  that  a  strict  hydrodynamic  model  of  behavior  has  been 
applied  with  success  to  the  compressive  part  of  the  loading 
cycle.  Even  at  these  stress  levels,  however,  rigidity  must 
be  considered  during  unloading  to  accurately  describe  the 
attenuation  of  a  stress  pulse  as  it  moves  through  the 
material, 

At  stress  levels  of  the  same  order  of  magnitude  as  the 
yield  stress  of  the  material,  the  effect  of  rigidity  contributes 
significantly  to  all  parts  of  the  dynamic  stress-strain  curve. 
Fowies®  has  analyzed  the  dynamic  behavior  of  2024  alumi¬ 
num,  in  the  precipitation  hardened  and  annealed  conditions, 
in  this  stress  range  by  simple  elastic-plastic  theory.  His  re¬ 
sults  show  that,  within  his  experimental  error,  the  plastic 
part  of  the  experimentally  determined  dynamic  stress-strain 
curve  is  offset  from  the  hydrostat  by  f  Fo,  where  Yq  is  the 
static  yield  strength  of  the  material.  Similar  results  have 
been  obtained  for  6061-T6  aluminum  by  Lundergan  and 
Herrmann.®  Work-hardening  is  not  observed  in  either 
investigation  because  the  flow  stress  Y  of  these  alloys  does 
not  increase  markedly  wuth  increase  in  strain;  consequently, 
the  experimentally  determined  stress-strain  curves  nearly 
parallel  the  hydrostats.  In  contrast,  if  a  material  exhibits 
pronounced  work-hardening  at  small  strains,  the  increase  in 
flow  stress  F  must  be  reflected  as  an  increasingly  large  offset 
of  f  F  from  the  hydrostat  for  increasing  strain. 

This  paper  describes  the  experimental  determination  of  the 
dynamic  stress-strain  curve  of  fully  hardened  4340  steel, 
which  exhibits  considerable  work-hardening  in  the  strain 
range  investigated.  The  curve  is  compared  with  the  experi¬ 
mentally  determined  dynamic  stress-strain  curves  of  two 
softer  conditions  of  4340  steel  which  exhibit  negligible  work¬ 
hardening.  A  comparison  is  also  made  between  the  experi- 
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t  1  kbar  -  14,504  psi;  compressive  stress  and  strain  are 
taken  as  positive. 


mentally  determined  dynamic  stress-strain  curves  and 
dynamic  curves  predicted  from  the  quasi-static  properties 
of  4340.  Of  particular  interest  is  the  accuracy  with  which 
the  plastic  portion  of  the  dynamic  curve  can  be  predicted 
from  the  results  of  a  quasi-static  (strain  rates  10  to  10“^  in./ 
in./sec)  one-dimensional  compressive  stress  test. 

The  possibility  of  a  correlation  between  static  and  dynamic 
behavior  assumes  that  the  increase  in  flow  stress  with  in¬ 
creased  strain  rate  may  be  neglected  (is  of  the  order  of  the 
experimental  error),  or  that  the  state  of  stress  in  the  material 
is  measured  under  the  condition  of  low  strain  rate.  Recent 
precise  measurements  by  Barker,  Lundergan,  and  Herrmann^® 
show  that  strain-rate  effects  do  exist  in  6061 -T6  aluminum, 
a  material  that  previously  was  thought  to  be  “strain-rate 
independent.^^  These  effects  were  previously  undetected 
because  of  the  error  in  the  measurement  of  dynamic  response 
and  the  method  of  analysis  of  the  resulting  data.  This 
suggests  that,  for  many  applications  in  which  a  state  of  one¬ 
dimensional  strain  exists,  the  precision  of  the  work  may  not 
warrant  inclusion  of  strain-rate  effects. 


Experimental  Method  and  Analysis 

The  experimental  work  of  this  investigation  concerned  the 
generation  of  peak  stresses  from  10  to  55  kbar  in  4340  steel 
of  varying  hardnesses.  The  steel  was  loaded  symmetrically 
by  impacting  a  flat  target  plate  of  uniform  thickness  with  a 
flat  projectile  of  the  same  material.  Details  of  the  air  gun 
used  to  accelerate  the  projectiles  to  impact  velocity  are 
described  elsewhere.®  The  stress  range  corresponds  to  pro¬ 
jectile  velocities  of  100  to  1000  fps. 

The  4340  steel  was  originally  in  the  form  of  6|-in.-diam  bar 
stock.  This  was  cut  into  |-in.-thick  plates,  some  of  which 
were  reduced  to  4  in,  in  diameter  for  use  as  projectile  face 
plates.  All  plates  were  then  heat  treated  according  to  the 
procedures  of  Table  1. 

After  heat  treatment  several  l|-in.  by  |-in.-diam  uniaxial 
compression  specimens  were  ground  to  shape  for  quasi-static 
stress-strain  determinations.  The  results  of  these  tests  are 
shown  in  Fig.  1.  The  remaining  plates  were  then  parallel 
ground  and  lapped  flat  enough  to  assure  contact  of  all  points 
of  the  impact  surface  within  0.01  /xsec.  The  flatness  toler¬ 
ance  is  therefore  directly  related  to  the  proposed  projectile 
velocity  and  ranges  from  12-  X  10“®-in.  deviation  from  plane 
over  a  4-in,-diam  area  for  a  projectile  velocity  of  100  fps  to 
ten  times  that  for  1000  fps.  The  flatness  was  determined 
by  an  optical  flat  using  a  monochromatic  light  source. 
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The  projectile  velocity,  tilt,  and  free  surface  motion  (see 
Fig.  2)  were  determined  in  the  plate  impact  experiments. 
Tilt  is  defined  as  the  angle  between  the  face  of  the  projectile 
and  the  impact  surface  of  the  target  just  prior  to  impact. 
If  a  perfect  imj^act  is  not  achieved,  points  on  the  free  surface 
of  the  target  opposite  to  points  of  first  contact  of  impact 
begin  to  move  first.  A  corresponding  "tilt”  in  the  free 
surface  motion  then  occurs.  Data  obtained  from  different 
regions  of  the  free  surface  must  then  be  corrected  for  this 
effect  before  analysis  is  possible.  The  tilt  in  these  experi¬ 
ments  was  alw^ays  less  than  0.05°.  All  observations  of  free 
surface  motion  were  made  prior  to  the  arrival  of  the  effects 
caused  by  the  finite  lateral  geometry  of  the  projectile,  so  that 
a  state  of  one-dimensional  strain  existed  with  the  principal 
stress  parallel  {(Tx)  and  perpendicular  (cr,/,  o-J  to  the  direction 
of  wave  propagation  (e^  =  =  0),  and  from  symmetry 

(Ty  —  cr,. 

The  instrumentation  went  through  three  states  of  refine¬ 
ment  during  the  course  of  the  investigation.  The  first 
procedure  utilized  a  circumferential  array  of  eight  pins  pro¬ 
truding  at  various  lengths  from  the  impact  surface  to  measure 
tilt  and  projectile  velocity.  Electrical  contact  of  these  with 
the  moving  projectile  were  observed  on  an  oscilloscope,  and 
the  motion  of  the  projectile  was  deduced  from  the  recorded 
trace.  Similarly,  an  array  of  pins  set  various  distances  from 
the  free  surface  were  used  to  determine  the  distance-time 
history  of  the  free  surface  by  electrical  contact  time  record¬ 
ings.  The  pin  settings  were  not  close  enough,  however,  to 
define  the  transition  between  the  portions  of  the  free  surface 
motion  due  to  the  elastic  and  plastic  parts  of  the  incident 
wave;  consequently,  the  data  points  defined  two  straight 
lines  within  experimental  error.  The  first  straight  line 
segment  was  extrajiolated  to  zero  to  get  the  arrival  time  of 
the  elastic  wave,  and  its  intersection  with  the  second  line 
segment  was  taken  as  the  arrival  of  the  plastic  wave.  This 
information,  the  slope  of  the  first  line  segment,  and  the  in'o- 
jectile  velocity  measurement  permitted  calculation  of  the 
peak  stress  and  strain  in  the  material  from  the  Hugoniot 
relations.  3 

The  second  measurement  technique  retained  the  eight  pin 
array  for  the  projectile  velocity  and  tilt  determinations. 
The  innovation  was  a  slant  wire  resistor  for  monitoring  the 
free  surface  motion.  This  is  a  fine  high-resistance  wire, 
with  a  voltage  across  it,  which  is  placed  at  a  small  angle  to 
the  free  surface  and  progressively  shorted  out  during  the 
motion  of  the  surface.  The  angle  is  small  enough  to  assure 
that  the  velocity  of  the  closeout  point  on  the  wire  is  super¬ 
sonic  so  that  the  proi)agation  of  disturbances  along  the  wire 
into  jjortions  that  have  not  yet  closed  out  does  not  occur. 
The  change  in  voltage  across  the  wire  is  recorded  during 
closeout  as  a  function  of  time  and  is  then  reduced  to  a  dis¬ 
tance-time  history  and  corrected  for  tilt. 

The  present  technique uses  the  slant  wire  to  observe  the 
free  surface  motion.  A  schematic  of  the  experimental  setup 
is  shown  in  Fig.  2.  The  projectile  velocity  is  measured  to 
±0.3%  by  determining  the  closure  times  of  two  adjacent 
pins  of  different  lengths  which  project  from  the  impact 
surface.  The  tilt  is  determined  by  four  electrically  isolated 
pins  that  arc  mounted  in  the  target  so  that  their  tips  are 
flush  with  the  impact  surface.  This  greatly  increases  the 
accuracy  of  their  positioning  and  iicrmits  the  use  of  very  fast 
sweep  speeds  to  record  the  closeout  times.  From  this  in- 


Tablc  1  Specimen  beat-treatment  procedures 


Hardness  Heat  treatment 

Rcl5  Packed  in  cast-iron  chips,  heated  to  1450°F,  and 
furnace  cooled 

Rc32  Heated  in  a  salt  bath  to  1525°F,  oil  quenched, 
and  reheated  to  1050°F  for  2  hr 
Rc54  Heated  in  a  salt  bath  to  1525°F  and  oil  quenched 


Fig.  1  Quasi-static  stress-strain  curves  (one-dimensional 
stress)  for  4340  steel. 


formation,  the  angle  between  the  projectile  face  and  the 
target  surface  at  inijmct  may  be  calculated.  The  slant  wire 
data  are  then  corrected  accordingly. 

In  the  experiments  in  which  the  slant  wires  were  used, 
three  wires  were  mounted  on  each  target.  The  final  free 
surface  displacement  trace  used  for  the  analysis  was  a  com¬ 
posite  of  the  traces  from  all  three  wires.  This  was  divided 
into  as  many  straight  line  segments  as  necessary  to  give  a 
good  approximation  of  the  curve.  In  most  cases,  four  line 
segments  were  sufficient.  An  approximate  dynamic  stress- 
strain  curve  was  then  calculated  by  estimating  the  shock 
velocities  from  the  segment  intersections  (these  define  the 
time  of  arrival  of  each  incremental  stress  pulse)  and  the 
material  velocity  changes  from  the  slopes  of  adjacent  seg¬ 
ments.  The  approximation  that  the  particle  velocity  change 
Au  is  one-half  the  change  in  free  surface  velocity  is  generally 
made.  The  change  in  stress  associated  with  each  segment 
was  then  estimated  as 

Actx  =  poUflAw 

where  po  was  taken  as  the  initial  density  to  facilitate  calcula¬ 
tion.  The  slope  of  the  stress-strain  curve  associated  with  this 
increment  was  apju’oximated  by 

Ao-x/  A^x  =  poUs'^ 

Starting  with  the  first  shock  velocity-particle  velocity  pair, 
then,  the  complete  dynamic  stress-strain  curve  was  con¬ 
structed  on  the  assumption  of  strain-rate  independence. 
For  some  engineering  calculations  at  low-stress  levels  this 
result  is  sufficient. 


RESISTANCE  WIRE 


DIRECTION  OF  MOTION 


PROJECTILE  NOSE  PLATE 


Fig.  2  Schematic  diagram  of  the  target  instrumentation. 
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Fig.  3  Free  surface  distance- time  plot  for  shot  26. 


A  refinement  of  this  calculation  is  necessary,  however,  if 
the  fine  details  of  the  dynamic  stress-strain  curve  are  to  be 
deduced.  The  principle  objections  to  the  foregoing  procedure 
are  that  change  in  density  has  not  been  considered,  the  par¬ 
ticle  velocity  has  been  approximated,  and  the  unloading  by 
elastic  rarefaction  waves  of  the  plastic  part  of  the  stress  wave 
interacting  with  the  free  surface  has  been  neglected.  The 
latter  occurs  because  of  the  faster  propagation  velocity  of 
an  elastic  wave.  The  elastic  wave  reaches  the  free  surface 
first  and  is  reflected  as  a  rarefaction  wave  moving  back  into 
the  target.  When  this  pulse  meets  oncoming  plastic  waves, 
the  interaction  is  the  same  as  the  transmission  and  reflection 
of  pulses  at  a  boundary  between  two  slightly  dissimilar 
materials  since  the  densities  on  each  side  of  the  interface  are 
different.  Consequently  each  interaction  will  have  an  effect 
on  the  free  surface  motion  as  the  products  of  these  interac¬ 
tions  reach  the  free  surface. 

In  principle,  all  these  calculational  refinements  may  be 
done  by  hand,  but  in  practice,  this  is  prohibitively  tedious. 
Instead,  the  forementioned  stress-strain  curve  estimate  was 
used  as  the  input  to  a  computer  program  in  which  the  method  of 
characteristics  and  elastic-plastic  strain-rate-independent  the¬ 
ory  were  used  to  calculate  the  theoretical  free  surface  motion. 

A  1604  CDC  computer  was  used.  The  program  determined 
all  shock  interactions  with  free  surfaces  and  other  shock 
waves  and  subsequently  gave  a  complete  stress-strain  history 
for  any  desired  point  in  the  target  or  projectile.  The  calcu¬ 
lated  free  surface  motion  was  then  compared  with  the  ex¬ 
perimental  curve,  and  the  dynamic  stress-strain  curve  was 
altered,  if  necessary,  to  improve  the  agreement.  An  ex¬ 
ample  of  the  final  result  is  shown  in  Fig.  3.§  Numerical 
results  are  summarized  in  Table  2. 

Two  aspects  of  the  foregoing  procedure  merit  further  dis¬ 
cussion.  The  first  concerns  the  assumed  path  for  unloading 
from  the  maximum  compressive  stress  produced  in  the  target. 
In  this  analysis,  the  stress-strain  curve  is  taken  to  be  anti¬ 
symmetric  with  respect  to  the  strain  axis.  If  a  Bauschinger 
effect  is  absent,^®  unloading  is  completely  elastic  except  for 
the  highest  stress  states  of  the  Rcl5,  Rc32,  and  Rc54  steel. 
Consequently,  there  is  a  minimum  of  work-hardening  during 
the  release  of  the  compressive  stress.  There  is  no  simple 
v'ay  currently  available  for  predicting  the  change  in  flow 
stress  with  strain  after  the  reverse  yield  stress  is  reached. 
The  error  introduced  by  neglecting  this,  as  well  as  a  Bausch¬ 
inger  effect,  is  estimated  to  be  small.  This  assertion  is  based 
on  a  series  of  calculations  with  the  forementioned  program 
in  which  small  perturbations  in  the  unloading  path,  such  as 


§  The  experimental  data  are  discrete  points  that  were  taken 
from  the  continuous  voltage  trace  of  the  slant  wire  and  then 
corrected  for  tilt  and  transformed  to  distance-time  coordinates 
by  computer. 


Table  2  Dynamic  stress-strain  coordinates  for  the 
stress-strain  curves  of  4340  steel® 


Hardness 

Shot 

Stress-kbar  /strain 

Rcl5 

21 

19.1 

0.0069 

37.4 

0.0165 

49.5 

0.0239 

57.4 

0.0295 

26 

16.8 

0.0062 

23.2 

0.0095 

34.2 

0.0161 

40.8 

0.0211 

Rc32 

13 

19.6 

0.0076 

24.7 

0.0100 

43.2 

0.0205 

56.7 

0.0293 

22 

20.3 

0.0073 

28.4 

0.0112 

54.9 

0.0259 

58.8 

0.0287 

25 

15.8 

0.0059 

21.6 

0.0085 

33.5 

0.0150 

38.2 

0.0182 

27 

13.6 

0.0051 

Rc54 

12 

24.0 

0.0089 

35.7 

0.0137 

44.7 

0.0180 

15 

14.3 

0.0055 

36.3 

0.0142 

47.3 

0.019C 

57.0 

0.0237 

16 

21.4 

0.008 

17 

27.3 

0.0104 

27.7 

0.0107 

18 

26.7 

0.0100 

31.8 

0.0122 

19 

31.0 

0.0119 

52.9 

0.0214 

61.9 

0.0264 

“  The  stress- strain  curve  is  approximated  by  connecting  the  coordinates 
by  straight  lines. 


might  be  expected  due  to  these  effects,  were  assumed  and  the 
free  surface  motion  calculated.  No  significant  change  in  the 
free  surface  motion  was  observed. 

The  second  observation  is  that  an  error  in  the  measure¬ 
ment  of  the  final  surface  velocity,  when  converted  to  material 
velocity,  causes  data  points  to  move  along  the  dynamic 
stress-strain  curve  rather  than  parallel  to  the  stress  axis. 
This  is  fortuitous  since  the  free  surface  velocity  cannot  be 
measured  with  the  precision  of  the  other  measurements. 
It  is  most  significant  that,  at  high  stress  levels  where  changes 
in  stress  and  strain  due  to  error  are  greatest,  the  slope  of  the 
stress-strain  curve  varies  slowly.  This  means  that  a  large 
error  in  particle  velocity  is  reflected  as  a  much  smaller  error 
in  the  determination  of  the  stress-strain  curve. 

In  order  to  compare  the  experimentally  determined  curves 
with  those  predicted  from  the  quasi-static  properties  of  the 
material,  the  state  of  stress  of  the  material  in  one-dimensional 
strain  must  be  specified.  This  has  been  developed  in  general 
form  elsewhere,^'  so  only  the  simplest  approach  will  be 
reviewed.  The  principal  assumptions  in  the  theory  are 
that  1)  there  is  no  volume  change  due  to  plastic  flow,  2)  the 
flow  stress  is  dependent  only  on  the  amount  of  plastic  work 
done,  and  3)  a  yield  criterion  of 

o-x  -  cr,  =  Y(W^)  (1) 

is  used.^ 

To  obtain  the  functional  relation  between  stress  and  strain 
in  one-dimensional  strain,  the  strain  is  first  separated  into 
elastic  and  plastic  components : 


ex  =  ex®  +  €y^ 

6y  —  €3  =  0  —  €y^ 


(2) 


The  elastic  strains  in  the  principle  stress  orientation  (o'y  = 
0-*)  are  then  given  by 


ex®  =  (o-x/E)  —  2v{ay/E) 
e/  =  (<^y/E)(l  —  v)  —  v{(Tx/E) 


(3) 


^  Both  the  Von  Mises  and  Tresca  yield  criteria  take  this  form 
for  the  one-dimensional  strain  experiments  described  here. 
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where  E  is  Young’s  modulus  and  v  is  Poisson’s  ratio.  At  the 
yield  point  defined  by  Eq.  (1),  plastic  deformation  begins. 
The  assumption  that  there  is  no  volume  change  due  to 
plastic  flow  requires  that 

+  2e/  =  0  (4) 

so  that  combining  Eqs.  (1-4),  the  relation  between  stress 
and  strain  above  the  elastic  limit  (yield  point)  is  determined 
to  be 

(Tx  =  a  +  §F(TU,)  (5) 

where 

(7  =  Kex  (6) 

In  these  equations,  a  is  the  spherical  or  hydrostatic  stress 
component,**  K  is  the  bulk  modulus,  and  the  deviatoric 
stress  component  ^Y(Wp)  indicates  that  the  flow  stress  is  a 
function  of  the  plastic  work. 

In  order  to  apply  Eq.  (5)  to  a  specific  problem,  F(TFp) 
must  be  determined.  This  is  most  easily  accomplished  by 
a  one-dimensional  stress  comj^ression  test  that  must  then 
be  related  to  the  one-dimensional  strain  state  through  the 
plastic  work. 

In  one-dimensional  stress,  the  amount  of  plastic  work  asso¬ 
ciated  with  a  change  in  plastic  strain  dax^  is 

dWj,  =  Y  dax^  (7) 

For  one-dimensional  strain  the  plastic  work  is  given  by 

dWp  =  axdex^  +  2(Tydey^  (8) 

which,  using  Eqs.  (1)  and  (2),  reduces  to 

dWp  =  Ydex^  (9) 

The  transformation  between  one-dimensional  stress  and  one¬ 
dimensional  strain  is  therefore  determined  by  equating  equal 
amounts  of  plastic  work : 

dax^  =  dex^  (10) 

which  may  be  written  in  slightly  more  useful  form  by  integrat¬ 
ing  both  sides  and  then  exjn-essing  the  result  in  terms  of  the 
total  strains: 

6x  =  iax  -  (F/6K)  (11) 

The  last  term  is  due  to  the  elastic  strain  components  that 
must  be  subtracted  from  the  total  strain  to  give  the  plastic 
strain. 

A  general  procedure  for  calculating  the  dynamic  stress- 
strain  curve  in  one-dimensional  strain  from  a  quasi-static 
one-dimensional  stress  curve  (or  from  a  dynamic  one-dimen¬ 
sional  stress  curve  if  it  is  available)  is  to  first  choose  a  point 
(7,  ax)  on  the  latter.  Using  these,  <Tx  and  may  be  calcu¬ 
lated  from  the  equations  and  specification  of  K.  This  process  is 
then  repeated  until  the  dynamic  stress-strain  curve  is  suffi¬ 
ciently  defined.  The  state  of  one-dimensional  strain  may  be 
interpreted  to  be  a  one-dimensional  stress  test  under  a  vary¬ 
ing  hydrostatic  stress  condition  sufficient  to  assure  no  change 
in  lateral  dimensions  of  the  specimen. 

Since  both  the  compression  curve  and  the  compressibility 
are  obtained  under  conditions  of  nearly  constant  tempera¬ 
ture,  they  must  be  corrected  to  the  thermodynamic  condi¬ 
tions  of  the  dynamic  stress-strain  curve,  or  conversely.  If 
the  energy  associated  with  plastic  deformation  may  be 
neglected  (that  is,  the  material  is  essentially  under  hydro¬ 
static  pressure),  the  correction  is  easily  made.^-  ^  However, 


**  Under  the  one-dimensional  strain  condition,  de^  —  dV /V  ^ 
dl/l,  where  V  is  the  volume  of  an  element  and  I  is  its  length  in 
the  direction  of  propagation.  The  strains  observed  in  these  ex¬ 
periments  were  so  small  that  finite  strain  analysis  is  unnecessary; 
natural  strain  w^as  suitably  approximated  by  nominal  or  engi¬ 
neering  strain. 


the  flow  stresses  of  the  materials  under  investigation  are 
large,  and  this  approximation  cannot  be  used.  Instead, 
the  close  proximity  of  the  dynamic  stress-strain  curve  to  an 
adiabat  justifies  correcting  the  static  data  to  adiabatic 
conditions.®  This  significantly  changes  the  compressibility, 
but  the  change  in  the  elastic  modulus  is  negligible. 

Bridgman’s  hydrostatic  data  for  fully  hardened  steel 
containing  1.1%  carbon^s  ^ygre  used  in  calculating  dynamic 
stress-strain  curves  (one-dimensional  strain)  for  all  three 
hardesses  of  4340.  Although  Bridgman’s  steel  was  un¬ 
doubtedly  somewhat  harder  than  fully  hardened  4340,  its 
compressibility  should  be  more  representative  than  that  for 
softer  steels  with  only  small  amounts  of  impurities.  For 
comparison,  the  compressibility  of  1.1%  carbon  steel  is 
greater  by  about  2%  than  the  compressibility  of  American 
Ingot  iron,  single  crystal  iron,  and  stainless-steel  H26,  and 
less  than  that  of  stainless-steel  H29  by  about  2%.  This, 
along  with  the  small  effect  composition  and  hardess  has  on 
the  elastic  moduli  of  steels,  suggests  that  the  error  in  using 
1.1%  carbon  steel  values  for  Rcl5-  and  Rc32-4340  steel  can¬ 
not  be  great.  Since  Bridgman’s  data  are  only  to  30  kbar, 
his  compressibility  function  was  used  to  extrapolate  to  higher 
pressures.  It  is  expected,  therefore,  that  the  error  in  calcu¬ 
lating  the  highest  stress  states  will  be  greater  than  for  the 
low^er  states. 

Discussion 

The  results  of  computer  calculations  for  experiments  on 
Rc54-4340  steel  using  the  present  experimental  technique 
are  shown  in  Fig.  4.  These  results  represent  what  is  be¬ 
lieved  to  be  the  present  optimum  in  experimentation  and  are 
therefore  considered  most  accurate.  Since  each  experi¬ 
ment  yields  a  complete  stress-strain  curve,  these  curves 
would  be  expected  to  fall  on  top  of  one  another  if  the  approxi¬ 
mation  that  stress  is  a  function  of  strain  only  is  valid.  This 
would  result  in  the  existence  of  a  single  unique  composite 
curve  defining  the  relation  of  stress  to  strain  at  all  stress 
levels.  Within  the  limits  of  experimental  error  and  the  errors 
inherent  in  the  analysis,  this  is  observed  for  Rc54  steel. 

The  stress-strain  curve  calculated  from  quasi-static  com¬ 
pression  data  has  been  superimposed  on  the  Rc54  experi¬ 
mental  curves  in  Fig.  4.  Again,  the  difference  between  pre¬ 
dicted  and  measured  results  may  well  be  due  to  the  approxi¬ 
mations  of  the  analysis  and  is  therefore  not  considered 
significant.  The  close  agreement  suggests  that  the  dynamic 
stress-strain  curve  can  be  predicted  with  considerable  ac- 


Fig.  4  Dynamic  stress-strain  curves  of  Ro54  4340  steel. 
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Fig.  5  Dynamic  stress-s train  curves  of  Rcl5  4340  steel. 


curac}'  from  the  static  properties  of  this  fully  hardened  4340 
steel. 

The  results  of  computer  calculations  for  experiments  on 
Rcl 5-4340  steel  using  the  present  experimental  technique 
are  shown  in  Fig.  5.  These  differ  significantly  from  the  Rc54 
curves  in  that  a  different  curve  is  observed  for  each  terminal 
stress  state,  ft  and  each  curve  lies  significantly  above  the  curve 
calculated  from  quasi-static  results.  This  is,  of  course, 
further  evidence  of  the  well-known  increase  in  initial  flow 
stress  with  increase  in  strain  rate  observed  in  steels  by 
Jones,  et  al.^®  and  Taylor  and  Rice.^  In  addition,  however, 
the  offset  (f  F)  shows  that  this  increase  in  flow  stress  is  not 
confined  to  the  initial  portion  of  the  stress  front  preceding  the 
yield  point  but  is  observed  in  all  parts  of  the  stress  wave 
where  the  strain  rate  is  high.  The  experimental  technique 
here  was  not  precise  enough  to  observe  the  dynamic  upper 
yield  point  of  this  steel. 

The  dynamic  stress-strain  curves  in  Fig.  5  for  Rcl5-4340 
were  obtained  using  strain-rate-independent  elastic-plastic 
theor}\  Each  portion  of  the  curves  therefore  represents  some 


Fig.  6  A  comparison  of  the  terminal  stress  state  of  Rc54- 
and  Rel5-4340  steel. 


ft  The  terminal  stress  state  is  defined  as  the  steady-state 
stress  supported  in  a  region  of  the  material  after  the  wave  front 
has  passed  through  it. 


Fig.  7  A  comparison  of  the  terminal  stress  states  of  Rc32- 
and  Rcl 5-4340  steel. 


average  strain  rate  which  is  representative  of  the  part  of  the 
wave  front  associated  with  it.  This  average  reflects  the  range 
of  strain  rates  which  a  given  stress  increment  produces  in  the 
material  as  it  propagates  through  the  target  and  conse¬ 
quently  will  change  as  the  target  thickness  is  changed.  If 
the  dynamic  behavior  can  be  represented  by  a  family  of 
curves  of  constant  strain  rate,^®~^^  where  the  effect  of  in¬ 
crease  in  strain  rate  is  to  increase  the  stress  supported  by 
the  material  for  a  given  value  of  strain,  then  the  Rcl 5  experi¬ 
mental  curves  may  be  interpreted  as  follows.  Since  a  steeper 
wave  front  is  associated  with  higher  strain  rates,  curves 
calculated  from  higher  projectile  velocity  shots  must  lie 
further  above  the  hydrostat  than  those  for  low  velocity 
shots.  The  upper  parts  of  all  curves,  however,  will  bend 
back  toward  the  hydrostat  through  lower  strain  rates  as  the 
peak  stress  is  approached.  The  last  point  on  the  curve, 
the  terminal  stress  state,  represents  the  condition  in  the  ma¬ 
terial  of  almost  constant  stress  and  presumably  low  strain 
rate.  Therefore,  it  lies  in  close  proximity  to  the  curve  calcu¬ 
lated  from  quasi-static  data.  Unfortunately,  the  actual 
stress-strain  path  to  reach  this  point  cannot  yet  be  deter¬ 
mined  because  analysis  techniques  incorporating  strain-rate 
effects  are  not  available. 

An  interesting  feature  of  this  result  is  that,  if  the  quasi¬ 
static  curve  is  taken  for  the  equation  of  state  of  the  impacted 
target,  i.e.,  the  projectile  velocity  remains  the  same  but  the 
target  is  loaded  slowly,  the  calculated  terminal  stress  is  ap¬ 
proximately  the  same  as  that  of  the  experimentally  deter¬ 
mined  curves.  This  implies  that  the  terminal  stress  state 
is  independent  of  the  loading  history  within  the  accuracy 
of  the  analysis.  However,  recent  electron  microscope  ex¬ 
aminations  of  shock-loaded  metals  reveal  microstructures 
that  differ  considerably  from  those  of  specimens  loaded 
slowly  to  the  same  final  equivalent  strain.^*'^^  One  reason 
for  the  close  agreement  here  may  be  because  the  effects  of 
microstructural  differences  may  not  be  sensitively  reflected 
in  the  one-dimensional  strain  curves.  This  is  because  of  the 
large  spherical  component  of  stress  present.  Foi  example, 
1%  error  in  stress  of  the  final  state  of  shot  26  could  repre¬ 
sent  a  difference  of  9%  in  the  flow  stress  of  Rcl 5  if  the  hydro¬ 
static  stress  is  known  exactl3^fj:  Since  is  the  order  of 
the  experimental  error  of  this  investigation,  such  a  flow 


For  equivalent  conditions,  this  would  represent  an  error 
of  only  2|%  in  Rc54  because  of  its  much  greater  flow  stress. 
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stress  difference  would  remain  undetected.  It  is  evident, 
however,  that  the  very  large  increases  in  flow  stress  indi¬ 
cated  by  the  large  offsets  from  the  quasi-static  curve  do  not 
persist  after  the  wave  front  has  passed. 

The  results  for  Rc32-4340  steel  are  similar  to  the  Rcl5 
data  with  the  exception  that  the  maximum  offsets  from  the 
curve  calculated  from  quasi-static  data  were  only  about  half 
the  Rcl5  curve  offsets. 

Further  details  of  the  differences  between  the  stress-strain 
curves  of  Rcl5  and  Rc54  are  in  Fig.  6.  The  work-hardening 
of  the  Rc54  steel  is  reflected  by  the  increasingly  large  offset 
from  the  hydrostat  with  increasing  strain.  In  contrast,  the 
terminal  stress  states  of  Re  15  and  Rc32  as  plotted  in  Fig.  7 
show  that,  as  the  quasi-static  tests  predict,  the  only  differ¬ 
ence  is  in  the  larger  offset  of  Rc32-4340  from  the  hydrostat. 

Of  secondary  interest  in  these  comparisons  is  the  way  in 
which  refinements  in  technique  have  resulted  in  better  agree¬ 
ment  between  theory  and  experiment.  The  pin  shots  repre¬ 
sent  rather  gross  experimental  measurements  coupled  with 
an  overly  simplified  analysis,  as  reflected  by  the  data  scatter. 
The  initial  slant  wire  studies  were  not  much  better,  experi¬ 
mentally,  although  they  did  present  the  opportunity  for 
more  exact  analysis  of  the  data.  The  principal  difficulty 
here  seems  to  have  been  in  the  way  the  projectile  velocity  and 
tilt  were  measured.  The  present  experimental  technique  is 
accurate  enough  to  give  results  that  are  limited  by  the 
strain-rate  independent  condition  imposed  on  the  data 
analysis.  There  may  be  many  materials,  however,  such  as 
fully  hardened  4340  steel,  for  which  strain-rate  effects  are 
small,  so  that  for  many  applications  strain-rate-independent 
theory  adequately  describes  the  propagation  of  stress  waves. 

Conclusions 

The  principal  conclusion  of  this  investigation  is  that  the 
experimentally  observed  dynamic  work-hardening  of  fully 
hard  4340  steel  is  in  agreement  with  its  static  work-harden¬ 
ing  properties.  This  agreement,  along  with  the  observation 
that  strain-rate  effects  are  not  large  in  this  steel,  suggests 
that  the  dynamic  stress-strain  curve  of  a  material  known  to 
be  strain-rate  insensitive  can  be  accurately  predicted  from 
static  properties. 

A  secondary  conclusion  is  that  the  large  increase  in  flow 
stress  with  increase  in  the  strain  rate  of  Rcl5-  and  Rc32- 
4340  steels  is  not  limited  to  stress  levels  around  the  yield 
point  but  persists  as  long  as  the  strain  rate  is  high.  The  in¬ 
crease  in  flow  stress  is  transitory,  however,  in  that,  once 
the  wave  front  is  passed  and,  presumably,  the  strain  rate 
becomes  small,  the  state  of  stress  in  the  steel  is  in  agreement 
with  strain-rate-independent  theory  within  experimental 
error.  The  validity  of  this,  however,  cannot  be  definitely 
established  until  computational  techniques  incorporating 
the  complicated  strain-rate  behavior  of  these  materials  can 
be  developed. 
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A  parallelism  is  established  between  the  theoretical  analyses  of  energy  transport  due  to 
conduction  and  thermal  radiation  in  a  unidimensional  configuration.  The  boundary  condi¬ 
tions  assumed  correspond  to  two  parallel  walls  of  given  temperatures  separated  by  a  finite 
slab  of  gas.  A  gray-gas  theory  of  radiation  is  employed  in  which  the  coefficients  of  emission 
and  absorption  are  independent  of  frequency;  the  theory  of  conduction  is  based  on  the  Bhat- 
nagar-Gross-Krook  model  of  the  Boltzmann  equation.  Under  simplifying  assumptions, 
the  half-range  form  of  the  equations  is  modified  through  the  use  of  relations  drawn  from 
continuum  theory.  Heat  flux  is  predicted  for  all  values  of  optical  thickness  or  inverse  Knud- 
sen  number.  Comparisons  with  available  numerical  calculations  based  on  less  restrictive 
assumptions  indicate  the  fluxes  are  given  with  a  maximum  error  of  a  few  percent,  yet  are  ex¬ 
pressible  analogously  in  algebraic  form.  The  correspondence  between  wall  accommodation 
and  emission  coefficients  is  exhibited.  In  the  concluding  section,  generalization  to  other 
configurations  yields  explicit  formulas  for  heat  flux  between  coaxial  cylinders  and  concentric 
spheres. 


Nomenclature 

a  =  constant  introduced  in  B-G-K  model  [Eq.  ( 16)  j 
/  =  distribution  function 

F  =  Maxwellian  distribution  [Eq.  (17)] 

h  =  beat  flux  [Eqs.  (5)  and  (29)] 

I  =  specific  intensity  of  radiation  [Eq.  (1)] 

j  =  particle  flux  [Eq.  (18b)] 

k  =  Boltzmann  constant 

K  =  heat  conduction  coefficient 

L  =  distance  between  plates 

m  =  particle  mass 

n  =  particle  number  density 

Pxx  =  XX  component  of  pressure  tensor 

T  =  temperature 

V  =  particle  velocity 

Vx  =  X  component  of  particle  velocity 

X  =  coordinate  measured  normal  to  wall 

jS  =  emission  function  [Eqs.  (2)  and  (30)] 

€  =  wall  emission  or  accommodation  coefficient 

$  =  angle  relative  to  x  axis 

X  =  particle  or  photon  mean  free  path 


M 

=  cose 

dx 

Jo 

X 

dx 

Jo 

T 

(T  =  Stefan-Boltzmann  constant 
Subscripts 

1  =  value  in  gas  at  ic  =  ^  =  0 

2  =  value  in  gas  x  =  L,  ^ 

M  —  Maxwellian  value 

KN  ==  Knudsen  value 
wi  =  value  at  left  wall 
W2  —  value  at  right  wall 

Superscripts 

-f  =  half-range  value,  0  <  g  ^  1  for  radiation,  0  <Vx  for  con¬ 
duction 

—  —  half-range  value,  —  1  ^  M  <  0  for  radiation,  zJa;  <  0  for 

conduction 
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Introduction 

The  theoretical  prediction  of  the  rate  of  transfer  of  thermal 
energy  through  a  gaseous  medium  contained  between 
parallel  walls  of  different  temperatures  and  specified  physical 
properties  is  a  fundamental  problem  in  the  study  of  heat 
exchange.  In  the  theory  of  heat  conduction  in  a  monatomic 
gas,  one  may  try  to  determine  the  dependence  of  energy  flux 
on  the  two  wall  temperatures,  their  distance  apart,  the  mean 
free  path  length  of  the  gas  particles,  and  the  accommodation 
coefficients  of  the  walls.  Similarly,  in  radiative  transfer 
through  an  absorbing  and  emitting  gray  gas,  the  energy 
flux  depends  again  on  the  wall  temperatures,  distance  apart, 
the  radiation  (or  photon)  mean  free  path  length,  and  on  the 
coefficients  of  emission  of  the  walls.  A  discussion  of  the 
similarity  in  the  basic  formulation  of  the  two  problems 
has  been  given  by  Eckert.^  The  present  paper  shows  how, 
under  simplifying  assumptions,  the  flux  in  both  cases  can 
be  predicted  to  a  rather  remarkable  degree  of  accuracy  while, 
at  the  same  time,  preserving  formal  similarities  between  the 
principal  equations  for  conduction  and  thermal  radiation. 

Insofar  as  gray-gas  radiation  is  concerned,  the  basic  equa¬ 
tions  are  well  defined;  the  main  contribution  here  is  the 
demonstration  of  an  effective  use  of  the  assumption  of  small 
mean  free  path  length  in  the  half-range  form  of  the  equa¬ 
tions.  Predictions  of  flux  are  then  shown  to  possess  reason¬ 
able  merit  for  all  optical  thicknesses,  even  though  a  portion 
of  the  analysis  is  limited  to  simplification  inherent  in  the 
continuum  or  Rosseland  regime. 

The  exact  description  of  heat  conduction  for  a  gas  with 
arbitrary  mean  free  path  length  relies  on  some  formulation 
of  the  Boltzmann  equation.  The  analogy  to  be  developed 
results  from  the  use  of  the  B-G-K  model  (Bhatnagar,  Gross, 
and  Krook^),  and  half-range  representations  of  the  distribu¬ 
tion  fimction  are  employed.  Once  the  similarity  between 
the  two  problems  is  established,  one  is  led  naturally  to  the 
consideration  of  proper  use  of  the  continuum  form  of  the 
conduction  equations.  The  stratagem  used  in  the  radiation 
analysis,  that  is,  proper  employment  of  continuum  theory, 
indicates  the  procedure,  and  comparisons  with  more 
accurate  calculations  show  that  the  predictions  remain 
good  for  rarefied  gases,  that  is,  in  the  Knudsen  regime  of 
large  mean  free  path  length. 

It  is  important  to  stress  that  the  close  analogy  achieved 
holds  principally  when  attention  is  concentrated  on  flux. 
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Tem])erature  distributions,  for  example,  are  not  the  same 
in  the  two  problems.  Also,  the  distributions  predicted  by 
the  approximate  analysis  are  in  both  cases  increasingly  in¬ 
accurate  as  the  walls  are  approached.  It  appears  that 
flux  is  the  grossest  of  the  physical  quantities  of  interest  and 
is  insensitive  to  approximations.  More  localized  phenomena, 
such  as  temperature  ‘'slip''  at  the  walls,  react  much  more 
sharply  to  imposed  approximations.  Qualitatively,  how¬ 
ever,  the  predictions  provide  the  proper  trends  and 
extensions  of  tlie  method  become  apparent. 

Analysis 

Assume,  as  in  Fig.  1,  two  walls  with  temperatures  Tu>i  and 
at  a  distance  apart  L.  In  this  schematic  representation  of 
the  problem,  conduction  and  radiation  can  be  indicated 
simultaneously  and,  since  algebraic  similarity  is  to  be  fea¬ 
tured,  the  same  symbols  will  be  used  in  the  two  cases.  Thus, 
the  parameters  ei  and  e2  represent  either  the  wall  accommoda¬ 
tion  coefficients  of  heat  conduction,  or  the  wall  emission 
coefficients  for  radiation.  The  gaseous  medium  between 
the  walls  has  for  photon  or  particle  mean  free  path  the  local 
value  X.  We  assume  also  that  the  walls  emit  and  reflect 
the  incident  energy  diffusely. 


Fig.  1  Sketch  showing  parallel  walls  separated  by  gaseous 
medium. 

Total  flux,  so  defined  that  it  is  positive  when  the  net  flow  of 
energy  in  the  x  direction  is  positive,  is  /i(Q,  where 

=  hnO  +  h-{Q  (5) 

From  Eqs.  (3)  and  (4)  one  derives  the  relations 

fl{dhyd^)  =  m  -  h+a)  (6a) 

fi{dh~m  =  m  +  h~{^)  (6b) 


Radiative  Transport 

Consider  first  the  transport  of  thermal  radiation  between 
the  walls.  Distance  x  is  measured  normal  to  and  from  the 
left  wall.  Now  introduce  the  specific  intensity  function  that 
denotes  the  energy  transmitted  through  a  unit  area  (normal 
to  the  axis)  in  a  unit  time  and  in  a  unit  solid  angle  that  is 
inclined  at  an  angle  d  to  the  positive  x  direction.  We  dis¬ 
tinguish  the  half-ranges  (—'k/2  ^  d  ^  'k  12,  —  7r/2  ^  tt  — 
6  ^  7r/2)  of  the  specific  intensity  by  the  notation 

0  0  <  M  ^  1  ^"(m,  0 

-I  ^  fi<0  (1) 

where  fx  =  cos0  and  d^  =  dx/\{x).  The  basic  transfer 
equations  are  (Ref.  3,  p.  25  et  seq.) 

fxidi^m  =  0  +  imM  (2) 

The  function  jS(Q/7r  is  the  so-called  source  (or  emission) 
function.  In  the  absence  of  scattering  and  under  the  as¬ 
sumption  that  the  index  of  refraction  of  the  gas  is  unity,  the 
condition  of  local  thermodynamic  equilibrium  yields  the 
relation  j8(f)  =  cfT\0,  where  tr  is  the  Stefan-Boltzmann 
constant. 

Approximation  in  the  method  of  solution  is  introduced  at 
this  point.  First,  one  notes  that  the  source  function,  as 
well  as  the  boundary  conditions  developed  later,  are  inde¬ 
pendent  of  fi  when  the  walls  emit  and  reflect  diffusely.  As 
a  consequence,  the  dependence  of  ^)  on  ii  is  suppressed 
by  means  of  an  appropriate  averaging.  The  original  idea 
for  such  an  approximation  is  due  to  Eddington.^  Various 
numerical  values  of  the  averaged  quantity  w,  or  its  equiva¬ 
lent,  can  be  used  depending  on  particular  requirements  of 
the  problem  at  hand.^’  ®  One  rational  way  in  which  this 
averaging  can  be  achieved  involves  taking  first  moments 
with  respect  to  m  in  the  half-ranges.  It  suffices  here,  how¬ 
ever,  to  assume  some  such  operation  has  been  carried  out 
and  to  rewrite  Eq.  (2)  in  the  form 

=  -im  +  m)M  (3) 

where  the  average  value  ju  is  yet  to  be  determined. 

The  quantities  /i+(^)  and  h~(X)  are  now  introduced  to  de¬ 
note  the  half-range  energy  fluxes  associated  with  the  motion 
of  photons  in  the  positive  and  negative  x  (or  Q  directions, 
respectively.  Then 

=  2-k^^  nl+dii  =  Ttl+iO  (4a) 

h~(0  =  iiJ-dix  =  —!rl~(0  (4b) 


Addition  and  subtraction  of  Eqs.  (6)  together  with  the  defi¬ 
nition  introduced  in  Eq.  (5)  yields 

Hidhm  =  mo  -  [h^O  -  h-{0]  (7a) 

fild(h+  -  h~)/d^]  =  -h(0  (7b) 

For  the  problem  being  considered,  conservation  of  energy 
requires  that  flux  be  a  constant.  From  Eq.  (7a),  therefore 

m  =  [hHO  -h-m/2  (8) 


and  the  fundamental  equations  are 

dhiO/d^  =  0  (9a) 

dm/d^  =  (9b) 

Equation  (9a)  is  independent  of  the  approximation  we  have 
employed,  and  the  arbitrariness  in  the  choice  of  /Z  appears 
only  in  the  second  relation.  The  decision  as  to  what  value 
to  assign  to  ju  is  now  resolved  by  insisting  that  Eq.  (9b)  must 
agree  with  the  expression  for  flux  in  the  limiting  regime  of  an 
optically  thick  medium.  This  final  assumption  fixes  the 
value  2ju  =  -I  since  independent  study  (e.g.,  Kourganoff®) 
of  radiative  transfer  for  X  «  L  leads  to  the  condition  d^/d^  = 
—  3V4  at  any  point  f  sufficiently  distant  from  an  imposed 
wall  or  boundary  condition.  Since  the  approximate  analysis 
is  based  on  the  use  of  isotropic  specific  intensity,  that  is,  no 
dependence  of  0  on  fx,  we  retain  a  certain  logical  con¬ 
sistency  by  adjusting  the  arbitrary  constant  to  conform  with 
a  regime  in  which  the  isotropic  condition  does  apply.  Very 
accurate  numerical  solutions  are  available  for  special  values 
of  the  physical  parameters,  and  an  a  posteriori  check  of  the 
results  for  these  cases  will  be  given  later. 

The  boundary  conditions  express  the  equality  of  outwardly 
directed  flux  at  each  wall  to  the  sum  of  the  wall  emission 
and  the  reflected  portion  of  the  inwardly  directed  flux  at  the 
wall.  Since  the  reflectivity  coefficient  of  an  opaque  wall  is 
1  minus  the  absorption  (or  emission)  coefficient,  one  has 

-  (1  -  e{)hr  (10a) 

—  hjT  =  H"  (1  €2)/i2'’'  (10b) 


Here,  subscripts  1  and  2  refer  to  conditions  in  the  medium 
at  a:  =  0  and  x  —  L,  and  subscripts  w\  and  w2  refer  to  wall 
conditions  at  the  same  positions.  Combination  of  these 
relations  leads  to 


—  hj2 


/ii+  -  he 


2 

(11) 
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Fig.  2  Diminsionless  radiative  flux  between  similar  walls 
as  a  function  of  wall  emissivity  and  optical  thickness. 

Equation  (11)  retains  half-range  fluxes,  but  from  Eq.  (8) 
it  can  be  written  alternatively  as 

+  l)  =  /3.i-/S»2  +  ;82- A  (12) 
\«1  62  / 

The  integration  of  Eqs.  (9)  subject  to  the  boundary  condi¬ 
tions  is  now  a  straightforward  process.  The  constant  value 
of  flux  h  is  independent  of  ^  and  a  function  only  of  the  param¬ 
eters  Ty,2y  ei,  €2,  and  the  optical  thickness  Jl,  where 


the  prediction  of  heat  flux,  a  parallel  development  is  possible. 
Preliminary  to  this,  the  specific  forms  of  the  kinetic  equations 
need  to  be  introduced. 

The  B-G-K^  idealization  of  the  Boltzmann  equation  for 
the  present  problem  can  be  expressed  as 

vM/dx)  =  {av/\){F  -f)  (16) 

where 

F  =  n(m/27rA;T)2/2  exp(— (17) 

(For  a  valuable  critique  of  this  idealization  see  Liepmann, 
Narasimha,  and  Chahine.^^)  The  quantity  is  the  x  com¬ 
ponent  of  particle  velocity  v,  and  v  is  the  average  particle 
velocity  for  the  Maxwellian  distribution  F.  The  quantity 
X  is  related  to  the  particle  mean  free  path  length,  also  based 
on  F)  and  a  is  a  proportionality  constant  to  be  determined 
by  requiring  the  solution  for  heat  flux  to  be  exact  at  the  con¬ 
tinuum  limit.  Thus  X  and  a  may  be  functions  of  n  and  T 
for  arbitrary  intermolecular  force  laws. 

The  values  of  n,  T  and  other  quantities  of  interest  are 
given  in  terms  of  moments  of  the  distribution  function  /  by 
the  relations: 


Number  Density 

11 

< 

(18a) 

Flux  of  Particles 

11 

< 

(18b) 

XX  Component  of  Pressure  Tensor 

Pxx  =  fmvx^f  dv 

asc) 

\-\x)dx 

When  ei  =  €2  =  1,  =  0,  flux  is  and  is  the 

heat  flux  associated  with  black  wall  conditions.  The  end 
results  may  be  written  in  the  form 

m)  =  Ul)]  (13) 

where 


o-T.inci/e^)  -  i  +  Ul]  +  oT^2na/ei) 

aTwi^  “  crTw2^ 


I  +  f  ^l)  1 
(14) 


and 


Internal  Energy  Density 

(^)nkT  =  /(i)myy  dv  (18d) 

Total  Energy  Flux 

h  —  dv  (l8e) 

Upon  multiplication  of  Eq.  (16)  by  the  appropriate  collisional 
invariant  (1,  mvx,  or  mv'^)  and  integration  over  particle  ve¬ 
locities,  we  get  the  conservation  equations  bj/bx  =  0,  bp^x/ 
bx  =  0,  bh/bx  =  0,  or 

j  =  0  (19a) 

Pxx  =  const  =  force  per  unit  area  on  walls  (19b) 


[(1/60  +  (i/eo  -  n  +  i?/.  ^  ^ 

Equation  (13)  gives  a  linear  expression  for  the  emission 
function  and  represents  a  rough  approximation  to  the  actual 
distribution  of  Equation  (15)  is  the  principal  ob¬ 

jective  of  the  analysis.  Its  accuracy,  when  compared  with 
available  and  more  exact  numerical  calculations,  is  sur¬ 
prisingly  good.  Figure  2  shows  h/{(rTwi*  —  (TTy,^^)  as  a 
function  of  and  e  for  the  case  of  physically  similar  walls 
(61  =  €2).  Solid  lines  correspond  to  the  predictions  of  Eq. 
(15).  The  dashed  lines  were  taken  from  the  work  of  Heaslet 
and  Fuller^  where  an  iterative  method  was  used  to  solve  the 
basic  integral  equation  of  radiation  theory  for  the  same 
boundary  conditions.  Probstein®  has  previously  noted  that 
for  black  walls  (ei  =  62  =  1)  the  agreement  with  an  exact 
numerical  analysis  carried  out  by  Usiskin  and  Sparrow®  is 
quite  satisfactory.  The  topmost  curve  is  Probstein^s  result. 
Equation  (15)  has  been  derived  by  Adrianov  and  Polyak^® 
and  Deissler^^  by  somewhat  different  reasoning. 

Conductive  Transport 

Heat  conduction  between  the  walls  and  through  a  mon¬ 
atomic  gas  remains  to  be  considered.  If  Eqs.  (8),  (9),  and 
the  boundary  conditions  (10)  are  accepted  as  fundamental  to 


h  =  const  (19c) 

The  kinetic  theory  counterpart  of  the  foregoing  simplified 
treatment  of  radiative  transport  entails  the  definition  of  two 
half-range  distribution  functions  for  particles  with  positive 
or  negative  values  of  Vx^  and  the  two  distributions  are  taken 


to  be  Maxwellian,  that  is, 

=  2n^{m/2'KkT^y’’^  ex}p{  —  mv'^/2kT^)  (20) 

Substitution  of  this  into  Eqs.  (18a-18d)  yields 

n  =  -(-  n"  (21a) 

j  =  n+(2kTy7rmyf^  -  n~(2kT-/Tmyf^  =  0  (21b) 

Pxx  =  n+kT'^  -f  n~kT~  =  const  (21c) 

nkT  =  +  n~kT~  —  pxx  (21d) 


The  equalities  on  the  right  follow  from  the  use  of  the  con¬ 
servation  relations  (19a)  and  (19b)  and  from  combination  of 
(21c)  with  (2 Id). 

The  following  simplified  treatment  of  the  kinetic  theory 
heat-conduction  problem  can  be  cast  in  a  form  that  is  inde¬ 
pendent  of  the  intermolecular  force  law.  To  that  end,  we 
choose  a  definition  of  X  based  on  the  heat-conduction  coeffi¬ 
cient  and  the  hard-sphere  mean  free  path,  \hs  =  (2i/V(i®n)  “h 
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where  d  is  particle  diameter.  For  hard  spheres,  the  heat- 
conduction  coefficient  is  (Ref.  13,  chap.  10) 

Khs  -  1.02513  {lb/Ud^){¥T/Trviy>'^ 

Alternatively,  an  approximate  evaluation  of  the  numerical 
coefficient  taken  from  Jeans  leads  to 

Khs  -  (15/47rd2)(A:3T/7r?n)i/2 

The  difference  between  the  two  expressions  is  less  than  1%; 
we  shall  adopt  the  latter  because  of  its  more  compact  form. 
In  a  later  development,  the  parameter  a,  appearing  in  Eq. 
(16),  will  be  evaluated  by  consideration  of  the  form  of  the 
equations  in  the  continuum  limit  corresponding  to  vanish¬ 
ingly  small  mean  free  path.  It  can  be  seen  that  this  pro¬ 
cedure  is  independent  of  the  form  of  the  intermolecular  force 
law  if  an  effective  mean  free  path  is  defined  as 


specified  as  a  function  of  T,  the  average  density  can  be 


evaluated  according  to  Eq.  (25). 

Through  use  of  Eq.  (24b),  Eq.  (16)  becomes 

vAdj/d^  =  av{F  -  f)  (26) 

which  we  choose  to  rewrite  in  terms  of  half-range  functions 
{v^  >  0,  Vx  <  0)  as 

(vJav){dS^/di)  =  -JAv,  a  +  F(v,  ©  (27) 

The  half-range  energy  fluxes  are,  respectively, 

/t+(Q  =  2n-^kTH2kT-^/Trmyi'^  (28a) 

/^-(Q  =  -2n-kT-{2kT-/Tvmyi^  (28b) 

and  total  flux  h( Q  is 

KO  -  h+iO  +  h-(^)  (29) 


X  =  {K/Khs)\hs  =  K/(yi-)kn(2kT/7r7nyi^  (22) 

where  K  is  the  continuum  heat-conduction  coefficient.  If 
momentum  transport  were  considered,  a  separate  effective 
mean  free  path  would  have  to  be  defined  for  that  case,  but 
in  the  present  conduction  problem  this  is  not  necessary. 

It  is  of  interest  to  compare  our  effective  mean  free  path  for 
conduction,  Eq.  (22),  with  values  that  have  been  used  in  the 
literature.  For  Maxwellian  molecules,  the  heat-conduction 
coefficient  is^^ 


Km  =  [5/^7rA2{5)]{2/niKyf^k^T 

where  A*2(5)  =  0.436  and  k  is  the  constant  in  the  inverse 
fifth-power  force  law.  In  the  study  of  heat  flow  b}^  Ziering,^^ 
the  solution  for  Maxwellian  molecules  is  expressed  in  terms 
of  a  mean  free  path  Xm  defined  by  Maxwell  as 

Xm  =  l/[2TrAA5)(K/kTyi^n] 

The  heat-conduction  coefficient  can  be  exiiressed  in  terms  of 
this  parameter  as 

Km  =  (5kn/2){2kT/my!^\M 

By  substitution  in  Eq.  (22),  w'e  find  (for  Maxwellian  mole¬ 
cules) 

X  =  (27ri/V3)X.u 

When  expressed  in  terms  of  X,  our  results  are  independent 
of  the  form  of  the  intermolecular  force  law.  However,  for 
comparison  with  experiment  or  other  results  in  the  literature, 
this  factor  must  be  considered.  For  example,  Lavin  and 
Haviland^^  define  Knudsen  numbers  for  hard  spheres  and 
Maxwellian  molecules  in  terms  of  an  average  density 

It  is  apparent  that  jo  is  a  measure  of  the  amount  of  gas  be¬ 
tween  the  walls  which  can  be  inferred  from  experimentally 
measurable  quantities.  The  solution  to  be  given  later  is 
expressed  in  terms  of  the  variable  J,  which  is  related  to  x  and 
Xby 

_  rx  dxi 

^  ^  Jo 

or 

d^  —  dx/\ 

Rearrangement  and  substitution  of  Eqs.  (22)  and  (24b)  into 
Eq.  (23)  yields 

-  ^  An  ^  (2^) 

’’  15  Lk  Jo  (2kT/rm)''^  ^  ' 

The  solution  to  be  given  later  leads  to  a  temperature  dis¬ 
tribution  T(^).  When  the  heat-conduction  coefficient  K  is 


(24a) 

(24b) 


Conformity  between  the  present  analysis  and  the  approxi¬ 
mate  theory  used  previously  is  preserved  if  Eq.  (27)  is  re¬ 
written  as  flux  equations  with  an  appropriate  averaging  in 
velocity  space.  Thus,  if  Eq.  (27)  is  multiplied  by  niVxV^t2 
and  integrations  carried  out  over  the  half-range  particle 
velocities, 

{^){dhyd0  =  m  -  h+iO  f30a) 

(vA^v)(dh~/dO  =  m  +  (30b) 

where  i3(f)  =  nkT(2kT/'Kmy^‘^  and  the  coefficients  in  the  left 
members  of  the  differential  equations  are  yet  to  be  fixed. 
The  direct  analog}^  with  Eqs.  (6)  is  obvious  and,  as  in  Eqs. 
(7),  combination  of  the  flux  equations  yields 

(iA/^v)(dh/dO  =  2m  -  [hm  -  (31a) 


(vjav)[d{h-^  -  /i")/df]  =  -h{^)  (31b) 

As  noted  in  Eq.  (19c),  total  flux  is  constant,  so 

m  =  [hm  -  m 

and  the  fundamental  equations  become 

dh{Q/di  =  0  (33) 

dm/di  =  -m)/2Aj^)  (34) 


Precision  in  the  statement  of  the  latter  relation  now  ap¬ 
pears  if,  as  previously,  one  expresses  it  in  conformity  with 
the  dictates  of  continuum  theory  and  small  mean  free  path 
length.  With  the  aid  of  Eqs.  (21c)  and  (21d),  can  be  ex¬ 
pressed  as 

m  =  nkT{2kT/Tnny>‘^  =  p„(2A:T/7rm)i/2  (35) 

where  is  constant.  Differentiation  and  rearrangement 
leads  to 

d^/dk  =  {nk/2){2kT/irmyiHdT/d^) 

The  quantity  dT/d^  can  be  eliminated  in  favor  of  h  by  use 
of  the  continuum  relation  h  =  --KidT/dx).  By  substitu¬ 
tion  of  Eq.  (22)  to  remove  K,  and  use  of  Eq.  (24b),  we  get 

h  =  -Q-i-)nk(2kT/Trmyi‘^{dT/dO 

Combination  of  this  with  the  foregoing  expression  for  dfi/d^ 
yields 

dm/di  =  -2/i/15  (36) 

where  /3(J)  is  given  explicitly  in  Eq.  (35).  In  the  approxi¬ 
mate  analysis,  T^(^)  is  a  linear  function  for  radiative  trans¬ 
port  and  !r^^^(?)  is  a  linear  function  for  conductive  transport. 

It  remains  to  introduce  the  boundary  conditions.  More 
detailed  consideration  is  required  than  was  used  earlier  in 
Eqs.  (10).  We  write  these  conditions  as 

v)  =  eiFy,i  +  (1  -  ei)/i”(-i^x,  v)  (37a) 

S2~ivx,  v)  ==  t2F^.2  +  (1  “  eypAi—Vx,  v)  Vx  <  0  (37b) 
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Here,  /i^  and  are  the  half-range  distribution  functions  in 
the  gas  evaluated,  respectively,  at  the  wall  positions.  The 
distribution  functions  associated  with  diffuse  emission  at 
the  walls  are 

Fwi  =  Ai{m/2rkTy;iy^^  exp(—mv^/2kTwi)  (38a) 

Fy,2  =  A2(ni/2TrkT^2y^‘^  exp(—mv‘^/2kTy;2)  (38b) 

where  and  Tw2  are  the  two  wall  temperatures.  The 
values  of  Ai  and  As  are  yet  to  be  determined;  the  parameters 
€i  and  62  are  the  wall  accommodation  coefficients. 

The  counterparts  of  Eqs.  (10)  are 

=  eikAiT^i(2kT^.i/7rmyi‘^  -  (1  -  ei)hr  (39a) 

-h,r  =  e2kA2T^2(2kTWTrmyi^  +  (1  -  e2)/i-2+  (39b) 

Through  the  use  of  Eq.  (32),  one  has 


-  - 1)  =  X 

\ei  es  /  \7rm/ 


{A.T^yi^  -  AsT^s'/')  +’  ft  -  iSi  (40) 
The  solution  of  the  differential  Eq.  (36)  is  expressible  as 

/3(S)=/^[6-(A)(|-  W2)]  (41) 

,  {AiT.i^/MdAO  -  I  +  (W15)] 


From  the  boundary  conditions  one  gets 

[(l/€i)  +  (1/62)  —  1]  +  (2^l/15) 

The  final  relation  gives  flux  in  terms  of  the  wall  emission 
characteristics,  but  a  difference  exists  here  between  conduc¬ 
tion  and  radiation.  In  the  latter  case  the  emission  from  the 
walls  is  purely  a  function  of  wall  temperature.  One  dis¬ 
tinguishing  difference  is  associated  with  the  fact  that  photons 
need  not  be  conserved  in  absorption  and  emission  at  the 
walls.  Thus,  a  more  detailed  balancing  of  conditions  is 
necessary  for  the  gas  particles,  and  the  parameters  Ai  and 
.42  are  constrained  by  known  relations.  The  additional 
calculations  are  most  easily  carried  out  if  a  perturbation 
analysis  is  used  in  which  the  percentage  change  in  tempera¬ 
ture  is  not  excessive.  To  this  end  we  introduce  AT  —  (Twi  ” 
Ty,2)/2  and  assume  2AT/[{^){T^i  +  T^2)]  <  1. 

From  Eqs.  (21a)  and  (21b) 

”  [y+(j)]i/2  +  [r-(|-)]i,2 

(44) 

and  from  Eq.  (21d) 

T(^)  =  [7’+(?)r-(j)]‘« 

Temi^erature  is,  therefore,  equal  to  the  geometric  mean  of  the 
half-range  temperatures.  If  the  deviations  in  the  tempera¬ 
tures  are  small  enough  that  the  geometric  and  arithmetic 
means  can,  to  a  first  order,  be  equated,  one  has 

2T(e  »  +  [T^iO  +  r-(C)]/2 

21T(0?I^  «  [?’+(|)]w=>+  [T-iQV^ 

Multiplication  by  and  integration  of  Eqs.  (37a)  and  (37b) 
over  the  half-range  velocity  spaces  leads  to 

^i(r„,)'«  =  2n+(0)[r+(0)]'« 

=  2n(0)!r(0)/{[r+(0)]*'"  + 

[r-(0) n(0)[T(0)]'»  (46a) 


=  2n+(?r,)[T+(?r)]''^ 

=  2n{^L)T(^L)/\[T+(iL)V^^  + 

[r-(?r)]'«)  ««(?r)[r(^i)]‘«  (46b) 
Equation  (43)  is  then  rewritten  as 

^  (2fcVTrOT)»^{n(0)[r(0)]»^!r„i  -  naL)[T{^L)Vi^T„4 
[(1/ei)  -1-  a/ed  -  1]  +  (2fi/15) 

(47) 

Further  reduction  is  possible  through  use  of  the  relations 
Pxx  =  kn(0)T(0)  =  kn(^L)T(^L)  =  const 
Pxx[2kT(^)/TrmYi^  =  p..[2A;r(^z,/2)/7rm]i'='  - 

(2V15)(|  -  ^l/2} 

the  latter  expression  being  merely  a  re-expression  of  Eqs. 
(41)  and  (35).  Equation  (47)  then  becomes 

p^x&k/wmyi^ 

*  “  [(l/«i)  +  (l/e2)  -  1]  +  2 Jr/15  ^ 


[r(Jz./2)]‘«  -1-  m^/15pxx){wm/2ky'^ 

Tw2 


[T{^l/2)VI^  -  (fjJi/15p..)(W2fc)‘'" 


+  -h  +  (Jr/15)]i 

-  A,T„yiy 

It  is  convenient  at  this  point  to  introduce  the  Knudsen 
flux  Hkn,  which  applies  at  6i  —  62  =  1,  =  0.  Under  these 

conditions  T+(0  =  T“(J)  =  T«,2,  and  direct  calculation 

yields 


or,  using  Eq.  (45), 


2k 

_Trm(Ty,iT^2) 


To  the  order  of  accuracy  of  the  present  analysis,  these  results 
are  indistinguishable,  but  we  shall  use  the  first  in  view  of  its 
more  straightforward  derivation.  It  may  be  remarked  that 
to  the  same  order  of  accuracy  Eqs.  (49)  agree  with  results 
given  by  Kennard^^  (p.  317).  This  can  be  seen  after  noting 
from  Eq.  (21d)  that  =  Rp*T'  +  0(AT),  where  p'  and 
T'  are  averaged  values  of  the  density  and  temperature  in 
the  gas  as  defined  by  Kennard. 

Algebraic  manipulation  of  Eq.  (48)  now  leads  to  the  result 


:  2[T(W2)]^/2  ) 

1  f  2[T(W2)]^^^ 

/  2hiL  +  (7.2)^^^)^] 

\15W(  2[T(W2)]^/2  j( 


)^/^JL  2T(W2)  J 

n2{ATyi^ 


Two  formulas  of  interest  follow  from  this  relation.  First,  we 
note  that,  since  [T(^)]^^^  is  a  linear  function,  the  bracketed 
terms  are,  respectively. 


(T.i)^^^  +  {T.2y‘^ 


2(Ty,i  -h  Tw2) _ 

^r(0)]i/2  + 


When  61  =  62  —  €,  it  may  be  conjectured  that  the  ratios  of 
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the  averaged  wall  temperatures  and  the  averaged  gas  tem¬ 
peratures  at  the  wall  are  nearly  1.  In  this  case,  one  gets 


____  1  -  _ 

Second,  more  rigorously,  we  can  restrict  the  analysis  to  a 
first-order  theory  involving  the  small  parameter  2 AT/ 
(T«,i  +  T^„2).  Equation  (50)  then  reduces  to 

hfiN _ (501 

"  [(Tao“  +  (1/^2)  -  1“]  +  mM) 


Fig.  3  Dimensionless  conductive  flux  as  a  function  of 
inverse  Knudsen  number,  ei  =  eg  =  1. 


This  latter  expression  is  precisely  analogous  to  radiation  flux 
given  in  Eq.  (15).  The  role  of  which  is  h  evaluated 
at  €i  =  €2  =  1,  =  0,  is  the  same  as  that  of  blackbody  flux 

(rT^i^-aTy;2^;  the  difference  in  the  coefficients  of  is  at¬ 
tributable  to  the  coefficients  a])pearing  in  the  continuum 
forms  of  the  transport  equations.  Figure  3  shows  a  com¬ 
parison  between  this  result  and  detailed  calculations  of 
Gross  and  Ziering^®  for  ei  ==  €2  =  1 .  The  degree  of  excellence 
is  not  as  good  as  that  shown  in  Fig.  2,  and,  in  view  of  the 
added  simplifications  used  to  achieve  this  expression,  the 
difference  is  not  surprising.  In  particular,  the  starting  slope 
of  the  approximate  curve  fails  to  conform  with  the  more 
nearly  exact  calculations.  The  usefulness  of  the  result  in 
predicting  the  magnitude  of  flux  is,  however,  apparent. 

Figure  4  shows  a  comparison  between  predictions  of  slip 
temperature  Ts.  By  definition,  when  ei  =  €2  =  e, 

Ts/AT  =  1  +  [T(Cl)  -  T(0)]/2AT  (53) 

and  in  the  present  approximate  theory  one  has 

h.  ^  1(2/^)  “  1]  (54) 

AT  [(2/e)  -  1]  +  (4^yi5) 

The  comi)arisons  were  made  to  correspond  to  the  results  of 
Gross  and  Ziering^*  and  necessarily  were  applied  at  e  =  1. 


Concluding  Remarks 

The  preceding  analysis  has  shown  that  heat  flux  may  be 
•calculated  approximately  through  a  simplified  analysis  in 
which  differential  equations  from  continuum  theory  are 
solved  subject  to  boundary  conditions  involving  temperature 
discontinuities  at  the  walls.  It  is  also  possible  to  character¬ 
ize  the  final  results  in  another  way.  To  this  end  we  limit 
attention  to  fixed  values  of  mean  free  path  X.  Then  one 
notes  that  the  predicted  heat  flux  has  the  form 


/lei  ==  €2  =  1,  X  =  00  A  (B/\) 

where  A  and  B  are  associated,  respectively,  with  the  extreme 
conditions  X  »  1  and  X  «  1.  If  this  restatement  of  the 
end  result  is  given  a  definitive  status,  generalizations  to  other 
cases  become  possible  so  long  as  A  is  provided  by  a  free- 


Fig.  4  Dimensionless  temperature  slip  as  a  function  of 
inverse  Knudsen  number,  ei  =  €?  =  1. 


at  moderately  small  values  of  mean  free  path  length  where 
distance  is,  of  course,  measured  in  terms  of  a  characteristic 
geometric  length. 

Two  additional  results  follow  immediately.  Consider, 
first,  two  coaxial  cylinders  with  radii  Ri,  Ri  (Ri  <  R2),  tem¬ 
peratures  Twij  T«,2,  and  accommodation  coefficients  or 
emissivities  ei,  €2.  If  h  is  heat  flux  at  the  inner  cylinder,  one 
has 

_  o-(T..i-^  -  T.2^) _ 

"  (1/eO  +  (R,/R2)l(l/e2)  -  1]  +  f(/?i/X)  \n(R2/Rd 

(56a) 


Conduction 

_  hKN _ 

(1/ei)  -f-  (iSi/122)  [(1/62)  —  1]  +  i%-(^i/X)  \n(R2/Ri) 

(56b) 

In  Eq.  (56a)  the  value  at  X  =  00  is  provided  by  Christiansen’s 
formula  (as  discussed,  for  example,  by  Jakob, p.  5,  or  by 
Jensen^o).  A  derivation  of  the  corresponding  term  in  Eq. 
(56b)  can  be  found,  for  example,  in  Kennard.^^  The  loga¬ 
rithmic  terms  arise  from  the  fact  that  the  continuum  equa¬ 
tions  in  cylindrical  geometry  require  flux  h  to  vary  inversely 
with  radius. 

Consider,  next,  two  concentric  spheres  with  radii  Ri,  R2, 
and,  again,  let  hi  be  heat  flux  at  the  inner  surface.  Equation 
(55)  then  yields 
Radiation 


Radiation 


_ cr(T.t^  -  _ 

(1/eO  +  iRiVR2^)l{l/e2)  -  1]  +  Ui^i/R2)l{R2  -  R^)/\] 


(57a) 


Conduction 


_  hKN  _ 

^  (l/ei)  +  iRiyRA)[a/e2)  -  1]  +  ^\{Ri/R2)[(R7-  Ri)M 


molecule  or  optically-thin  analysis  and  B  can  be  calculated 
from  continuum  theory.  The  asymptotic  behavior  of  Eq. 
(55)  is  correct  for  1/X  large,  and  the  magnitude  of  h  is  exact 
at  1/X  «  0.  The  one-dimensional  analysis  and  Figs.  2 
and  3  indicate  that  the  region  of  least  accuracy  will  appear 


(57b) 

Christiansen’s  formula  again  provides  the  appropriate  rela¬ 
tion  in  Eq.  (57a),  For  spherical  geometry  the  continuum 
theory  requires  h  to  vary  inversely  as  radius  squared. 

It  is  to  be  noted  that,  when  R2  —  Ri  =  L  and  Ri  increases 
indefinitely,  the  foregoing  results  reduce  to  the  formulas  de- 
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rived  previously  for  the  case  of  parallel  walls.  For  the  radi¬ 
ation  problem,  the  approximate  method  of  Deissler^^  yields 
the  same  expression  for  heat  flux  between  parallel  walls  as 
Eq.  (15),  but  for  the  cylindrical  geometry,  leads  to  a  result 
that  differs  from  Eq.  (56a).  Deissler’s  latter  result  is,  how¬ 
ever,  not  accurate  at  X  =  0.  When  €i  =  62  =  1,  Eq.  (56b) 
reduces  to  a  form  derived  by  Lees  and  Liu.^^  Equations 
(56a)  and  (57a)  are  also  given  by  Adrianov but  with  a  factor 
1  in  place  of  f.  In  that  case,  the  formulas  would  not  be 
accurate  for  large  X.  So  far  as  the  authors  are  aware  no 
exact  or  approximate  calculations  corresponding  to  Eq.  (57b) 
have  appeared  in  the  literature.  A  further  specialization  of 
interest  also  follows  from  Eqs.  (57),  namely,  the  case  of  a 
single  sphere  conducting  or  radiating  to  an  infinite  gaseous 
medium.  Here  the  external  radius  becomes  arbitrarily 
large  while  Ri  is  held  fixed.  A  finite,  nonzero  value  of  flux 
is  predicted.  In  the  idealized  case  of  the  cylindrical  geometry 
or  in  the  purely  one-dimensional  configuration,  the  theory 
predicts  zero  flux  for  finite  values  of  T^i  and  T«,2  when  the 
distance  between  the  walls  becomes  infinite.  This  anomalous 
behavior  stems  from  the  change  in  the  steady-state  con¬ 
tinuum  equations  as  the  dimensionality  of  the  configuration 
changes.  The  differences  between  the  single  sphere  and  the 
other  cases  are  closely  analogous  mathematically  to  con¬ 
trasting  results  that  arise  in  attempting  to  predict  the  drag 
of  the  same  geometric  shapes  in  a  Stokes  flow  analysis.  The 
latter  anatysis,  however,  is  based  on  additional  idealizations 
of  the  basic  physical  equations. 

In  a  direct  derivation  of  Eqs.  (56)  and  (57)  by  the  methods 
of  this  paper,  the  recasting  of  the  differential  operators  in 
the  governing  equations  offers  no  difficulty.  The  boundary 
conditions  require  more  detailed  investigation,  however,  and 
the  initial  study  of  the  finite  slab  shows  that  the  kinetic 
theory  analysis  is  the  more  difficult  to  carry  through  and 
should  be  limited  to  small  temperature  differences.  The 
approach  adopted  here  is  essentially  one  of  demanding  that 
the  boundary  conditions  must  be  exact  for  limiting  values 
of  X.  Equation  (55)  is  thus  an  interpolation  formula  with 
known  end  conditions.  Further  improvement  would  involve 
increased  accurac3^  in  the  prediction  of  the  gradient  dh/d\~^ 
at  X“i  =  0. 

The  attainment  of  an  acceptable  analogy  without  great 
loss  in  accuracy  of  predictions  has  been  the  theme  of  this 
paper  and  was  the  motivation  for  the  investigation.  It  is 
im})ortant,  also,  to  stress  that  the  first-order  predictions  of 
temp.erature  distribution  are  of  considerable  value  as  starting 
points  for  more  exact  iterative  calculations.  It  is  not  pos¬ 
sible  to  maintain  a  continuing  analogy,  since  differences 
ap]:)ear  in  the  character  of  the  influence  functions  in  the 
integral-equation  formulations,  for  example,  but  this  does 
not  detract  from  the  utility  of  the  first-order  results.  Two 
recent  investigations  may  be  mentioned  in  which  predictions 
from  a  continuum-oriented  theory  are  used  to  calculate  more 
exact  results.  The  first  of  these  is  the  work  of  Heaslet 
and  Fuller';  radiative  transport  and  temperature  distribu¬ 
tions  between  parallel  plates  are  determined  iteratively, 
starting  with  the  approximation  of  the  emission  function 
given  in  Eq.  (13).  In  the  work  of  Liepmann,  Narasimha, 
and  Chahine,^^  the  structure  of  a  plane  shock  layer  is  studied 
by  means  of  the  B-G-K  model.  Success  in  carrying  out  an 
iterative  calculation  was  attributed  in  part  to  the  use  of  the 
Navier-Stokes  equations  to  get  a  starting  solution.  This 
approach  is  consistent  with  the  type  of  approximation  we  have 
advocated  here. 


The  methods  used  in  the  derivation  of  the  present  approxi¬ 
mate  solutions  can  be  generalized  in  other  directions.  For 
example,  it  may  be  possible,  by  slight  modifications,  to  in¬ 
clude  complicating  factors  such  as  simultaneous  transport 
by  radiation  and  conduction  in  gas  mixtures  including 
polyatomic  molecules. 
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The  purpose  of  this  paper  is  to  present  an  approximate  analytic  solution  to  the  restricted 
three-body  problem  valid  for  those  initial  conditions  typical  of  interplanetary  trajectories. 
The  planar  motion  of  a  particle  of  negligible  mass  acted  on  by  the  gravitational  attractions 
of  two  point  masses  mo  and  mi  as  the  particle  moves  in  the  plane  of  motion  of  mo  and  mi  to  a 
small  neighborhood  of  mi  is  studied  in  the  framework  of  the  restricted  tlu’ee-body  problem 
for  /j  =  mi/ mo  much  less  than  one.  A  boundary-layer  type  of  analysis  is  applied  in  order  to 
obtain  an  approximate  analytic  solution  to  this  problem.  This  type  of  analysis  was  first 
applied  to  this  problem  by  P.  A.  Lagerstrom  and  J.  Kevorkian.  They  first  considered  the 
two  fixed  centers  problem  and  then  the  restricted  three-body  problem  for  a  special  class  of 
initial  conditions  typical  of  certain  Earth  to  moon  trajectories,  namely,  tliose  for  which  the 
initial  angular  momentum  of  the  particle  with  respect  to  mo  is  This  paper  treats  the 

problem  using  different  independent  variables  in  order  to  obtain  a  solution  valid  for  a  class  of 
initial  conditions  typical  of  interplanetary  trajectories;  that  is,  those  trajectories  for  which 
the  initial  angular  momentum  of  the  particle  with  respect  to  mu  is  0(1). 


Nomenclature 

G  =  universal  gravitational  constant 

Wo  =  mass  of  the  largest  body 

Wi  =  mass  of  the  secondary  body 

Wa  =  mass  of  the  particle 

fi  —  Wi/wo  =  mass  ratio 

r  =  vector  from  Wo  to  Wa 

ri  =  vector  from  Wo  to  Wi 

ra  =  vector  from  Wi  to  Wa 

r  =  |rl  =  magnitude  of  r 

/3  =  angle  between  Ti  and  r 

d  =  central  angle  of  Wa  in  ?no-centered  nonrotating  coordi¬ 

nates 

xj/  =  angle  between  ri  and  ra 

t  =  time  =  central  angle  of  Wi  in  ??Zo-centered  coordinates 

to  =  initial  time 

u  =  l/r 

ho  =  initial  angular  momentum  of  Wa  relative  to  Wo 

€o  =  initial  eccentricity  of  the  instantaneous  ellipse 

flo  =  initial  semimajor  axis  of  the  instantaneous  ellipse 

coo  =  initial  argument  of  pericenter  of  the  instantaneous 

ellipse 

9i  =  zero-order  angle  of  arrival 

Fco  =  speed  at  infinity  on  the  ?ni-centered  hyperbola 

hy  =  angular  momentum  of  the  hyperbola 

C02  —  argument  of  pericenter  of  the  hyperbola 

ea  =  eccentricity  of  the  hyperbola 

^2  —  central  angle  of  Wa  in  Wi-centered  coordinates 

A  =  distance  to  the  asymptote  of  the  Wi-centered  hyperbola 

tj,  =  time  of  pericenter  passage  on  the  Wi-centered  hyperbola 

v)  ~  Wi-centered  nonrotating  coordinates 

(•)  =  derivative  of  quantity  with  respect  to  time 

IN  this  analysis  it  will  be  assumed  that  mi  is  in  a  circular 
orbit  about  mo,  although  this  is  not  necessary  for  the 
success  of  the  method.  The  equations  of  motion  of  the 
particle  with  respect  to  mo  are  then  given  by 

r  =  —  (r/r^)  -  fi[T2/r2^  +  fi]  (1) 

where 

12  =  r  *-  ri 
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and  where  the  coordinates  have  been  normalized  by  dividing 
distances  by  the  constant  mo  to  mi  distance  d  and  by 
dividing  time  by  the  constant  As  was  men¬ 

tioned  in  the  abstract,  it  is  assumed  that  the  mass  ratio 
/i  =  mi/mo  is  much  less  than  one.  The  foregoing  equations 
have  the  form  of  a  singular  perturbation  problem.  The 
perturbation  term  has  a  singularity  when  r2{t)  =  0.  The 
problem  will  be  treated  as  two  ordinary  perturbation  prob¬ 
lems:  1)  when  the  particle  is  outside  a  small  neighborhood 
of  mi,  i.  e.,  when  Viii)  ^  and  2)  when  the  particle 

is  inside  a  small  neighborhood  of  mj,  i.  e.,  when  r2if)  ^ 

The  asymptotic  expansions  of  the  two  perturbation  solutions 
thus  obtained  are  then  matched  in  the  boundary  layer  common 
to  these  two  regions,  i.  e.,  when  r2{t)  =  The  pertur¬ 

bation  solution  for  the  particle  outside  a  small  neighborhood  of 
mi  is  developed  in  a  my-centered  nonrotating  coordinate  vsys- 
tem  taking  the  true  anomoly  e  as  the  independent  variable 
and  effecting  the  matching  in  an  mi-centered  nonrotating  coor¬ 
dinate  system  with  one  axis  parallel  to  the  hyperbolic  excess 
velocity.  The  analysis,  therefore,  differs  considerably  from 
the  work  of  Lagerstrom  and  Kevorkian  in  which  the  per¬ 
turbation  solution  and  matching  can  be  carried  out  in  a  sin¬ 
gle  rotating  coordinate  system  using  the  distance  along  the  mo 
mj  line  of  centers  as  the  independent  variable.  The  basic  ideas 
and  results  are,  however,  the  same. 

The  perturbation  solution  for  the  particle  outside  a  small 
neighborhood  of  mi  and  its  asymptotic  expansion  will  first  be 
derived.  The  foregoing  equations  of  motion  (1)  can  be 
written  in  component  form  noting  that  the  vectors 

ri  =  cosjd  —  Be  sin/3 

T2  =  TBr  —  Ti 

where  jd  =  0  <  is  the  angle  between  ri  and  r,  and  6  is  meas¬ 

ured  in  a  mo-centered  nonrotating  reference  frame  (Fig.  1), 
The  differential  equations  become 

1  /  n  ^  “  cosjSX 

r  -rd^  ^cos/3  +  — - - j 

(2) 

The  second  equation  implies  that  the  angular  momentum  is 
a  constant  h,  the  initial  value,  plus  a  perturbation  term 

rW  ^  ho  y  dt  (^) 
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Fig.  1  Coordinate  systems. 

This  equation  can  be  used  to  write  (2)  in  terms  of  Q  as  the 
independent  variable.  The  dependent  variables  will  be 
taken  as  t  and  u  ==  1/r,  The  foregoing  equations  become 


d^u  , 


dr  .  sin/3\  2  ro 

(sin^  - 


dt  _  r2 
dd  ho 


where  Eq.  (3)  has  been  used  to  write  the  integrals  with 
respect  to  t  as  integrals  with  respect  to  6  to  0(/x). 

The  solution  to  these  equations  can  be  written  as  an  ex¬ 
pansion  in  the  small  parameter  ji: 

u{d)  -  ^o(^)  +  miO)  +  +  .  .  . 

m  =  to(d)  +  fjitiid)  +  fjLH2{e)  +  . . . 

The  well-known  zero-order  solution  to  these  equations  for 
€o  <  1  is  (Ref.  4,  p.  90) 


m  =  to  +  ao^>^ 


Uo{6)  1  +  Co  cos(^  —  Wo) 

r  •  -i(  -  Co^)^^^sin(^  -  wo)\  _ 

\  1  +  Co  cos(0  —  Wo)  / 

eo(l  —  sin(^  —  wp)  T 

1  +  Co  COS(0  -  Wo)  J^o 


Similar  equations  hold  for  Co  ^  1  (Ref,  4,  p.  91).  Define 

Po{6)  =  6  -  to{d) 

=  [1  -  2ro{0)  cosft(0)  +  ro2(0)]i/2 

Then  substituting  the  expansions  for  u(6)  and  t{d)  into  the 
differential  equations  (4)  and  equating  the  coefficients  of  like 


powers  of  /x  determines  the  linear  differential  equations  for 
Ui(9)  andh(^),  i*  e., 


cosj3o(^)  + 


Toid)  —  COS^o(d) 


ro(9W(e)[smMe)  -  - 

w)'«]  m 

I  -  -  r  -••■(*)(»««  -  - 

The  initial  conditions  are  chosen  so  that  the  particle  reaches 
a  small  neighborhood  of  rui.  In  fact,  they  are  specified  such 
that  the  unperturbed  trajectory  intersects  mi  at  ^  i.  e., 
ro(0i)  =  1  and  to{di)  =  di.  Small  variations  in  these  initial 
conditions  can  then  be  studied  by  standard  error  propaga¬ 
tion  techniques. 

In  order  to  determine  the  singular  behavior  of  the  first- 
order  solution,  i.  e.,  of  Ui{d)  and  ti{d)j  as  d  approaches  di,  the 
singular  terms  appearing  in  (5)  will  be  expanded  about  d  =  di. 
This  is  accomplished  using  the  following  expansions  that  are 
used  throughout  the  paper : 


To{d)  =  \  —  a 


e)  +  (a^- &)  X  ^ 

(^1  -  ey  +  o(e,  -  ey 


toid)  =  di--  {8,-  6)  + 

h 


^  (1  -  h){e,  -  ey  +  o(0i  -  ey 


«  =  [r 


h  ^  - 


r  Cq  sin(^i  -  wq)  ~[| 

Ll  +  Co  cos(0i  —  Wo)  J 

1  r  Co  cos(^i  —  Wo) 

2  1_1  “h  Co  cos(^i  —  Wo) 


](r^.)  = 
sKr^)’ 


0(^1  -  dY) 

Co  sin(^i  —  Wo) 
h^{l  -  ho) 


Co  cos  (01  —  Wo) 
2(1  - 


1  =  ro(0i)  = 


1  +  Co  cos  (01  —  Wo) 


The  other  constants  appearing  in  these  equations  are  defined 
in  the  Nomenclature.  Using  these  expansions,  the  behavior 
of  the  singular  terms  in  (5)  can  be  described 

r^(e)  (01  -  0)^  ^  (01  -  0)  ^ 


>■0(0)  —  cos/3o(0) 
r^^ie) 

where  the  constants 


_  — (iKd  K2 

~  (01  -  ey  (01  -  0) 

/toHl  -  ho) 

(1  +  _  ^|3 


Ki  =^\2-  3« 

ho 
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[' + ^ 


and  the  functions 


ne) 


sinfioW 

r^\e) 


Kq 

(01  -  or 


K, 


^  foie)  -  cos/3o(0) 


aKo 


(^1  -  6) 
K, 


{B,  -  BY  {B,  -  B) 


remain  bounded  as  B  approaches  By.  The  behavior  of  the 
singular  and  bounded  parts  of  /r^YiB)  for  By  =  tt  is 

shown  graphically  in  Fig.  2. 

The  integrals  necessary  to  solve  the  system  (5)  will  now 
be  written  as  a  singular  ]Dart  plus  the  integral  of  a  bounded 
function.  Only  elementary  operations  and  the  concept  of 
adding  and  subtracting  the  singular  part  of  a  function  in 
order  to  write  it  as  an  integrable  function  plus  a  bounded 
function  were  used  in  deriving  these  integrals : 


-K, 


aKn 


(0.  -  0)  Ik 


ln(0i  -  0)  +  G'i(0) 


where  the  fuJiction 
K, 


f 


■^i{,e)d9 


^i(0)  =  -ro*(0)[^(0)  +  sin^o(0)]  + 

-  r„H0)  -  3a[(l  -  /io)Ao](0i  -  0)' 


K, 


(0.  -  ey 


+ 


K, 


fl  -  V(0)~ 

L  (01  -  0)  - 


is  bounded  as  0  approaches  0i. 

Using  vector  notation  to  minimize  the  writing, 


•  o  sin/3o(0)1 


/cos(0  -  0„)\  ^  ~  ?1)  - 

\sin(0  —  Bq)  /  \sin(0  —  Bq)  / 


aZCo(l  — 

h{B 


1  —  h)  /cos(0  —  Bq)\ 
y  -  B)  \sin(0  -  Bo)/ 


+ 


aKo{l  —  ha)  fl 


ho{By  —  ^o)  yO  j 

/Ci(0.  -  0)  -  CT(01  -  0o)  \ 

'  "  vsi(0i  -  0)  -  si(0i  -  0o)  / 


where 


ct(x)  =  -  /  “  ^  dx'  &i{x)  =  r  —f 

•/  2  3/  •/  0  X 


dx' 


are  the  cosine-integral  and  sine-integral  functions,  respec¬ 
tively.  As  X  approaches  zero,  Ci(x)  behaves  like  ln(x)  -|-  y, 
where  y  is  Euler’s  constant  and  Si(x)  approaches  zero.  The 
function 


^  ,  ’■o(0)  -  cos;3c(0) "1/008(0  -  0o)\ 

cos/3o(0)  d - -  l(  = 


r%K9)  J\sin(0  -  0o)  , 


Similarly, 

I' ■■•■<«[ 

,  ia\( ®o®(^  -  Jfl  / cos(0  -  0o)\ 

Jso  *''^®\sin(0  -  0o)  )  (0,  -  0)  Vsin(0  -  0o)  / 

ago  (A  _  „  (Ci{6,  -  0)  -  Ci{e,  -  0o)\ 
(01  -  0o)  V®/  ‘  \Sm  -  0)  -  &‘(0i  -  0o) / 


where  the  function 
^y{B)  =  roKB)Mo{B)  +  + 

-  roKO)  -  2a[(l  -  ho)/ko]{By  -  B) 


aKc 


{By  -  B)^ 


Ki 


]  + 
r?-oK0)  -  n 
1  (01  -  0)  J 


is  bounded  as  B  approaches  By ;  furthermore, 

M  =  K  ~  _ 

31  y  alU^  __  J 

I  -  ^o)  sin(0i  -  Bo) 

1^0 


^  ~  cos(^i  —  ^o)  sin(0i  —  Bo)  1 
_sin(^i  “  ^o)  —  cos(0i  —  Bo)j 


Bo)  —  COS{By 

The  last  integral  that  is  needed  to  solve  the  Uy  equation  is 
smfioiB'] 


sin/3o((90  — 


AX 


+  [ln(0i  -  e)  -  1]  X 

flQ 


(01  -  0) 


+ 


aKg 

Ik 


(01  -  0)[ln(0,  -  0)  -  1 


/ cos(0  -  0o) 
\sin(0 


-  _ 
-  0o)/ 


^2(0)  =  ro(0)ro'(0)[sini3o(0)  -  ’I'(0)]  -  g, 


~?'o(0)ro'(0)  —  a[(l  —  hii)/ho] 


(0.  -  0) 

■[r„(0)ro'(0)  -  a[(l  -  WAl  -  (26  -  3a2)[(i  -  k>/fu>Y{e, 


g( 


"I 


0)' 


(01  -  ey 


is  bounded  as  0  approaches  0i.  Finally, 

—  0o)  cos(0i  —  0o)"|  _ 

-  0o)  J 


0o)  sin  (01 


/I  -  ^oV/g. _ a^\r  cos(0i  -  0o)  sin(0i  -  6,)  1 

\  ho  )  \  1  -  6o/Lsin(0i  -  0o)  -  cos(0i  -  0o) J 


aKo 


(01  -  0o)[ln(ei  -  0o)  -  1] 


+ 


M, 


/«(0i  -  0)  -  Ci{9i  -  0o)\ 
^-8^(01  -  0)  -  Si{di  -  0„)/ 
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with  the  constant  matrix 

^  r  cos(0i  -  ^o)  sin(0i  -  ^o)  1 
Lsin(0i  -  ^o)  -  cos(0,  -  ^„)  J 

These  integrals  together  with  the  fact  that  the  differential 
equation 

{dWdd'^)  +  =  F(e) 

with  the  initial  conditions 

um  =  uFiSo)  =  0 

has  the  solution 

ui(0)  =  sm{d  —  So)  f  F(d)  cos(d  —  dQ)dd  — 

*/  &0 

cos(0  —  ^o)  F{6)  sin(0  —  do)dd 

J  Qa 

determine  the  solution  of  the  first  equation  in  (5),  i.e,, 
iii{d)  =  sin(0  —  ^o)[co  +  —  cos(0  —  S^G<i{S)  + 

sin(^i  —  6)[—Ai  +  AoCi{Bi  —  6)  BoSi{Si  —  0)]  + 
cos(0i  -  e)[B,  +  BoCm  -  0)  -  AoSm  -  0)] 
where  the  functions 


^sin(^  —  6o)^ 
\cos{9  —  So)^ 


(<9i  -  ^)[ln((9i  -  6>)  -  1]  X 


cos(0  --  So) 


\-sin(^  -  So)/  j 

and  the  constants 

ho^Si  -  So)  ho^ 

Ao  =  {KoM[l  +  ^2(1  -  h)] 

Bo  =  aKofho^ 

A\  =  AoCii^di  “  ^o)  +  BoSi{Bi  —  0o) 

Bi  =  -  ^o)  -  BoCi{Bi  -  Bo) 

The  important  thing  to  note  in  this  equation  for  Ux{B)  is  that 
the  1/(01  —  B)  terms  have  canceled  one  another  and  that  the 
Ci{Bi  —  B)  terms,  which  behave  like  ln(0i  —  B)  +  7  as  0 
approaches  0i,  therefore  determine  the  singular  behavior  of 
wi(0).  The  first-order  solution  for  the  radial  distance  as  a 
function  of  0  can  then  be  written  as 

r(0)  =  ro(0)  —  yLro\B)ui{B)  (7) 

The  equation  for  ii(0)  from  (5)  can  be  written  as 

tm  =  ^  r  ro\e)u,me  + 

ho 

h  f-  +  f  -  *  -  ‘"‘“I 

Integrating  out  the  singular  parts  of  these  functions  deter¬ 
mines  the  first-order  solution  for  the  time  as  a  function  of  0: 


m  =  f,(0) 


/i  <  —  in(0i  —  0)  —  6^4(0)  — 


^^0i-0)[ln(0i-0)-l]>  (8) 


where  the  function 


=  r3 
-  ho^ 


G,{9)  =  c,  + 

I  (KolroHO)  -  1] 

lo^  1  (01  -6) 


is  bounded  as  0  approaches  0i ;  furthermore 

Cl  =  ln(0i  -  (?„)  -  [ln(ei  -  60)  -  1](^1  -  e„) 

It  will  be  assumed  in  these  equations  that  ho  »  and  that 

jl  -  /tol  » 

It  can  be  shown  that  the  dominant  second-order  terms  have 
the  form  ln(0i  —  0)/(0i  —  0),  and  that  the  perturbation 
solution  and  the  asymptotic  expansions  to  follow  are  correct 
to  for  01  —  0  =  0(^1^^^). 

The  asymptotic  expansions  of  Eqs.  (7)  and  (8)  describing 
the  ?rzo“Centered  perturbed  conic  will  now  be  determined. 
Let  01  ~  0  =  define  the  angle  (p.  Then  the  following 
asymptotic  behavior  of  the  perturbed  conic  for  ^  =  0(1)  is 
determined  by  expanding  Eqs.  (7)  and  (8)  about  0  =  0i: 


r(0)  =  1  — 


(4") 


if  +  —  6)  X 


(Hr)'  ~  +  (?5(0i)]  + 


//.N  /I  I  a(l  —  /^o)  o 


m  =  M 


1/«>  A  “  ^9  I 

-  ft, (Si)]  + 


where  the  constant 

G^5(0i)  =  sin(0i  —  0o)[co  +  fT3(0i)]  — 

cos  (01  —  0o)t?2(0i)  -\-  B I  yBo 

The  fact  that 


and  that 


Ci{x)  =  7  +  In(rr)  -  —  +  .  .  . 


Si{x)  ^  X  —  + 


has  been  used  in  carrying  out  these  expansions. 

These  equations  are  next  related  to  a  suitably  oriented 
mi-centered,  nonrotating  coordinate  system  in  which  the 
matching  is  easily  performed.!  The  angle  between  Ti  and 
I2  (Fig.  1)  is 

The  angle  (p2  =  A-  t  —  Bi  is  then  the  central  angle  of  12 
measured  in  a  nonrotating,  mi-centered  coordinate  system. 
If  this  system  is  rotated  through  the  constant  angle  a  = 
tan“Hl/fl^),  chosen  in  the  first  quadrant  for  Ao  ^  1  and  in  the 
third  quadrant  for  ho>l)  the  components  of  r2  in  the  resulting 
mi-centered  nonrotating  coordinate  system  will  be 


^  =  Vz  cos(v?2  +  «)  =  ±?’2 


f  Sm^2  “  d  Q>OS(p2  > 
V  (1  +  / 


W{B)  -  1]  ln(0i  -  0)  -  roK0)Gi^ 


,  .  ,  (a  sin<iP2  +  cos^2\ 

ij  =  rj  sm(^2  +  a)  =  \  (i  +  a^yn  ) 

the  plus  sign  corresponding  to  Ao  1  and  the  minus  sign  to 
>  1.  From  the  definition  of  (pi  and  the  fact  that  by  Eq. 
(9) 

I  ^  = - —  -j-  O(^) 

ho 

n  —  [1  —  r  cosjd  + 
t  This  approach  is  due  to  J.  V.  Breakwell. 
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for  (p  S  0(1),  it  follows  that 


r2  sin^2  =  ?*2  sin^ - -  cost/'  +  0(jLt®/2) 

flu 

r‘i  cos^2  =  ^2  cos^  H - 7 —  r2  sim/'  + 


for  <p  ^  0(1).  Einally,  since  (see  Fig.  1) 

r2  sin^  =  r  sin/3  r2  cosi/'  “  r  cos/3  —  1 


and  since  the  asymptotic  behavior  of  r  and  ^  is  given  by  Eq. 
(9),  the  asjanptotic  behavior  of  f  and  tj  can  be  determined 
using  the  foregoing  equations,  i.  e., 


ho 


ri^ 

‘L  V 


(1  +  a^)  ln(/z^/V)  + 


a(l  +  a2)'/2 


aG5(6>i)  -  ft(^i)  _ 

(1  +  a2)i/2 

+  0(iu^/2) 


-  +  ft(^l)]  ,  Q/  3/2\ 

(1  +  a2)i/2 


(10) 


To  see  that  the  terms  drop  out  in  the  y)  equation,  it  is 
necessary  to  use  the  fact  that  6  =  1/(1  —  ^o)*“2)  which  fol¬ 
lows  from  the  definition  of  the  constant  h. 

As  might  be  expected,  these  equations  together  with  the 
time  equation  in  (9)  will  be  shown  to  be  the  same  as  the 
asjmii^totic  expansions  of  a  mi-centered  hjqjerbola  with  the 
asymptote  of  the  hyperbola  parallel  to  the  f  axis.  To 
facilitate  this  matching,  the  first  equation  in  (10)  is  used  to 
eliminate  ip  in  the  t  and  rj  equations  in  (9)  and  (10),  respec¬ 
tively.  For  instance,  t  and  are  written  as  functions  of  { 
for  (p  ^  0(1)  or  J  ^  0(^^^^)  to  order 


t  =  toidO 


+  M 


Ml  - 


iX 


|i  -  ho\{i  + 

j-  ..a.taA 

+  0(/n5«) 


(1  + 


by  the  equations 


tp-t=  -  1^1) 

(12b) 

^  coshF  -  1)  F<0 

{ey  -  1) 


The  asymptotic  behavior  of  these  equations  for  r2  ^  0(m^^^) 
will  now  be  determined.  This  amounts  to  determining  the 
behavior  far  out  on  the  hyperbola  [since  ^  /x  and  the 
pericenter  distance  is  0(/i)].  Let  the  auxiliary  variable 
iS  =  fxe\F\.  Equations  (12)  in  terms  of  this  variable  become 


O2  —  ^*^2  2  tfcin  ^  I 

fih-s 


t  = 


(eo^  -  1) 


[(1^0‘t-i-:)] 

[1(7- P 


IJ.h: 


[e,  / 

-  1)  [2  V 


q.  y 


.1 


(13) 


Choosing  the  argument  of  pericenter  as 


W2  =  2  tan" 


and  measuring  O2  from  the  f  axis  orients  the  hyperbola  with 
its  asymptote  parallel  to  the  f  axis.  This  follows  since,  with 
this  choice  of  C02, 


02  =  2  tan" 


1 


^(e,2  ^  1)1/2- 

e^z  —  fjL 


and  02  approaches  zero  as  2:  increases  without  bound,  i.  e., 
as  Ti  increases  without  bound.  The  asymptotic  expansions 
describing  the  behavior  of  the  hyperbola  for  z  ^  0(/x^^^), 
i.e.,  for  r2  ^  0(ju^^^),  can  then  be  written  in  component  form  as 


j  =  r.  COS0.  =  (^  -  0  +  °  (t) 

=  fe?^ri)^2  +  o(7) 


(14) 


Note  that  from  the  definition  of  Ko 


l^ol  ^  1 

Vll-Z'ol  (1  +  a2)^'^ll  - 


in  these  equations.  And  the  constants 


ft(^i) 


aG,(dd  -  G.jdi) 
(1  a^)  1 1  ”  /io| 


+  G\{B^ 


(?7(0i)  =  -[aG4(0i)  +  Gm] 


are  definite  integrals  of  bounded  functions  from  0o  to  0i. 

Next  the  perturbation  solution  for  the  particle  inside  a  small 
neighborhood  of  and  its  asymptotic  ex])ansion  will  be 
derived.  The  differential  equation  of  motion  (1)  can  be 
written  as 


since  r2  =  r  —  n  and  ifi  =  (1  +  p)r^.  The  unperturbed 
solution  satisfying  the  equation 

has  the  form  of  a  hyperbolic  motion  (for  positive  energy), 
which  can  be  described  (Ref.  5,  p.  178)  in  terms  of  the  variable 

F  =  2  tanh-[( 


Then  using  the  first  equation  in  the  foregoing  to  eliminate 
the  auxiliary  variable  2,  these  equations  can  be  written  in 
terms  of  f  as  the  independent  variable  for  f  ^  0(iu^/2). 


(15) 

n  =  ‘p  + 

where 

F.  =  (^2^  -  DM. 

It  can  also  be  shown  that  the  perturbation  terms  due  to 
are  0(/x^^^)  for  r2  ^  0(ju^^2).  This  then  completes  the  descrip¬ 
tion  of  the  asymptotic  behavior  of  the  mi-centered  hyperbola. 

The  matching  is  now  performed,  i.e.,  the  constants  of  the 
wi-centered  hyperbola  are  determined  by  comparing  the 
asymptotic  expansions  of  the  perturbed  conic  about  as 
given  by  (II)  and  the  hyperbola  about  mi  as  given  by  (15). 
The  two  expansions  are  identical  provided  the  constants 
of  the  mi-centered  hyperbola  are  chosen  as 

7^  =  ll  _  /io|(l  +  a^yi^ 

hi  =  (1  —  ho)GT{di) 

tp  =  fo(^l)  +  j^l  +  '“(2^3)] 
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Fig,  3  Effect  of  Mar’s  perturbation  on  certain  Earth- 
Mars  trajectories. 


where 


62  =  (1  + 

Recall  that  the  orientation  of  the  mi-centered  coordinates  is 
determined  by  a  rotation  through  the  angle 

a  =  tan'“^(l/a) 

chosen  in  the  first  quadrant  if  Ao  ^  1  and  in  the  third  quadrant 
if  /lo  >  1 .  This  then  completes  the  matching  and  specifies  the 
constants  of  the  mi-centered  hyperbola. 

Since  the  inner  and  outer  solutions  are  written  in  terms  of 
different  independent  variables  that  are  not  related  in  any 
elementary  fashion,  a  composite  solution  cannot  be  obtained. 
However,  a  uniformly  valid  asymptotic  approximation  cor¬ 
rect  to  is  given  by  Eqs.  (7,  8,  and  13),  provided  they 

are  restricted  to  the  appropriate  regions.  This  follows  from 
the  fact  that  their  asymptotic  expansions  (10)  [with  the  time 
equation  given  in  (9)]  and  (14),  which  are  correct  to  0(^1^^^) 
for  <p  ^  0(1)  and  z  ^  0(/i^^^),  match  [when  they  are  both 
written  in  terms  of  f  for  J  =  0(m^^^)  i.e.,  <p  =  0(1),  i.e., 
z  =  0(/i^/2)]  boundary  layer  common  to  the  two 

regions.  Moreover,  once  the  constants  of  the  mi-centered 
hyperbola  have  been  determined  in  terms  of  the  given  initial 


conditions  and  certain  definite  integrals  of  bounded  func¬ 
tions,  the  effect  of  mi  on  trajectories  that  reach  a  small  neigh¬ 
borhood  of  mi  can  be  studied.  For  example,  the  perturba¬ 
tion  by  Mars  on  a  class  of  Earth-Mars  trajectories  leaving  a 
massless  Earth  at  perihelion,  with  initial  conditions  such  that 
the  unperturbed  heliocentric  conic  intersects  Mars,  was 
studied.  The  definite  integrals  were  evaluated  numerically, 
and  the  results  are  plotted  as  a  function  of  transfer  angle  0i  in 
Fig.  3.  It  can  be  seen  that  the  perturbation  by  Mars  causes 
the  particle  to  arrive  earlier  by  an  amount  Atp  =  tp  ~  toiOi) 
and  causes  the  asymptote  to  be  deflected  by  an  amount 

A  =  ^2^  ^  filGijOi)  I 

(62^  -  1)1/2  (1  +  ^2)1/2 

the  deflection  being  away  from  the  sun  for  transfers  less 
than  approximately  214°  and  toward  the  sun  for  larger  trans¬ 
fer  angles. 

In  Fig.  3,  corresponding  to  the  condition  ]  1  —  Ao|  » 
there  is  a  small  interval  about  61  =  Tr/2  for  which  no  points 
on  the  curves  were  obtained.  The  curves  were  continued 
smoothly  across  this  interval  of  a  few  degrees  to  obtain  the 
curves  as  shown  in  Fig.  3. 
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Solar  Radio  Emission  as  a  Criterion 
for  Solar  Proton  Event  Warning 

J.  D.  Fletcher’*' 

North  American  Aviation,  Inc.,  Downey,  Calif. 


The  use  of  solar  radio  emission  as  an  indication  of  impending  proton  arrival  from  a  solar 
flare  is  discussed.  Specific  characteristics  of  solar  radio  emission  on  fixed  frequencies  have 
been  found  to  be  associated  with  solar  flares  that  are  proton  emitters.  These  signal  charac¬ 
teristics  are  distinguishable  from  nonproton  emitting  flares.  Fixed  frequencies  between  1000 
and  3750  Me  tend  to  show  recognizable  signal  characteristics  that  will  give  a  warning  time 
from  a  minimum  of  30  min  to  an  average  of  2  hr  before  the  arrival  of  protons  near  the  earth. 
The  correlation  between  solar  radio  emission  and  solar  flares  and  between  solar  flares  and 
solar  cosmic  ray  or  proton  events  has  been  known  for  quite  some  time  and  has  been  well  es¬ 
tablished.  If  the  knowledge  were  available  that  a  particular  solar  flare  was  capable  of  pro¬ 
ducing  protons,  and  that,  within  a  relatively  short  period  of  time,  the  protons  would  be  observed 
in  the  vicinity  of  the  earth,  the  warning  time  gained  would  he  used  effectively  in  many  ways. 


BOISCHOT^  described  a  particular  type  of  radio  emission 
whose  characteristics  showed  a  burst  that  lasted  for 
tens  of  minutes  and  whose  source  did  not  remain  fixed  in  the 
solar  atmosphere.  The  source  appeared  to  move  outward 
with  speeds  up  to  1000  km/sec.  It  followed  that  any  con¬ 
tinuum  radiation  (i.e.,  radiation  showing  smooth,  even 
characteristics  over  a  broad  band  of  frequencies)  would  be 
called  type  IV,  which  orginally  pertained  to  a  specific 
characteristic  in  the  meter  wavelengths.  The  definition  was 
later  extended  to  include  any  long-period  continuum  emission 
in  any  part  of  the  radio  spectrum  that  follows  a  flare  (Bois- 
chot  and  Pick^).  These  definitions  of  type  IV,  however 
precise,  were  not  adequate  for  solar  proton  event  warning. 

Many  solar  investigators— Boischot,^  Thompson  and 
Maxwell, 2  Pick-Gutmann,^  Kundu,'*  Wild,^  and  Bell®— have 
found  that  a  significant  relation  exists  between  the  occur¬ 
rence  of  a  spectral  type  IV  solar  radio  outburst  in  association 
with  a  flare  and  an  impending  bombardment  of  protons  in  the 
vicinity  of  the  earth.  The  very  high  correlation  between 
solar  proton  events  and  type  IV  radio  emission  appeared  to 
be  very  encouraging  as  a  means  of  developing  a  solar  i)roton 
event  warning  system. 

It  appears  from  the  })receding  definitions  that  a  type  IV 
event  can  be  recognized  by  the  use  of  spectral  solar  radio  re¬ 
ceiving  equipment.  The  use  of  solar  radio  spectrum  analy¬ 
zers,  however,  would  entail  the  use  of  equipment  whose  com¬ 
plexity  would  not  allow  simple  analytical  procedures.  It 
was  necessary  to  investigate  the  development  of  a  simplified 
technique  of  reception  and  analysis  of  the  solar  radio  emission. 
It  was  also  realized  that,  if  the  radio  signal  associated  with  a 
proton  emitting  flare  could  be  recognized  at  a  single  frequency, 
a  system  might  be  developed  which  would  be  compact  enough 
for  use  onboard  spacecraft  or  for  widespread  terrestrial  ob¬ 
servations. 

The  literature  was  nearly  void  of  cases  where  investiga¬ 
tors  had  sought  for  the  relationship  between  the  characteris¬ 
tics  associated  with  a  fixed  frequency  solar  radio  signal  and 
the  existence  of  associated  protons.  One  exception  was 
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Kundu  and  Haddock.®  While  comparing  centimeter-wave 
solar  bursts  with  centimeter-wave  solar  outbursts,  they  stated 
that  a  microwave  outburst  in  the  centimeter  wavelengths, 
described  as  a  simple  burst  with  a  postburst  increase  (Coving¬ 
ton  3)  with  a  typical  duration  of  from  10  to  20  min  and  a  rise 
time  of  1  to  3  min,  may  have  solar  cosmic  rays  as  associated 
phenomena.  A  simple  burst,  as  defined  by  Covington,  is  a 
Imrst  with  an  intensity  greater  than  7.5  X  10"22  w-m"'^ 
(cm/sec)  and  of  relatively  short  duration.  A  postburst 
increase  is  described  as  a  case  in  which  the  flux  level  re¬ 
maining  after  a  simple  burst  is  higher  than  the  flux  level  prior 
to  the  occurrence  of  the  simple  burst.  The  realization  that 
a  fixed  frequency  might  display  characteristics  recognizable 
as  being  associated  with  a  proton  event  prompted  further  in¬ 
vestigation. 

The  initial  investigation  entailed  the  use  of  basic  data  pub¬ 
lished  in  the  International  Astronomical  Union  Quarterly 
Bulletin  (lAU)  and  supplemented  by  data  published  by  the 
Central  Radio  Propagation  Laboratory  (CRPL)  for  the  period 
1956-1961.  The  purpose  of  the  initial  study  was  to  de¬ 
termine  the  feasibility  of  the  use  of  a  single  frequency  in  the 
establishment  of  a  solar  proton  warning  system.  The  time 
of  occurrence  of  solar  radio  emission  data  used  in  the  analysis 
was  compared  with  proton  events  selected  from  a  list  com¬ 
piled  by  Malitson  and  Webber.^®  If  the  time  of  the  associated 
radio  emission  was  not  available  from  this  list,  a  careful 
study  was  made  of  all  available  observations  (lAU,  CRPL, 
or  from  original  records)  for  a  period  up  to  24  hr  prior  to  the 
])roton  arrival  time  as  given  by  the  same  list  prepared  by 
Malitson  and  Webber.  The  23  solar  cosmic  ray  events  used 
in  the  analysis  were  those  whose  total  integrated  fluxes  were 
^  1X10^  protons-cm“2  greater  than  30  Mev  as  reported  by 
Malitson  and  Webber.  There  is  no  absolute  assurance  that 
every  solar  radio  event  investigated  was  the  actual  one  that 
was  associated  with  the  proton  emission,  but  the  possibility  of 
nonassociation  is  minimal. 

Reproductions  of  original  records  of  fixed  frequency  solar 
rf  bursts  associated  with  outstanding  proton  events  were 
studied  for  signal  characteristics  indicative  of  these  proton 
events  prior  to  the  actual  formal  analysis.  After  studying 
these  records,  it  was  noticed  that  each  of  the  associated  signals 
had  several  general  characteristics  that  preceded  the  arrival 
of  the  protons  at  the  surface  of  the  earth,  these  characteristics 
being  specifically  different  for  each  received  frequency. 

It  may  be  observed  from  Fig.  1  that  the  characteristics  of 
the  solar  radio  signal  have  obvious  differences  from  one  fre¬ 
quency  to  the  next.  The  top  trace  represents  the  arrival 
time  of  the  solar  cosmic  rays.  The  other  plots  represent  the 
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defined  as  a  case  in  which  a  signal  associated  with  a  pre¬ 
scribed  proton  event  did  not  meet  the  specified  signal  charac¬ 
teristics.  Thus,  PWS  is  the  probability  that,  if  a  proton  event 
of  a  particular  size  did  occur,  a  warning  would  be  given  with 
respect  to  certain  signal  characteristics. 

False  alarm  ratio  (FAR)  is  defined  as 

FAR  signals  with  specific  characteristic  requirements 

total  signals  with  characteristic  requirements  for 
which  proton  events  followed 

or 

_  false  alarm  signals  +  proton  event  rf  signals 
proton  event  rf  signals 


Fig.  1  Typical  proton  event  and  solar  radio  relationship 
(from  Boischot  and  Warwick”). 

radio  flux  changes  with  respect  to  time.  The  characteristics 
of  the  rf  signal  at  the  higher  frequencies  differ  somewhat 
from  those  at  lower  frequencies,  and  the  associated  causes  are 
not  generally  agreed  upon  (Boischot  and  Warwick  But 
the  fact  remains  that  rf  signal  is  available  for  analysis  at  these 
higher  frequencies  prior  to  the  arrival  of  the  solar  protons. 
In  particular,  it  became  evident  that  the  characteristics  of 
signal  duration  and  maximum  flux  density  of  the  associated 
rf  bursts  were  related  to  the  subsequent  proton  events,  with 
the  actual  numerical  values  for  these  characteristics  being 
different  for  each  frequency. 

It  was  decided  that  signal  duration  and  maximum  flux 
density  would  be  worthwhile  signal  characteristics  to  study 
in  more  detail  for  proton  event  warning. 

A  statistical  analysis  was  made  on  data  taken  primarily 
from  the  lAU  Quarterly  Bulletin  for  the  determination  of 
optimum  frequencies  and  resultant  signal  characteristics 
that  might  be  used  for  proton  event  warning.  The  initial 
characteristics  used  were  signal  duration  (in  minutes)  and 
signal  maximum  flux  density  [10“22  w-m“2  (cm  /sec)“^]. 
The  object  of  the  statistical  analysis  was  to  determine  the 
optimum  frequencies  and  associated  signal  characteristics 
that  would  give  the  highest  probability  of  warning  success 
(PWS)  and  the  lowest  false  alarm  ratio  (FAR). 

Probability  of  w^arning  success  (PWS)  is  defined  as 


rf  successes  +  rf  failures 

where  an  rf  success  is  defined  as  a  case  in  which  the  signal, 
received  at  a  solar  radio  observatory  at  a  particular  fre¬ 
quency,  is  associated  with  a  prescribed  proton  event  and 
meets  the  signal  characteristics  specified.  An  rf  failure  is 


where  a  false  alarm  is  a  case  where  a  characteristic  signal  is 
received  and  no  ensuing  proton  event  follows.  Thus,  FAR 
is  the  inverse  of  the  probability  that,  if  a  specific  solar  rf 
signal  characteristic  is  received,  it  will  be  followed  by  pro¬ 
ton  events  of  a  particular  size. 

Two  basic  approaches  were  made  to  this  initial  analysis: 
a  restrictive  approach  and  a  nonrestrictive  approach.  In 
the  restrictive  approach,  the  results  are  restricted  in  that 
the  rf  failure  cases  for  the  calculation  of  the  PWS  include 
stations  that  were  in  a  geographical  position  to  have  ob¬ 
served  associated  rf,  for  a  specific  proton  event,  but  did  not 
report  any  signal  observation,  or  else  data  were  not  available. 
If  the  observing  station  did  not  report  any  data,  it  was  as¬ 
sumed  that  the  station  was  in  operation  at  the  time  of  the  rf 
event  but  did  not  receive  any  signal  that  met  the  signal 
characteristics  requirements.  The  assumption  that  the 
observatory  did  receive  a  signal  but  that  it  did  not  meet 
the  signal  characteristics  requirements  may  not  be  a  valid 
one.  Examination  of  original  records  from  solar  observa¬ 
tories  have  shown  radio  events  for  certain  proton  flares  in 
which  the  signal  characteristics  were  actually  met  but  the 
rf  data  were  not  published  in  the  lAU  Quarterly  Bulletin. 
The  assumption  that  the  station  was  actually  in  operation 
because  it  was  in  a  geographical  position  to  have  observed  the 
solar  rf  may  be  invalid  also.  The  station  may  have  been 
inoperative  for  many  reasons,  such  as  equipment  failure, 
power  failure,  etc. 

A  nonrestrictive  approach  is  defined  as  one  in  which  the 
solar  radio  data  for  proton  events  included  in  the  analysis 
were  those  that  had  associated  radio  data  available  for  study 
with  no  assumptions  or  restrictions.  Optimum  frequencies 
were  then  determined  by  choosing  the  frequency  or  frequen¬ 
cies  that  would  give  the  highest  PWS  and  the  lowest  FAR  for 
associated  signal  characteristics.  The  initial  signal  charac¬ 
teristics  chosen  were  signal  duration  of  10  min  or  greater,  and 
a  maximum  flux  density  of  at  least  150  flux  units.  It  may 


Fig.  2  Optimum  frequency  and  false  alarm  calculations 
using  lAU  data. 
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Fig.  3  The  top  shows  false  alarm  ratios  by  event  size  and 
frequency  for  varied  signal  characteristics.  The  bottom 
indicates  signal  characteristic  variations  while  maintain¬ 
ing  100%  PWS. 
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Fig.  4  Example  of  data  normalization  problems  for  simnl- 
taneous  observations. 

be  seen  in  Fig.  2  that  the  oijtiimim  frequencies  api)ear  to  lie  in 
the  range  of  1000  to  3750  M c/sec.  It  is  also  apparent  that 
the  lowest  false  alarm  ratios  are  for  frequencies  near  2000  Me/ 
sec. 

These  results  tend  to  agree  with  those  ju'esented  by  Das 
Gui)ta  and  Basu.^^  They  show  that  large  flares  whose  radio 
emission  occurs  near  the  time  of  the  flare  within  the  fre¬ 
quency  range  between  1000  to  3750  Mc/sec  show  the  highest 
correlation  of  association  with  major  flares. 

Individual  frequencies  in  the  oi)timum  range  of  1000  to 
3750  Mc/sec  were  studied  further  to  see  if  the  FAR  could  be 
lowered  while  still  maintaining  a  100%  PWS.  It  was  found 
that  if  an  increased  signal  duration  were  considered  and  the 
maximum  flux  density  varied  so  that  a  100%  PWS  was 
maintained  for  each  proton  event  size,  the  FAR  could  be 
further  reduced.  Figure  3  depicts  the  lowering  of  the 
false  alami  ratio  by  frequency  for  event  sizes  of  ^  10^,  ^  10^, 
and  ^  10^  protonS“Cm“2.  Also  shown  in  Fig.  3  is  the  change  in 
maximum  flux  density  as  the  j)roton  event  size  increases  while 
still  maintaining  a  100%  ])robability  of  warning  success.  It 
is  also  obvious  from  Fig.  3  that  there  is  a  direct  relationship 
between  the  maximum  flux  density  and  proton  event  size. 
The  fact  that  the  maximum  flux  density  tends  to  increase 
with  event  size  might  lead  one  to  believe  that  the  prediction 
of  the  size  of  the  impending  ])roton  event  might  be  achieved. 

Even  though  relatively  low  FAR  had  been  shown,  es})ecially 
for  larger  and  more  imjTortant  events  when  the  radiation 
])roblem  is  considered,  the  fact  that  the  analysis  had  been 
based  on  such  a  small  data  sam])le  made  us  consider  the 
possibility  of  expanding  the  analysis.  The  results  shown  in 
Fig.  3  were  based  on  the  data  from  Nagoya,  Japan,  observing 
on  frequencies  of  1000,  2000,  3750,  and  9400  Mc/sec.  Since 
a  single  station  is  ca])able  of  taking  solar  observation  for 
a  maximum  12-hr  period  each  day,  flares  occuring  during  the 
other  12-hr  period  were  not  included  in  the  analysis.  It 
appeared  that,  if  a  frequency  within  this  range  from  the 
other  hemisphere  could  be  incorporated  into  the  analysis, 
2800  Mc/sec  (Ottawa,  Canada)  or  2980  Mc/sec  (Nera, 
Netherlands),  for  examj)le,  our  data  samjTle  could  be  essen¬ 
tially  doubled.  It  was  found  that  this  could  not  be  done 
satisfactorily.  Figure  4  shows  some  examples  of  the  data 
normalization  problems  when  many  original  records  are 


considered.  Figure  4  shows  that  the  data  reporting  proce¬ 
dures  may  vaiy  from  station  to  station.  Ottawa  subtracts 
the  mean  daily  flux  prior  to  reporting  observed  data  for  pub¬ 
lication,  whereas  Nera,  on  the  other  hand,  did  not.  Both 
traces  shown  in  Fig.  4  are  for  the  same  event  at  the  same 
time  and  are  both  taken  from  original  records  obtained  from 
each  respective  observatory.  The  table  on  the  same  plot 
shows  the  data  as  reported  in  the  lAU  Quarterly  Bulletin. 
It  is  obvious  that  the  results  obtained  by  comparing  the 
maximum  flux  densities  from  two  or  more  different  stations 
could  not  be  used  with  a  high  degree  of  reliability  but  that 
the  consistency  of  the  signal  characteristics  shown  in  a 
single  station  did  provide  consistent  data.  Covington, 
Ottawa  (2800  Mc/sec),  and  Tanaka, Nagoya  (1000,  2000, 
3750,  9400  Mc/sec),  have  stated  that  absolute  fluxes  reported 
are  within  ±  10%  of  the  actual  value.  Since  more  data 
were  readil}^  available  at  2800  Mc/sec  and  since  this  fre¬ 
quency  was  within  the  range  that  proved  to  be  the  most  rep- 


Table  1  Proton  events  recognized  by  Malitson  and 
Webber  or  D.  K.  Bailey  with  total  flux  >  10®  protons- 
cni"2  with  energies  >  30  Mev 


No. 

Date  of  event 

Flux  >  30  Mev 

Source 

1 

Feb.  23,  1956 

1.6  X  10“ 

M  «fe  W 

2 

Aug.  31,  1956 

3.0  X  10’ 

M  &  W 

3 

Nov.  13,  1956 

1.0  X  108 

Bailey 

4 

Jan.  20,  1957 

3.0  X  108 

M  &  W 

5 

April  3,  1957 

5.0  X  10’ 

Bailey 

6 

June  21,  1957 

1.5  X  108 

Bailey 

7 

July  3,  1957 

1.0  X  10’ 

M  &  W 

8 

July  24,  1957 

7.5  X  10® 

Bailey 

9 

Aug.  29,  1957 

1.5  X  108 

Bailey 

10 

Aug.  31,  1957 

8.0  X  10’ 

Bailey 

11 

Sept.  2,  1957 

5.0  X  10’ 

Bailey 

12 

Sept.  12,  1957 

6.0  X  10® 

Bailey 

13 

Sept.  21,  1957 

1.15  X  10* 

Bailey 

14 

Oct.  20,  1957 

1.0  X  10’ 

M  &  W 

15 

Feb.  9,  1958 

5.0  X  10* 

M  &  W 

16 

March  23,  1958 

4.0  X  108 

M  &  W 

17 

March  25,  1958 

6.0  X  10* 

Bailey 

18 

April  10,  1958 

5.0  X  10’ 

Bailey 

19 

July  7,  1958 

5.0  X  108 

M  &  W 

20 

July  29,  1958 

8.5  X  10® 

Bailey 

21 

Aug.  16,  1958 

2.0  X  10’ 

M  &  W 

22 

Aug.  22,  1958 

5.0  X  10’ 

M  &  W 

23 

Aug.  26,  1958 

5.3  X  10’ 

M  &  W 

24 

Sept.  22,  1958 

8.5  X  10’ 

Bailey 

25 

May  10,  1959 

1.2  X  108 

M  &  W 

26 

July  10,  1959 

8.0  X  108 

M  &  W 

27 

July  14,  1959 

2.0  X  10® 

M  &  W 

28 

July  16,  1959 

3.0  X  10® 

M  &  W 

29 

Sept.  2,  1959 

1.15  X  10’ 

Bailey 

30 

Jan.  12,  1960 

6.0  X  10® 

Bailey 

31 

March  29,  1960 

6.0  X  10® 

Bailey 

32 

March  30,  1960 

6.0  X  10® 

Bailey 

33 

April  1,  1960 

2.7  X  10® 

M  &  W 

34 

April  5,  1960 

2.0  X  10® 

M  &  W 

35 

April  28,  1960 

2.5  X  10’ 

M  &  W 

36 

April  29,  1960 

1.75  X  108 

Bailey 

37 

May  4,  1960 

7.0  X  10® 

M  &’W 

38 

May  6,  1960 

5.0  X  10® 

M  &  W 

39 

May  13,  1960 

5.0  X  10’ 

Bailey 

40 

Sept.  3,  1960 

4.0  X  10’ 

M  &  W 

41 

Nov.  12,  1960 

2.7  X  10® 

M  &  W 

42 

Nov.  15,  1960 

2.0  X  10® 

M  &  W 

43 

Nov.  20,  1960 

6.0  X  10’ 

M  &  W 

44 

July  11,  1961 

2.0  X  10® 

M  &  W 

45 

July  12,  1961 

1.0  X  10’ 

M  &  W 

46 

July  15,  1961 

1.25  X  10’ 

Bailey 

47 

July  18,  1961 

1.25  X  108 

Bailey 

48 

July  20,  1961 

9.0  X  10® 

M  &  W 

49 

July  28,  1961 

4.4  X  10® 

Bailey 

50 

Sept.  8,  1961 

3.0  X  10® 

Bailey 

51 

Sept.  10,  1961 

3.75  X  10’ 

Bailey 

52 

Nov.  10,  1961 

8.0  X  10® 

Bailey 
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Fig.  5  Model  fixed  frequency  centimeter -wave  associated 
with  solar  proton  event. 

resentative  in  the  initial  analysis,  it  was  selected  for  more 
detailed  study. 

Although  the  proton  event  list  published  by  Malitson  and 
Webber  is  thought  to  contain  all  of  the  proton  events  whose 
total  fluxes  are  equal  to  or  greater  than  1  X  10®  protons-cm"^ 
greater  than  30  Mev,  there  were  a  number  of  events  recognized 
by  Bailey^®  to  be  of  an  equal  magnitude  in  this  range.  A 
new  proton  list  was  therefore  compiled  which  incorporated 
these  events^®  as  shown  in  Table  1.  This  list  shows  normal¬ 
ized  values  (from  20  to  30  Mev)  for  Bailey^s  events. 

The  original  records  of  all  of  the  outstanding  solar  radio 
events  were  obtained  from  Covington at  the  National  Re¬ 
search  Council,  Ottawa,  Canada,  observing  on  2800  Mc/sec. 
Ottawa  has  been  observing  at  this  frequency  since  1947. 
Only  the  records  from  1956  to  1961  were  used  in  the  analysis 
because  reliable  observations  of  proton  events  have  been 
made  only  during  this  period.  The  objective  was  the  same 
as  in  the  initial  analysis.  We  wanted  to  find  some  charac¬ 
teristic  of  the  solar  radio  emission  associated  with  a  proton 
emitting  flare  that  was  not  recognizable  when  associated  with 
a  flare  that  was  not  an  observable  proton  emitter. 

The  analysis  of  the  original  records  obtained  for  2800  Me/ 
sec  has  resulted  in  a  model  that  is  felt  to  be  representative 
of  the  radio  signal  occurring  at  the  time  of  a  proton  flare. 


CRITERIA  - ADDITIONAL  CRITERIA 
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20 
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15 

25 
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300 
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15 

25 

10^ 

2500 

40 
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>100 

Fig.  6  False  alarm  ratios  for  combined  Malitson  and 
Webber  and  normalized  Bailey  proton  event  list  using 
2800  Mc/sec  data  and  maintaining  100%  PWS. 


MALITSON  &  WEBBER  &  BAILEY  EVENTS 
OMiniNG  11-13'56.  9-2-57,  7-15-61 
PWS  84  PERCENT 


SIZE 
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POST 
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340 

15 

15 

20 
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24 
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340 

15 

15 

25 

3.75 

24 

10® 

360 

15 

15 

25 

3.75 

31 

lo’ 

2500 

40 

44 

>100 

3.24 

51 

Fig.  7  False  alarm  ratios  for  2800  Mc/sec  data  using 
Malitson  and  Webber  and  normalized  Bailey  events. 

Figure  5  shows  this  representation.  All  of  the  characteristics 
shown  in  the  model  are  not  observable  for  every  proton  event. 
Most  characteristics,  however,  are  present. 

The  nomenclature  of  Fig.  5  is  based  primarily  on  the 
terminology  developed  by  Dodson  and  Covington. The 
features  that  were  found  to  be  important  included  those 
already  found  in  the  initial  analysis,  such  as  duration  of  major 
burst  and  maximum  flux  of  the  major  burst.  In  addition, 
all  proton  events  were  found  to  have  either  a  preburst,  a 
complex  rise,  a  complex  decay,  or  any  combination  thereof. 
The  most  outstanding  feature  found,  however,  was  the  post¬ 
burst  increase.  The  postburst  increase  is  sometimes  ac¬ 
companied  by  a  postburst.  It  was  noted  that  every  proton 


MALITSON  &  WEBBER  EVENTS  ONLY 
PWS  100  PERCENT 
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Fig.  8  False  alarm  ratios  for  2800  Mc/sec  using  Malitson 
and  Webber  events  alone  with  varied  criteria  in  each  case. 


DECEMBER  1964 


SOLAR  RADIO  EMISSION  FOR  SOLAR  PROTON  EVENT  WARNING 


2197 


event,  according  to  the  combined  list  of  both  Malitson  and 
Webber^®  and  Bailey d®  had  the  postburst  increase  as  an  observ¬ 
able  feature.  This  observation  agrees  with  the  comment 
that  was  mentioned  earlier,  made  by  Kundu  and  Haddock,® 
that  microwave  bursts  classified  as  sim})le  by  Covington, 
followed  by  a  postburst  increase,  have  solar  cosmic  rays  as 
associated  phenomena. 

Additional  salient  features  found  while  trying  to  establish 
proton  event  signal  characteristics  were  1)  the  rate  of  rise  of 
the  signal  from  the  start  of  the  major  burst  to  the  peak  flux, 
in  units  of  flux  increase  per  minute;  and  2)  the  ratio  of  the 
duration  of  the  major  burst  to  the  duration  of  the  major 
burst  at  one-half  maximum  flux  density,  with  these  times 
taken  as  shown  in  Fig.  5. 

Figures  6  and  7  show  how  the  reduction  in  the  false  alarm 
ratio  as  additional  signal  characteristics  were  added  to  the 
calculations.  FAR's  were  calculated  for  the  event  sizes  of 
^10®,  ^lO"^,  ^10®,  and  ^10®  protons-cm“2  by  using  a  max¬ 
imum  flux  density,  a  duration  of  major  burst,  a  postburst 
increase  flux,  and  a  postburst  duration  that  was  observable 
in  every  proton  event  whose  accompanying  flare  occurred 
during  the  normal  observational  hours  at  Ottawa.  The 
additional  criteria  of  the  ratio  of  the  duration  of  the  major 
burst  to  the  duration  of  the  major  burst  at  one-half  maximum 
flux  density  is  shown  to  lower  the  FAR  in  every  case  for  every 
event  size. 

After  further  examination  of  the  solar  radio  data,  it  was 
felt  that,  if  three  of  the  proton  events  from  the  Bailey  list 
could  be  considered  as  having  total  integrated  fluxes  that 
were  smaller  than  stated,  the  analysis  could  be  improved. 
These  three  Bailey  events  were  then  omitted  from  the  list, 
and  a  recalculation  of  the  FAR  ratio  was  made.  By  omitting 
these  events,  the  probability  of  warning  success  was  lowered 
from  100  to  84%,  but  the  FAR  was  lowered  a  very  significant 
amount  by  adding  the  additional  criteria,  the  rate  of  rise  to 
signal  maximum.  These  results  are  shown  in  Fig.  7. 

Since  the  initial  analysis  used  only  the  proton  events  as 
recognized  by  Malitson  and  Webber,  we  applied  the  same 
criteria  to  this  list  alone  and  calculated  the  FAR  ratios  as 
shown  in  Fig.  8.  It  was  found  that  we  are  able  to  recognize 
every  proton  event  equal  to  or  greater  than  10®  protons-cm"^ 
total  flux  correctly,  and  that  we  would  not  have  been  falsely 
alerted  in  any  case  for  events  ^10®  protons-cm~2. 

An  investigation  of  this  type  has  limitations  because  of  the 
small  sample  size  and  the  subjectivity  of  the  analysis  of  the 
original  records.  Any  final  conclusions  drawn  from  these  results 


should  be  used  with  some  caution.  It  is  felt  that  the  study 
has  shown  some  significant  characteristics  that  should  be 
looked  for  when  data  is  available  during  the  forthcoming 
solar  cycle.  It  is  also  felt  that  the  data  presented  at  this 
time  show  enough  merit  to  justify  the  building  of  a  system 
that  would  give  warning  of  an  impending  solar  proton  event. 
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Mass  and  Magnetic  Dipole  Shielding  against 
Electrons  of  the  Artificial  Radiation  Belt 


A.  BhATTACHARJIE*  and  I.  MlCHAELf 
Northrop  Space  Laboratories,  Hawthorne,  Calif. 


Computations  of  magnetic  shielding  system  masses  required  for  protection  against  elec¬ 
trons  of  various  energies  have  been  performed.  We  have  also  obtained  a  comparison  of  the 
required  shielding  masses  for  a  space  vehicle  traversing  circular  orbits  thi-ough  the  anomaly 
in  the  artificial  radiation  belt  (ARB)  at  altitudes  of  200,  400,  600,  and  800  km  and  inclined  at 
30°  to  the  earth’s  equatorial  plane:  first  with  a  magnetic  superconducting  solenoidal  shield¬ 
ing  system  approximated  by  a  point  dipole  and  then  with  a  two-layer  composite  material 
shielding  system  consisting  of  an  outer  layer  of  aluminum  and  an  inner  layer  of  lead.  The 
aluminum  thickness  equaled  the  practical  range  of  10-Mev  electrons,  and  the  lead  was  used  to 
attenuate  the  bremsstrahlung  to  specified  skin  dose  rates.  The  averaged  electron  flux  in  ARB, 
used  in  estimating  dose,  was  computed  to  be  sufficiently  accurate  for  missions  not  shorter 
than  100  hr  and  more  accurate  for  longer  missions.  The  material  shielding  mass,  primarily 
designed  for  protection  when  appreciable  bremsstrahlung  occur,  was  at  best  (no  lead)  an  order 
of  magnitude  larger  than  that  of  the  magnetic  shielding  system.  The  mass  of  the  cryogenic 
system  was  neglected,  being  a  fraction  of  the  combined  mass  of  the  solenoid  and  support 
structvire. 


Nomenclature 

L  ~  solenoid  length 
r  =  solenoid  radius 
—  solenoid  mass 

N  =  number  of  turns  of  the  superconducting  wire 
pn,  =  density  of  the  superconducting  wire 
dw  =  diameter  of  the  superconducting  wire 
1  =  current  in  the  wire 

H  =  magnetic  field  at  the  center  of  the  solenoid 
M  =  magnetic  dipole  moment 
V  —  inner  forbidden  volume 
Rp  =  practical  range  of  electrons  of  10  Mev 
mst'  =  mass  of  the  containment  shell 

Pst/Sj,  =  density-to-yield  strength  ratio  of  the  containment  shell 
M  t  =  material  shielding  mass 
R  —  dimensionless  parameter 
L  =  dimensionless  parameter 
Mst'  —  dimensionless  parameter 

Introduction 

A  COMPARISON  is  made  of  the  relative  masses  required 
for  an  aluminum'-lead  shield  vs  a  superconducting 
solenoidal  shield  for  specific  cases  where  the  manned  space 
vehicle  is  in  any  one  of  four  practical  circular  orbits  passing 
through  the  high  electron  flux  region  of  the  artificial  radiation 
belt.  The  toroidally  shaped  totally  forbidden  volume  of 
the  dipole  is  compared  with  one  of  equal  magnitude  enclosed 
by  a  spherical  shell  of  material.  For  the  purposes  of  the 
calculations  that  follow,  we  assume  that  the  electrons  of  the 
artificial  radiation  belt  can  be  characterized  by  an  omni¬ 
directional  flux  of  electrons  with  an  energy  distribution  given 
by  the  fission-energy  spectrum  of  Carter  et  al.^ 
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Magnetic  Shielding  Mass 

Here  we  will  obtain  the  masses  of  superconducting  mag¬ 
netic  solenoid  systems  required  for  protection  against  elec¬ 
trons  of  energies  up  to  10  Mev  for  a  range  of  shielded  volumes 
utilizing  the  point-dipole  analysis  for  the  inner  forbidden 
volume.  For  this  analysis  to  be  valid,  the  shielded  volume 
should  engulf  the  solenoid  and  its  supporting  masses.  Other¬ 
wise,  one  would  have  to  account  for  the  x  rays  produced  by 
the  electrons  within  the  system.  We  shall  utilize  an  optimiz¬ 
ing  procedure  to  calculate  the  minimum  mass  for  the  con¬ 
tainment  shell.  It  will  be  shown  that  with  proper  choice  of 
units  the  relationship  between  the  mass  for  the  containment 
shell  and  the  dimensions  of  the  superconducting  solenoid  can 
be  made  independent  of  the  magnetic  field  parameters.  Fur¬ 
thermore,  this  relationship  defines  a  minimum  value  for  the 
mass.  We  start  by  adopting  the  following  model  for  the 
superconducting  system.  ^ 

1)  The  solenoid  is  a  right  circular  cylinder  of  radius  r, 
length  I,  and  mass  m«,,  comprising  N  turns  of  supercon¬ 
ducting  niobium-tin  alloy  wire  of  density  =  8  g/ cm®,  and 
diameter  dw  =  0.015  cm. 

2)  A  cylindrical  containment  shell  of  mass  rrist'  made  of 
a  titanium  alloy  (Ti“6Al-4V  ELI)  fits  closely  about  the 
windings  and  is  utilized  to  prevent  explosive  expansion  of 
the  energized  solenoid.  The  shell  is  assumed  to  have  the 
same  radius  and  length  as  the  solenoid  and  has  a  high  density- 
to-yield-strength  ratio  at  4°K  of  pst/Sy  —  2.46  X  10“^®  g/ 
erg. 

3)  Kash  and  Tooper^’  ®  show  that,  for  larger  shielded 
volumes,  the  mass  of  the  thermal  insulation  and  cryogenic 
systems  will  be  small  as  compared  to  the  combined  mass  of  the 
windings  and  containment  structure.  Hence,  we  feel  it 
reasonable  to  neglect  the  mass  of  thermal  insulation  and 
also  to  make  no  allowance  for  changes  in  structural  configura¬ 
tion  that  would  be  required  for  coolant  ducts  in  the  solenoid. 
We  further  neglect  the  mass  of  the  cryogenic  equipment 
necessary  to  produce  the  low  temperatures  and  compensate 
for  heat  leaks  into  the  system.  Finally,  we  neglect  the 
possibility  of  reducing  the  magnitude  of  the  structural  mass 
by  integrating  it  with  the  walls  of  the  space  vehicle. 


DECEMBER  1964 


MASS  AND  MAGNETIC  DIPOLE  SHIELDING 


2199 


Where  compressive  stresses  are  taken  into  account,  the 
mass  of  the  structural  containment  shell  given  by  Refs.  3 
and  4  is 


,  _  4MV.,(1  +  ^  + 

-  h}) 


[E{k)  -  k] 


(1  -  k^) 


K{k)  -  E(k)~ 
E(k)  -  k 


(1) 

(2) 


Here,  K(k)  and  E{k)  are  complete  elliptic  integrals  of  the 
first  and  second  kind,  where  the  modulus  k  is  given  by 

^2  _  4^2/ (/2  4.  4^2)  (3) 


Equation  (1)  can  be  written  as 


nist 


V.  (-) 

wSy  \r  / 


(4) 


The  magnetic  field  at  the  center  of  the  solenoid  is  denoted  by 
H 


H  -  +  4r2)i/2  (5) 

where 

M  =  TrrW/  (6) 

and  NI  is  the  number  of  ampere  turns.  To  prevent  the 
superconducting  wire  from  transforming  to  the  ^^normal” 
state,  the  current  I  was  chosen  so  that  the  magnetic  field  at 
the  windings  is  less  than  the  critical  field.  This  poses  a 
constraint  on  H,  the  field  at  the  center  of  the  solenoid.  For 
our  calculations  we  assume  H  =  50,000  gauss,  and  the  mag¬ 
netic  dipole  moment  will  be  given  in  units  of  gauss-cubic 
centimeters. 

By  making  proper  choice  of  units,  the  equations  defining 
mass  and  solenoidal  dimensions,  viz.  (4-6),  can  be  made  inde¬ 
pendent  of  the  magnetic  field  parameters  (//,  M).  Now,  rrist' 
can  be  expressed  in  units  of  X,  and  r  and  I  in  units  of  Rq,  where 


X  =  2MHpj7rSy  =  7.830  X  10-V¥  g 


Ro  =  2M/H  =  3.420  X  lO-^d/i/^  cm 


(7a) 


Here 

M  =  ^  /(f)J  =  1.291  X  gauss-cm* 

(7b) 

where  V  is  measured  in  cubic  meters.  The  expression  for 
M  as  given  ))reviously  is  derived  in  Ref.  5  for  the  case  where 
T  =  1,  where  V  represents  the  volume  of  the  inner  forbidden 
region  for  an  ideal  magnetic  dipole.  When  the  mass  of  the 
structural  containment  shell  is  given  in  units  of  X,  we  shall 
designate  it  by  the  symbol  Mst'  rather  than  ms/;  likewise 
when  r  and  I  are  expressed  in  units  of  Rq,  they  are  referred 
to  as  R  and  L,  respectively.  Thus,  in  units  of  X  and  Rq,  Eq. 
(4)  becomes 

Ms/  =  imML/R)  (8) 

where  now 

L  =  2R[{1/R^)  -  (9) 

This  procedure  enables  us  to  make  an  optimum  choice  of 
the  dimensions  of  the  su])erconducting  coil  in  the  following 
manner:  Plots  of  Ms/  vs  R  and  L  vs  R  based  on  these 
equations  are  shown  in  Fig.  1.  Observe  that  Ms/  has  a 
minimum  at  1.608  X,  corresponding  to  72  =  0.880/2o  and  L  = 
1.08Z2o,  and  that  from  (7)  we  recall  that  X  and  Rq  are  func¬ 
tions  of  M  alone.  It  is  important  to  emphasize  that  the 
minimum  value  of  Ms/  obtained  by  this  analysis  is  inde¬ 
pendent  of  (//,  M)  and  is  therefore  true  for  all  values  of  H 
and  M. 


Fig.  I  Curves  for  optimizing  the  mass  of  the  containment 
structure  of  the  superconducting  solenoid  in  terms  of  the 
dimensions  of  the  solenoid. 

Our  optimization  procedure  consists  of  first  selecting  the 
magnitude  of  the  volume  to  be  shielded  for  a  given  maximum 
electron  energy  and  then  finding  the  corresponding  magnetic 
moment  for  constant  values  of  H.  This  determines  X  and 
Rq  and  thus  [Ms/Uin;  hence,  is  determined.  A 

plot  of  magnetic  moment  vs  shielded  volume  for  a  maximum 
electron  energy  of  10  Mev  appropriate  for  calculations  per¬ 
taining  to  shielding  against  electrons  of  the  artificial  radi¬ 
ation  belt  is  shown  in  Fig.  2.  Here,  the  toroidally  shaped 
forbidden  volume  of  the  superconducting  solenoid  (approxi¬ 
mated  by  a  point  dipole)  is  compared  with  one  of  equal 
magnitude  enclosed  by  a  two-layer  composite  spherical 
shell  of  material.  The  outer  layer  consists  of  aluminum 
sufficiently  thick  to  stop  10-Mev  electrons,  and  the  inner 
layer  is  lead  of  thickness  specified  so  as  to  yield  a  given  skin 
dose  rate  for  a  given  incident  electron  flux.  Note  the  curve 
3Dniaxj  maximum  skin  dose  rate,  which  gives  the  mass  of 
material  shielding  for  zero  thickness  of  lead.  This  curve 
lies  a  full  order-of-magnitude  higher  than  the  corresponding 
magnetic  shielding  mass  curve.  A  curve  showing  the  for¬ 
bidden  volume  as  a  function  of  the  dipole  moment  (M)  of 
the  solenoid  is  also  shown  for  reference. 

Finally,  the  containment  structure  can  be  modified  lead¬ 
ing  to  an  appreciable  reduction  in  mass.**  A  cylindrical  shell 
at  the  windings  counteracts  the  axial  compression,  and  a 
series  of  disks  inside  the  cylinder  supports  the  radial  forces. 
A  correction  factor  is  to  be  applied  to  our  previous  mass 
calculation  to  obtain  the  mass  for  the  new  configura¬ 

tion.  We  have 


[mstjmin 


1  -f-  2(Sl/Si) 
2iSy/Sd 


[Wsf  ]min 


(10) 


which  is,  in  our  case, 

Kdmin  =  0.706K/]„.i„  (11) 

The  mass  of  the  wire  is 

m,,  -  8.883  X  10“Wr  kg  (12) 


where  r  is  given  in  centimeters  and  N  is  determined  from 
Eqs.  (5)  and  (6). 


Fig.  2  Relative  shielding  masses  Mt  required  to  protect 
equal  volumes  of  space  V  from  electrons  of  the  artificial 
radiation  belt:  first  by  magnetic  dipole  shielding  and  then 
by  material  shielding. 
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Fig.  3  Relative  doses  for  electrons  stopping  in  aluminum 
and  for  their  attendant  bremsstralilung  production,  as  a 
function  of  aluminum  thickness,  where  1  g-cm”^  of  alum¬ 
inum  corresponds  to  1.924  X  10“  ^  m. 

The  over-all  mass  of  the  containment  structure  and  the 
windings  is  then  given  by 

iU/  =  [Wrsjjinin  T"  (1^) 

A  graph  of  shielded  volume  F  as  a  function  of  over-all  mag¬ 
netic  system  mass  M  i  is  given  in  Fig.  2  and  will  be  referred 
to  later  in  order  to  make  a  comparison  with  material  shielding. 

Material  Shielding  Mass 

The  bremsstrahlung  skin  dose  rate  on  tissue  will  be  the 
criterion  utilized  for  calculating  the  mass  of  material  shielding- 
required  for  protection  against  electrons  of  the  artificial  radi¬ 
ation  belt.  In  our  model,  a  small  sphere  of  tissue  is  placed 
at  the  center  of  a  spherical  volume  protected  by  a  two-layer 
composite  shielding  wall.  The  outer  layer  consists  of  low-.Z' 
material  of  thickness  equal  to  the  practical  range  of  the 
most  energetic  fission-spectrum  electrons  {Rp)\  the  inner 
layer  consists  of  a  high-Z  material  to  attenuate  the  brems¬ 
strahlung  produced  in  the  outer  layer.  The  thickness  of  the 
inner  layer  is  chosen  so  as  to  allow  a  given  dose-rate  for  a 
specified  average  electron  flux  impinging  on  the  vehicle. 
In  our  calculations  we  have  selected  aluminum  for  the  outer 
layer,  lead  for  the  inner  layer,  and  we  assume  that  10  Mev 
is  the  cutoff  energy  for  electrons  of  the  fission  spectrum 
(14).  Figure  3  illustrates  the  importance  of  completely 


stopping  the  electrons  in  the  aluminum.  The  data  for  this 
graph  was  kindly  provided  by  Fortney*^  and  is  based  on  the 
assumption  of  isotropic  bremsstrahlung  production  and  a 
specified  transmission  factor.^  Observe  that  at  given  thick¬ 
nesses  of  aluminum  the  electron  dose  is  much  larger  than  the 
bremsstrahlung  dose.  This  indicates  the  importance  of  stop¬ 
ping  the  electrons  completely. 

We  present  pertinent  formulas  whereby  a  large  class  of 
shielding  problems  can  be  solved  with  relative  ease.  These 
results  can  be  applied  wherever  the  following  two  assump¬ 
tions  are  satisfied : 

1)  The  electron  spectrum  is  given  by  Ref.  I: 

y^iE)  =  3.88  exp[-0.575£;  -  E  in  Mev  (14) 

2)  The  omnidirectional  electron  flux  encountered  by  the 
vehicle  for  any  single  trajectory  is  the  same  at  all  points 
along  the  trajectory  within  the  anomaly  of  the  artificial 
radiation  belt.  Outside  this  anomaly,  the  vehicle  is  in  a 
radiation-free  environment. 

Implicit  in  our  calculations  is  the  assumption  that  the 
electron  flux  encountered  by  the  vehicle  is  large  enough  to 
produce  a  significant  bremsstrahlung  dose  rate  at  the  surface 
of  the  tissue  receiver.  Our  model  will  not  give  optimum 
shielding  when  this  dose  rate  is  very  small. 

The  normalized  bremsstrahlung  dose  from  electrons  of  the 
artificial  radiation  belt  is  given  by 

Do{T,  E,)  =  dEE^{E)  JJ”  y{E„  E,t+T  +  R,)X 

(15) 


where 

7(^0,  E,  t  T  Rp)  — 

Ey 

a{E) 

Eo  = 

T 

tm 


the  number  of  photons  with 
energies  in  the  interval  E  to 
E  dE  2i,i  2i,  point  on  the 
inner  surface 

the  dose  conversion  factor 
the  absorption  coefficient  in 
tissue 

the  maximum  energy  of  the 
fission  spectrum  which  we 
take  as  10  Mev 

the  thickness  of  the  lead  layer 

4.76  X  10-3  m 


Since  we  are  dealing  with  an  omnidirectional  flux,  Dq/Att  is 
the  flux  per  steradian  and  D  =  2x(Do/47r)  is  the  corresponding 
skin  dose.  That  is, 

B  =  Do/2  (16) 


Equation  (16)  has  been  evaluated  fora  number  of  7"-values. 
The  results  are  shown  graphically  in  Fig.  4  and  can  be  ex¬ 
pressed  analytically  to  a  good  approximation  by 

D  -  r  >  3.0  X  IO-2  m  (17) 


Fig.  4  Skin  dose  from  bremsstrahlung  produced  by  a 
normalized  fission  spectrum  of  electrons  in  aluminum  and 
attenuated  by  different  thicknesses  of  lead,  where  1  g-cm"^ 
of  lead  is  equivalent  to  8.81  X  10“^  m. 


where 

logioao  =  -8.70043  (18) 

l/o-o  =  43.29  (19) 

Now,  if  (j)  is  the  flux  per  hour  of  mission  time  encountered 
by  the  vehicle,  and  5)  is  the  dose  per  hour  for  the  model  shield 
of  lead  thickness  T,  then  we  have 

T  =  -0.3318  +  0.0381  logio(0/ai)m  (20) 

We  may  now  compute  the  total  mass  of  material  shielding 
as  a  function  of  shielded  volume  (F  >  10®-®  m®),  where 

Mt  ==  Mt'  +  aiT  +  a2T‘^  +  azT^kg  (21) 

and  the  parameters  M/,  ai,  a2,  and  az  are  defined  below. 

Numerical  values  correspond  to  our  choice  of  lead  and 
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aluminum  and  an  Ep  value  for  10-Mev  electrons  in  aluminum 
of  0.01927  m  (see  Ref.  7) : 

M/  =  (47r/3)[(/2p  +  RY  -  i2»Ki  =  102.«^F«.6557 

a,  =  ArlEpifip  +  272)pai  +  -  lO^-^^^Tyo.Geis 

a,  =  47r[i2,pAi  +  i^pPbl  =  (21a) 

ag  =  (47r/3)  pPb  =  7.6  X  10^ 

From  (20-21a)  we  obtain 

logic [M,  -  Ci((/>/5))]  =  C2W^)+  0.6619  logioF  (22) 

where 

Ci(0/a))  =  4.203  X  lOn-8.7  +  logio(</>/33)]3 

(22a) 

CzW^)  =  2.1818  +  logio[-8.7  +  logio((/»/©)] 

The  maximum  dose  rate  corresponds  to  the  case  T  =  0, 
that  is, 

SDmnx  =  3.71  X  10“9<^  rad/hr 

In  Fig.  2  we  have  plotted  ilf<  vs  7  for  X)  =  SDmax  in  order  to 
compare  with  magnetic  shielding.  Observe  that  the  mag¬ 
netic  mass  is  lower  than  the  material  mass  by  an  order  of 
magnitude  even  for  this  extreme  case. 

Material  Shielding  Examples 

In  Table  1  we  list  the  values  of  the  constants  and  logioCi, 
of  (22a)  for  four  representative  electron  fluxes  for  each  of  three 
representative  bremsstrahlung  skin  dose  rates;  then  from 
Eq.  (22)  we  can  calculate  masses  of  shielding  required  for  a 
given  shielded  volume.  The  electron  fluxes  </)t-  (i  =  1-4) 
listed  below  correspond,  respectively,  to  comjmter  calculated 
average  flux  values  for  practical  satellite  orbits  of  200,  400, 
600,  and  800  km  alt  inclined  at  30°  to  the  earth’s  equator.^-  ® 
These  flux  value  averages  are  good  for  mission  times  equal  to 
or  greater  than  100  hr  and  become  even  more  accurate  for 
longer  missions. 

The  dose  rates  were  obtained  by  taking  the  NASA-specified 
skin  doses^®  listed  below : 

Gi  —  125  rad  (short  mission  maximum  allowable  skin  dose) 

O2  =  233  rad  (maximum  allowable  skin  dose  for  a  mission 
of  1  yr) 

(73  =  2282  rad  (maximum  allowable  skin  dose  for  a  mission  of 
5yr) 

and  performing  the  prescribed  operations : 

=  (ti/(125  hr)  =  1  (rad/hr) 

X)2  ==  6^2/(8760  hr)  =  -g-Lrad/hr) 

X)3  =  ft/ (43, 800  hr)  = 

The  corresponding  masses  of  material  shielding  are  given  by 
substituting  these  values  of  ft,  C>  in  Eq.  (22). 

Concluding  Remarks 

We  have  used  calculations  pertaining  to  an  ideal  dipole 
to  ajDproximate  the  shielding  effects  of  a  superconducting 
solenoid  against  electrons  of  the  artificial  radiation  belt. 
Our  method  for  optimizing  the  mass  of  the  superconducting- 
solenoid  and  its  containment  shell  permits  us  to  avoid  analyz¬ 
ing  all  possible  systems  with  different  r  and  I  values.  This 
in  turn  has  allowed  great  simplification  of  the  mathematical 
form  in  which  the  results  are  expressed.  To  estimate  ma- 


Table  1“ 

Values  of  C2 

and  logio  ft 

<f)i  = 

9.3  X  108 

02  = 

1.1  X  1010 

03  = 

5.3  X  1010 

04  = 

1.1  X  1010 

=  1 

=  -it 

^3  = 

1.6905 

(1.5375)^ 

4.3986 

(2.4402) 

4.2111 

(2.3777) 

4.0056 

(2.3092) 

5.0040 

(2.6420) 

4.8891 

(2.6037) 

4.5420 

(2.4880) 

5.2806 

(2.7342) 

5.1888 

(2.7036) 

4.7310 

(2.5510) 

5.3916 

(2.7712) 

5.3073 

(2.7431) 

°  The  constants  C2  and  logioCi  are  given  in  tlie  body  oft  he  table  for 
given  paired  values  of  yD  and  4>.  Here,  X)  is  measured  in  units  of  (rad-hr“q 
and  in  units  of  (electrons-cm"2-hr“‘)* 

6  Numbers  in  parenthesis  are  values  of  Ca. 

terial  shielding  requirements  against  bremsstrahlung,  care 
was  taken  to  properly  account  for  ionization,  bremsstrah¬ 
lung,  and  Compton  scattering  (using  a  transmission  factor) 
by  electrons  in  aluminum.  However,  only  skin  doses  on  a 
small  sphere  of  tissue  were  considered  to  be  within  the  scope 
of  the  present  work.  The  combination  of  aluminum  and 
lead  was  considered  as  not  only  practical  but  also  as  having 
superior  shielding  characteristics.  Lastly,  a  significant  re¬ 
duction  in  the  magnetic  shielding  mass  seems  possible  by 
integrating  the  containment  shell  with  the  walls  of  the  space 
vehicle. 

Our  results  indicate  a  significantly  lower  mass  for  the 
magnetic  shield.  However,  against  low  electron  fluxes, 
where  bremsstrahlung  shielding  may  not  be  required  and  the 
electrons  need  only  be  partly  stopped,  the  advantage  may 
be  with  material  shielding.  The  greater  reliability  of  ma¬ 
terial  shielding  will  also  count  in  its  favor. 
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Identification  of  Two  Types  of 
Separation 

J.  W.  Paull* 

Caulfield  Technical  College,  Caulfield,  Australia 

Introduction 

The  prediction  of  turbulent  boundary-layer  separation  has 
remained  an  order  of  magnitude  less  accurate  than  that  of 
laminar  boundary-layer  separation,  and  the  accuracy  attained  in 
the  prediction  of  the  separation  of  turbulent  flow  in  diverging 
channels  has  been  so  poor  as  to  give  the  impression  that  a  funda¬ 
mental  difference  might  exist  between  this  and  other  forms  of 
separation.  A  possible  distinction  between  the  separation  of 
turbulent  flow  in  a  two-dimensional  difluser  and  laminar  bound¬ 
ary-layer  separation  will  be  described  which,  if  significant,  could 
explain  some  of  the  inaccuracies  that  have  occurred. 

Laminar  Boundary- Layer  Separation 

The  physical  picture  of  laminar  boundary-layer  separation 
has  been  given  by  PrandtP:  the  particles  in  the  boundary 
layer  lose  energy  in  overcoming  frictional  stress  and  do  not 
retain  sufficient  energy  to  completely  overcome  the  adverse 
pressure  gradient;  they  are  brought  to  rest  and  then  separate 
from  the  surface.  Beyond  this  point,  flow  at  the  boundary 
is  in  a  reverse  direction  to  that  outside  the  boundary-layer 
region.  This  is  shown  diagrammatically  in  Fig.  1. 
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Fig.  2  Velocity  profiles  in  diverging  channels  (after 
Niktiradse). 

is  also  shown  in  Fig.  2.  It  has  been  obtained  as  the  solution 
of  the  equation 


where 

u  =  mean  velocity  in  the  x  direction  at  a  distance  y  from 
the  centerline 

Uq  =  mean  velocity  on  the  centerline 
h  =  half-width  of  channel 


Turbulent  Separation  in  a  Diffuser 

Turbulent  separation  in  a  diffuser,  and  possibly  also  on 
external  surfaces,  appears  to  be  somewhat  different.  This 
can  be  shown  in  the  case  of  flow  in  a  two-dimensional,  plane- 
walled  diverging  channel.  Flow  in  long  diffusers  of  this  type 
is  made  up  of  an  initial  transition  region  and  a  region  of  self¬ 
preserving  flow.  If  the  half-angle  of  the  expansion  exceeds 
about  5°,  separation  occurs.  Figure  2  shows  the  velocity 
profiles  that  have  been  found  to  exist  in  the  region  of  self- 
preserving  flow  for  various  degrees  of  expansion  (after 

Nikuradse0‘ 

It  seems  unlikely  that  it  is  an  accident  that  these  profiles 
successively  approach  a  profile  of  a  flow  that  has  had  the 
maximum  possible  momentum  loss  of  those  that  could  sym¬ 
metrically  occupy  the  full  width  of  the  section.  This  curve 


Fig.  1  Laminar  boundary-layer  separation. 
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A  discontinuous  linear  curve  of  the  type  shown  was  first 
assumed,  and  a  maximum  solution  was  obtained.  The  calcu¬ 
lus  of  variations  showed  that  this  solution  was  the  absolute 
maximum.  It  would  appear  to  approximate  a  profile  cor¬ 
responding  to  a  5°  half-angle  divergence. 

There  would  be  several  reasons  why  a  limit  curve  of  exactly 
this  shape  could  not  be  obtained  in  practice.  These  are 
associated  with  the  discontinuities  that  were  assumed  possible 
in  the  profile.  Examination  of  the  variation  in  wall  shear 
stress  in  the  self-preserving  flow  region  with  increasing  angles 
of  divergence  indicates  that,  at  approximately  a  5°  angle,  the 
shear  stress  at  the  wall  would  be  zero.  This  would  mean  that 
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Fig.  3  Critical  separation  condition. 
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the  gradient  of  the  velocity  component  u  normal  to  the  wall 
would  be  zero,  and  this  conflicts  with  the  shape  of  the  limit 
curve.  The  discontinuities  at  u/uq  =  0.25  and  u/ua  ==  1.00 
would  also  be  appreciably  smoothed  out  by  viscosity  effects. 

If  there  is  a  limit  curve  of  this  shape,  then  some  explanation 
would  be  necessary  of  how  the  flow  changes  to  one  with  a 
profile  showing  back-flow  at  a  boundary.  Nikuradse  found 
that  the  profile  becomes  unsymmetrical,  and,  for  larger 
angles  of  divergence,  reverse  flow  takes  place  along  one  wall. 
The  unsymmetrical,  unseparated  flow,  called  by  Nikuradse 
the  “critical  separation  condition,^^  occurred  with  angles  of  di¬ 
vergence  between  4.8°  and  5.1°.  This  profile  is  shown  in 
Fig.  3. 


Conclusions 

1)  The  velocit}^  l)rofiles  that  occur  for  turbulent  flow  in 
two-dimensional,  ])lane-walled  diffusers  successively  approach 
the  profile  of  a  flow  that  has  had  the  maximum  possible 
momentum  loss  for  a  flow  symmetrically  occupying  the  full 
width  of  the  section. 

2)  It  seems  probable  that  this  is  not  accidental. 

3)  If  there  is  a  limit  jn’ofile  for  turbulent  flow  in  this 
case,  it  would  indicate  that  this  mechanism  of  separation  was 
different  from  that  which  occurs  in  the  case  of  laminar 
boundary  layers,  and  a  distinction  between  them  would  have 
theoretical  advantages. 
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The  author  realized  later  that  Seebass^  has  pointed  out 
Kogan’s  failure  in  this  regime  and  has  derived  the  correct 
solution,  however,  Seebass  does  not  depict  the  characteristics 
of  his  constant  “c”. 

The  procedure  used  is  essentially  the  same  as  that  of 
Sauer.  ^ 


Basic  Differential  Equations 

From  the  momentum  equation,  according  to  the  assump¬ 
tions,  Resler®-®  derived  the  following  differential  equations, 
and  later  Imai^  developed  them  into  three-dimensional  flow: 


(1  -  i¥2)(l  -  A2)  520  _  Q 

1  —  A2  —  M2  bx^  by^ 

(1) 

1  ^  A2  bcj> 

^  ~  l  -  A’‘  -  iPbx 

(2a) 

V  =  b<l>/by 

(2b) 

From  the  continuity  equation,  near  critical  sound  velocity^ 
we  have 


Ak  A  1)  w  — 

dx  by 


(3) 


It  is  assumed  that  the  velocity  components  u  and  v  may  be 
expressed  as  power  series  in  y,  with  the  coefficients  of  the 
series  depending  upon  x.  Since  the  flow  is  symmetrical 
about  the  x  axis,  the  series  for  u  must  contain  only  even 
powers  of  y,  whereas  that  for  v  must  contain  only  odd  powers. 
Following  the  preceding  thought,  the  perturbation  potential 
corresponding  to  the  disturbance  velocity  u  and  v  is  now  writ¬ 
ten  in  the  form 


<t>  =  fo(x)  +  ^ff2(x)  +  y%{x)  +  ...  (4) 

By  differentiation,  the  velocities  are  then  found  to  be 


U.  =  u(l  A 


1  -  A2 


1 


b(j) 

A^  —  dx 
1 


)= 


do  + 


2!  4! 


Nomenclature 

A  =  Alfven  number 
M  =  Mach  number 
R  =  curvature 
U  =  speed  of  main  stream 
c  =  sound  velocity 

u,  V  —  small-perturbation  velocity  component 

k  =  specific  heat  ratio 

<j>  ~  small-perturbation  potential  function 

Subscript 

*  =  critical  condition 


Introduction 

IT  has  been  well  known  that  a  nozzle  flow  of  infinitely  con¬ 
ducting  inviscid  gas,  with  a  magnetic  field  eveiywhere 
parallel  to  the  velocity,  has  four  kinds  of  transitions.i"^ 
Among  these  transitions,  the  transonic  and  the  transonic- 
Alfvenic  transition  are  the  most  interesting  regimes  for  super¬ 
sonic  plasma  nozzle  design. 

Kogan ^  dealt  with  the  transonic  transition;  however,  his 
solution  is  incorrect.  This  paper  presents  approximate  but 
general  rules  for  the  shape  of  the  sonic  line  for  the  plane 
and  axisymmetrical  nozzle  flow  of  an  infinitely  conducting 
inviscid  gas  with  a  magnetic  field  ever}- where  parallel  to  the 
flow  velocity. 
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Uy  =  =  hy  +  1  hh/  +  ~  65  +  . . .  (5b) 

since  Eq.  (4)  is  found  reasonable. 

Substituting  Eq.  (4)  into  Eqs.  (2),  we  have 

1  -  1  -  A^ 

^  ~  1  -  -  .42  dx  “  1  -  ^ 

do' +  yj-/ +  Vi4' +  . . .)  (6a) 

V  =  ^  =  2yf«  +  A-iffi  +  • . .  (6b) 


Taking  the  derivatives  bii/bx  and  bv/by  in  Eqs.  (6),  sub¬ 
stituting  these  into  Eq.  (3),  and  equating  coefficients  of  like 
powers  of  y,  we  obtain  the  following  relations  among  the  co¬ 
efficients: 


h  = 

u  - 


k  +  1  / 

1  -  A2 

2  \ 

1  -  A2  - 

k+1  / 

1  - 

12  1 

1  -  A2  -  M2 

+  /2'/o") 


(7a) 

(7b) 


Transonic  Transition 

In  this  i)aper,  only  transonic  transition  regime  is  dealt 
with,  i.e.,  M  =  A/*  =  1,  A  =  A*  1.  Now/o  represents, 
according  to  Eq.  (6a),  the  velocit}^  distribution  on  the  x  axis. 
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Fig.  1  Sonic  line  and  nomenclature.  The  wall  curvature  near  the  throat  is  evaluated  as 


For  a  short  distance  along  the  axis,  the  velocity  on  the  axis 
may  be  approximated  by  a  straight  line.  Restricting  our 
considerations  to  the  neighborhood  of  the  sonic  line,  and 
setting  a;  =  0  where  the  sonic  line  crosses  x  axis  (Fig.  1),  we 
write  accordingly 


/o'  = 


A2  1 


(8) 


where  (du/dx)o  denotes  the  velocity  gradient  on  the  axis  near 
X  =  0.  Then,  from  Eqs.  (7)  and  (8),  we  may  rewrite  the  re¬ 
maining  coefficients  as 


/2  = 


k  +  1 


^  _  (/b  -h  1)2  A 
■  ~24 


2  ~  1 
A2 


(9) 


The  velocity  distribution  [Eqs.  (6)  ]  may  now  be  expressed  as 


k-h 


2 

xy  -f 


i  /^y 

\da*/o  A  2 

(k  +  1)^  /dwy  A^ 
6  \dx / 0  A 


(lOa) 


(lOb) 


From  the  condition  of  sonic  line,  (I  +  w)2  =  I,  this 

may  be  approximated  by  w  ^  0,  and  we  get,  from  Eq.  (10a), 


X 


fc  +  1  1  (du\  . 

2  A‘‘  Vdxjo 


in) 


The  sonic  curve  is,  therefore,  a  parabola  containing  a  param¬ 
eter  of  Alfven  number  A ,  and  its  curvature  on  the  x  axis  may 
be  shown  to  be  given  by 


dV/dy*'^ 


=  (fc  +  1) 


—If du\ 

\dx/Q 


(12) 


Ro*  {1  +  {dx*/dy^y\^^^ 

The  location  of  the  sonic  curve  to  the  throat  section  of  the 
nozzle,  signified  bv  point  s  on  the  wall,  is  found  from  Eq. 
(10b) 


—  Xs 


k  -f  1 
6 


(13) 


and  i-Xs)  is  the  maximum  distance  of  the  sonic  line  down¬ 
stream  of  the  throat.  Setting  y*  ^  ys,  we  may  find  where  the 
sound  speed  is  first  reached  on  the  wall. 

Equations  (11)  and  (13)  may  be  combined  to  yield 


X»  ^wall 


A2  -  1  A;  +  1 
A2  3 


=  2(-x.) 


(14) 


1/i^.  ^  di/dx 


then,  using  Eq.  (10b),  we  have 


R. 


(k  +  l) 


A2  ys  /du\ 

A2  -  1  ^  \^/o 


(15) 


The  velocity  distribution  (du/dx)o  may  be  defined  by  y*  and 
Rs,  if  we  regard  the  nozzle  shape  near  the  throat.  Equations 
(11-15)  may  be  inverted  to  give  the  following  sonic  line 
parameters  in  terms  of  nozzle  shape : 


Similar  considerations  for  axisymmetric  nozzle  lead  to  the 
following  results: 


Conclusion 

As  was  seen  previously,  it  has  been  found  that  the  shape  of 
the  sonic  line  for  the  plane  and  axisymmetric  nozzle  flow  of  an 
infinitely  conducting  inviscid  gas  with  a  magnetic  field  every¬ 
where  parallel  to  the  flow  velocity  is  affected  by  a  magnetic 
field  intensity.  As  we  can  see  from  Eqs.  (17)  and  (18),  if  the 
Alfven  number  is  approaching  infinity,  i.e.,  a  magnetic  field 
intensity  approaching  zero,  the  shape  of  sonic  line  becomes 
the  same  shape  of  an  ordinary  nonconducting  gas  by  Sauer, ^ 
and  if  the  Alfven  number  is  less  than  1,  the  right-hand  side 
of  Eqs.  (17)  and  (18)  change  their  signs.  This  means  that  a 
paraborla  convex  toward  downstream  changes  into  concave 
toward  downstream  (see  Fig.  2). 

These  results  should  be  useful  for  the  design  of  supersonic 
plasma  nozzle  exhaust  contour. 

References 

1  Kogan,  M.  N.,  “On  magnetohydrodynamic  flows  of  mixed 
type,”  Prikl  Mat.  Mekh.  25,  132  (1961). 


DECEMBER  1964 


TECHNICAL  NOTES 


2205 


2  Chu,  C.  K.,  ‘‘Magnetohydrodynamic  nozzle  flow  with  three 
transitions/’  Phys.  Fluids,  5,  550-559  (1962). 

®  Seebass,  R.,  “Mixed  flows  in  magnetogasdynamics,”  Sym- 
posimn  Transonicmn;  Proceedings  Aachen,  S~7  September,  1962, 
edited  by  K,  Osmatitsch,  Julius  Springer- Verlag,  (Berlin/ 
Vienna,  1964),  pp.  471-490. 

^  Sauer,  R.,  “General  characteristics  of  the  flow  through 
nozzles  at  near  critical  speeds,”  NACA  TM  1147  (1947). 

^  Resler,  E.  L.  and  McCune,  J.  E.,  The  Magnetodynamics  of 
Conducting  Flvids,  edited  by  D.  Bershader  (Stanford  University 
Press,  Stanford,  Calif.,  1959),  p.  120. 

®  Sears,  W.  R.,  Proceedings  of  the  8th  Japan  National  Congress 
for  Applied  Mechanics  1958  (Japan  National  Committee  for 
Theoretical  and  Applied  Mechanics  Science  Council  of  Japan, 
Tokyo,  Japan,  1959),  p.  1. 

^  imai,  L,  “On  flows  of  conducting  fluids  past  bodies,”  Rev. 
Mod.  Phys.  32,  992  (1960). 


Similar  Solutions  for 
Three-Dimensional  Laminar 
Compressible  Boundary  Layers 

Michael  C.  Fong* 

North  American  Aviation,  Inc.,  Columbus,  Ohio 


Cl,  C'Z 

f,  a 

h 

H 

Ki 

Kz 

K* 

M 

m 

m 

N 

V 

Pr 

r 

T 

U,  V,  w 

•r,  ?/,  2 

Oi 

9 

/3* 

vy  r 

ip,  <f) 

P 

P 

9 


Nomenclature 

metric  coefflcients 
similar  functions 
enthalpy 

stagnation  enthalpy,  h  +  -f  w^) 
curvature  parameter,  (2^/ei)(dei/df} 
dilatation  parameter,  (2^/e2)(5e2/d^) 
{b/b^*){9VTZ) 

Mach  number 

1(7  -  1)/2]JV- 

1  +  [(7  -  DmMA 

pp/pqph 

pressure 

Prandtl  number 

body  radius 

temperature 

velocity  components 

curvilinear  orthogonal  coordinates 

2k{dZm 

pressure  gradient  parameter,  {2^/ue){^Ue/^Om 

~{2^/PeUA){^pm 

transformed  coordinates 

stream  functions 

density 

d3uiamic  viscosity 
total  enthalpy  ratio,  H /He 
spinning  rate 


Subscripts 

0  =  reference  state 

o:  =  freestream  condition 

e  ~  outer-edge  condition 


Superscript 

{  y  ~  derivative  with  respect  to 


The  three-dimensional  boundary  layer  is  characterized  by 
cro.ssflow  generation  and  streamline  deviation  within 
the  boundaiy  laj^er.  An  adequate  mathematical  description 
of  these  phenomena  entails  the  consideration  of  several  addi¬ 
tional  nonlinear  terms  in  the  governing  equations  which  are 
absent  in  the  corresponding  two-dimensional  or  axisymraetric 
equations.  One  approach  to  this  problem  is  to  invoke  the 
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concept  of  the  streamline  coordinate  system  for  which  one 
of  the  coordinates  is  set  to  be  coincident  with  the  local 
outer-edge  streamline  projected  in  the  tangent  plane.  By 
so  doing,  the  perturbation  technique  in  treating  the  cro.ss- 
flow  effect  can  be  justified  for  a  wide  variety  of  practical  ap¬ 
plications,  and  because  of  the  presence  of  only  one  external 
flow  component,  the  construction  of  a  single  similarity  param¬ 
eter  can  be  achieved  without  introducing  any  restrictive 
assumptions.  The  purpose  of  this  note  is  to  discuss  a  certain 
class  of  similar  solutions  for  three-dimensional  laminar  com¬ 
pressible  boundary-layer  flows  on  the  basis  of  the  streamline 
coordinate  system  and  by  employing  a  set  of  simple  trans¬ 
formation  variables.  Neglected  herein  are  the  real  gas 
effects  associated  with  hyper.sonic  flight,  flow  separation,  and 
laminar-to-turbulent  transition  phenomena,  and  the  analyti¬ 
cal  procedures  for  the  determination  of  surface  streamlines 
in  accordance  with  the  theory  of  differential  geometry. 

Similar  to  the  consideration  by  Beckwith,^  we  select  a 
three-dimensional  orthogonal  streamline  coordinate  system 
ix,y,z)  with  corresponding  velocity  components  u  tangent  to 
the  external  streamline,  v  normal  to  the  body  surface,  and  w, 
the  crossflow  velocity  component,  normal  to  u  in  the  tangent 
plane.  The  length  elements  are 

ds  —  ei(Xj  z)dx  dy  —  dy  dn  ~  e^ix,  z)dz  (1) 

and  at  the  outer  edge  of  the  boundaiy  layer,  u  ^  Ue  and  w  — 
iCe  =  0.  The  governing  equations  for  a  three-dimensional 
laminar  compressible  boundary  layer  may  then  be  written  as  : 

Continuity 

{pueA  +  ^  (fwed  +  -  ^  (pwed  =  0  (2) 

ei  ox  oy  ei  oz 

X  Momentum 

pu  du  ,  du  ,  pw  bu  ,  puw  dci 
—  —  - - -  — 

Cl  bx  by  €2  bz  CiC^  bz 

^  (^) 
€162  bx  eibx  by\  by) 


y  Momentum 


z  Momentum 


bp/by  ~  0 


pu  bio  ,  bw  ,  pw  bw  .  puw  be2  piP  bei 

—  - - pV  H - - t;- - y 

Cl  bx  by  62  bz  Cie2  bx  6162  bz 


1  bp  b 
C2  bz  bpy'^  by 


/(" 


bw 


Energy 

pu  bH  t  ^ 

Cl  bx  by  62  bz  dz/l 


(4) 


(5) 


‘  /bH  ,  1  -  Prbhy 


(6) 


From  the  continuity  equation,  we  define  two  stream  functions 
^  and  (j)  as  follows : 


brP 

/  dll 

d0\  1 

d<j> 

pWC2  = 

dz)  e. 

pwe,  =  z— 
dy 

(7) 

We  now  introduce  the  transformation  variables 

^  ^  Jo  ^  Jo  PoPo^® 

f  j=  f  poUoe2dz  =  f  PoixcAn 


(8) 


2206 


AIAA  JOURNAL 


VOL.  2,  NO.  12 


Fig.  1  Boundary-layer  parameters  vs  transformed  co¬ 
ordinate  7}  for  spin  parameter  =  0.005. 


and  define  related  functions /(f,  f)  and  rj,  f)  as  follows: 
^  V,t)  <!>=  77,  f)  (9) 

from  which  we  obtain 

u  =  Ue{bf/b7))  w  =  Ue{bg/bif))  (10) 

Substituting  these  transformation  variables  into  Eqs.  (3-6) 
and  noting  that  at  the  outer  edge  of  the  boundary  layer 

petle  bUe  _  _  1  ^ 

Cl  bx  Cl  bx 

(11) 

1  dcj  _  1  _ 1_  ^ 

Cl  bz  Uc  bz  peUe^  bz 


and  across  the  boundary  layer 
Pe  T 


=  Bfh 


™  ^  \^v)  . 


P  T. 

the  following  equations  are  obtained: 

h  ("?■) + (‘  +  s + + -^  ['  -  (I)’] 


(12) 


+ 


a?  ^  ^  0  (13) 

df  ^77^  by]  b^br}/ 


^  ,  ot  _  a^  ^  Q 

d))  9^357/  ^  \c)f  di;2  di)  dfc)J7/ 

^  ~  -  -  iiv  -  r (— ) 

Pr  i>ri  \  i)v)  Pr  m  bn  1  bn  L Vaj?/ 

(!)■]}-( 


■) 


+ 


\b^  bn^ 


+ 


be  ,  Ki  be 


i  +  £  +  K.  r£  +  -i^9£.+ 


bg  be  bg  be\  _  .  . 

b^bn-^b^-^ 


“  bn 

)-' 


where  appropriate  boundary  conditions  must  be  prescribed 
for  a  given  problem.  It  should  be  remarked  that  the  param¬ 
eter  /?*,  which  is  equal  to  ~Ki,  is  purposely  retained  in  Eq. 
(14)  since,  for  certain  special  three-dimensional  viscous  flow 
problems,  the  crossflow  effect  can  best  be  demonstrated  by 
first  taking  termwise  differentiation  of  Eq.  (5)  with  respect 
to  f,  in  which  case  b^*/b^  may  be  different  from  —bKi/b^. 

We  are  at  present  concerned  with  a  class  of  similar  solutions 
wherein  77,  f)  =  77),  with  Z  and  being 

known  values  along  any  given  streamline  under  considera¬ 
tion.  In  accordance  with  the  usual  requirements  for  similar 
(or  locally  similar)  flows,  we  assume  that  /,  g,  and  6  are  pri¬ 
marily  dependent  on  77.  Then,  Eqs.  (11-13)  become 

+  (1  +  ^ ff”  +  + 

(^K,  -  -3  1)  +  («  +  ^  gf"  =  0  (16) 

r"  +  (i  +  £  +  ^2)  ^9"  +  + 

(r- + -  (^^2 + 1)/'?'  +  oiW  -  r)  =  0  (17) 


4-  6"  -  ^  (p  +  z^’r  + 

Pr  Pr  'Tfl 


{'+i  +  K>jW  +  {^  +  \K,^)0-O 


(18) 


where  iV  =  1,  and  a,  (3,  m,  7n,  Pr,  Ki,  K2,  and  Z  are  assumed 
to  be  constant,  at  least  within  the  region  in  which  the  flow 
can  be  regarded  as  locally  similar.  Although  the  foregoing 
high-order,  nonlinear  generalized  equations  for  similar  flows 
are  still  difficult  to  solve,  they  are  amenable  to  numerical 
treatments  with  the  aid  of  a  high-speed  digital  computer. 
Flow  characteristics  for  a  large  number  of  viscous  flow  prob¬ 
lems  can  then  be  determined  if  proper  values  are  assigned  to 
the  constants  and  appropriate  boundary  conditions  are  pre¬ 
scribed.  A  few  interesting  special  cases  are  exemplified  below. 

For  the  laminar  flows  in  the  stagnation  region  of  a  spinning 
axisymmetric  blunt-nosed  body  at  zero  3^aw,2“'^  the  following 
values  are  assigned  to  the  constants:  ei  =  I,  ~  r(.r), 
K]  =  0,  1^2  =  2,  q:  =  0,  =  2,  m  =  0,  and  m  =  1.  Fur¬ 

thermore,  we  may  assume  Zg^  =  2\^f'^o)Q(r}),  where  o  is  the 
spinning  rate  and  X  —  |(r/'We)^  /  =  and  (  )'  =  2(d/ 
d77)(  ).  Then,  Eqs.  (16-18)  have  the  form 


drj^ 


+  F 


dW 

d7}2 


+  aj2XQ2  -  0 


(19) 


r  p  ^ 

d^ 


(20) 


Pr  dr  dv 


-  0 


(21) 


with  boundary  conditions 


F(0) 


dF(0) 

d^ 


Qico)  =  0 


dF(oo) 

drj 


Q(o)  =  e{^)  -  1 


These  equations  are  identical  with  the  zero-order  equations 
for  the  spinning-body  problem  obtained  from  employing  the 
usual  Mangier  and  Lees-Dorodnitsyn  transformations.^ 
For  ^(0)  -  0.8,  Pr  =  0.722,  =  5,  and  Xco^  -  0.005, 

which  approximately  corresponds  to  a  spinning  rate  of  co  — 
1700  rpm,  the  Runge-Kutta  scheme  was  utilized  to  solve 
the  foregoing  differential  equations.  The  calculated  results 
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of  various  functions  are  depicted  in  Fig.  1,  and  the  heat- 
transfer  ratio  is  found  to  be 


qJ(q.)<.^o  -  0.08025/0.08027  -  1 

which  indicates  negligible  s]')inning  effect  on  convective  heat 
transfer  for  flows  in  the  stagnation-]ioint  region  under  hyper¬ 
sonic  flight  conditions.  This  result  was  predicted  by  tScala 
and  Workman/  and  ex]:)eriinen tally  verified  by  MTiitesel.^ 
Another  interesting  case  is  that  concerning  small  but  finite 
crossflow  for  which  the  higher-order  terms  m  g,  a,  Ki,  and 
their  lateral  derivative  d/dj*  are  neglected.  Then,  Eqs. 
(16-18)  become  (for  Pr  =  1) 

+  (l  +  ^  +  ff"  +  ®  (22) 


r'  +  (i  +  ^  + 

(k2+|)/V  =  0  (23) 
e"  +  (l  +  +  ^2)  f^'  =  0  (24) 


If  we  multiply  Eq.  (23)  by  «•>  and  substitute  (c2^)'  =  V(r])G(0 
therein,  we  obtain 


F"  + 


4-2^'^ 
TO  G  ~d^ 


mKiey 

G~ 


(d  -  n 


(25) 


It  is  noted  that  Eqs.  (22,  24,  and  25)  are  essentially  those 
obtained  by  Beckwith^  except  for  the  coefficient  constants. 

Finally,  for  the  case  of  similar  flows  in  the  plane  of  sym¬ 
metry  of  an  inclined  axisymmetric  body  with  zero  stream- 
wise  pressure  gradient  and  insulated  walls,  the  following  con¬ 
ditions  prevail:  €\  —  I,  €2  —  r(a:),  K[  =  0,  ^  =  0,  and  bg/br] 
=  0.  In  order  to  transform  the  resulting  equations  into 
a  familiar  form,  we  first  differentiate  Eq.  (14)  with  respect 
to  f*,  which  is  defined  as  rf *  =  Then,  with  the  aid  of 
the  following  definitions : 

-  (1  +  K,)t  o-lt  K-  -  A (g) 

(7.  =  ^  ft  =  ^  (1  +  Ko)-i 
r  r 

we  obtain 

F'"  +  (F  +  CiG)F"  =  0  (26) 

G'"  +  (F  -f  CiG)G"  +  F*  (p./p)  -  _  Co/g'  =  0 

(27) 

which  are  the  governing  equations  for  supersonic  flows  in 
the  plane  of  symmetrj^  of  a  yawed  cone  w’ith  insulated  surface.® 

References 

1  Beckwith,  I.  E.,  “Similarity  solutions  for  small  cross  flows 
in  laminar  compressible  boundary  layers,”  NASA  TR  R-107 
(1961). 

2  Tifford,  A.  N.  and  Chu,  S.  T.,  “The  compressible  laminar 
boundary  layer  on  a  rotating  body  of  revolution,”  J.  Aeronaut. 
Sci.  21,  345-346  (1954). 

3  Scala,  S.  M.  and  Workman,  J.  B.,  “The  stagnation  point 
boundary  layer  on  a  rotating  hypersonic  body,”  J.  Aerospace 
Sci.  26,183(1959). 

4  Fong,  M.  C.,  “Laminar  heat  transfer  over  spinning  blunt- 
nosed  bodies  of  revolution  in  axial  hypersonic  flows,”  North 
American  Aviation  Rept.  FSTN  62-10  (1962). 

®  Whitesel,  F.,  “Shock  tube  investigation  of  the  effects  of  rota¬ 
tion  on  heat  transfer  to  a  hemisphere-cylinder,”  North  American 
Aviation  TN  (to  be  published). 

®  Moore,  F.  K.,  “Laminar  boundary  layer  on  cone  in  super¬ 
sonic  flow  at  large  angle  of  attack,”  NACA  Rept.  1132  (1953). 


Large  Amplitude  Vibration  of  Buckled 
Beams  and  Rectangular  Plates 
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Nomenclature 


a,  6,  h 

r 

t 

U,  V,  w 

D 

El 

F 

p 

V 


=  plate  width,  length,  and  thickness  (rr,  z  directions), 
respectively 

=  a/6,  plate  aspect  ratio 
=  time 

=  displacements  in  the  x,  z  directions,  respectively 
=  plate  flexural  rigidity,  F6V12(1  —  v^) 

^  beam  flexural  rigidity 
=  stress  function 
=  mass  density 
=  Poisson^s  ratio 


Introduction 

IN  recent  years,  a  number  of  investigations  of  the  large 
amplitude  vibration  of  beams^“^  and  flat  rectangular 
plates*^"®  have  been  reported  in  which  the  ends  of  the  beams 
and  the  edges  of  the  plates  have  been  assumed  to  remain  a 
fixed  distance  apart  during  vibration.  In  particular,  Bur- 
green  ^  has  considered  the  free  vibration  of  a  simply  supported 
beam  that  has  been  given  an  initial  end  displacement,  and  the 
author*  has  considered  free  and  forced  vibration  of  simply 
supported  and  clamped  beams  and  rectangular  plates  for 
which  initial  end  and  edge  displacements  have  been  prescribed. 
In  both  reports,  a  one-degree-of-freedom  representation  of 
the  equations  of  motion  is  used.  Results  are  obtained  for 
edge  displacements  in  the  postbuckling  as  well  as  the  pre¬ 
buckling  region.  In  the  case  of  forced  motion,  however,  the 
results  were  restricted  to  symmetrical  motion  about  the 
flat  position  of  the  beam  or  plate.  For  the  buckled  beam  or 
plate,  it  is  also  possible  to  have  vibration  about  the  static 
buckled  position.  This  has  been  discussed  for  free  vibration 
in  the  forementioned  reports,  and  it  is  the  purpose  of  the 
following  remarks  to  extend  the  discus.sion  to  a  case  of  forced 
motion. 


Equation.s  of  Motion 

The  differential  equation  of  motion  for  a  beam  of  unit  width 
is 

phWytt  “b  (F7'ie,yy),j/y 

T  I  /o’  ""  •^(^’  (^^ 

where  Vo  represents  an  initial  axial  displacement  measured 
from  the  unstressed  state.  For  a  plate,  the  dynamic  von 
Karmdn  equations  are 


V^F  =  E(w,r/ 

DV'hy  —  h(F,yyW  )XX  H"  F  yXx'WjVV 

where 


VJyxxIVjyy) 

2F jxylOfXy)  "b 

phWytt  =  P{Xy  y,  t) 


(Tx  —  P  jyy  (Ty  —  E  )xx  T  xy  —  F,iy 

are  the  membrane  stresses.  When  a  single  mode  is  assumed 
and  Galerkin’s  method  is  applied,  the  problem  reduces  to 
the  solution  of  a  single  ordinary  differential  equation  in 
time. 
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In  the  case  of  a  simply  supported  beam,  for  example,  we 
assume 


It  is  convenient  to  introduce  the  forcing  function  as 


follows ;  let 

0 

li 

1! 

II 

(11) 

so  that 

/  = 

(12) 

Then  it  follows  that  when  Eqs.  (8)  are  substituted  into  Eq. 
(7)  and  terms  are  collected  according  to  the  power  of  a,  a 
series  of  equations  are  obtained.  The  first  is 


5o,rr  +  +  C25o^  +  czbo^  =  0  (13) 


which  has  as  its  solution,  in  view  of  Eqs.  (10), 


and  next 


Ur)  =  0 


(14) 

(15) 


which  has  as  its  solution 


w{y,  t)  =  h^{t)  sin(7r^/6)  (3) 

and  obtain_the  following  equation  in  nondimensional  form : 

i.rr  +  P?  +  =  fir)  (4) 

where 


p  =  ^  tHI  -  X) 


T 


(EyH 

\fi)  h 


The  parameter  X  is  a  measure  of  the  initial  axial  displacement 
and  is  defined  as 

X  =  t^oAocr  (5) 

where  is  the  axial  displacement  that  produces  the  buck¬ 
ling  load.  Thus  X  >  1  refers  to  the  postbuckling  region. 
An  equation  of  the  same  form  is  obtained  for  other  beam 
boundary  conditions  and  for  plates  as  well.  The  coeffi¬ 
cients  p  and  q  for  simply  supported  and  clamped  beams  and 
rectangular  plates  are  given  in  Ref.  8.  The  remarks  that 
follow  apply  to  these  cases  as  well  as  others  that  may  be 
defined. 

To  study  the  motion  about  the  static  buckled  position,  it 
is  convenient  to  change  to  the  variable 

5  =  I  -  (6) 

where  is  the  static  buckle  amplitude  and  d  is  the  variation 
from  that  position.  If  Eq.  (6)  is  substituted  into  Eq.  (4),  it 
follows  that  for  harmonic  forcing 

5,r7  +  +  C252  +  cz8^  =  7  coscor  (7) 


where 


=  P  +  C2  =  3gji  Cz  =  q 

Note  that  coq  is  the  linear  vibration  frequency  about  the 
buckled  position.  The  problem  of  small  amplitude  vibration 
of  a  buckled  plate  has  been  more  fully  discussed  elsewhere.®* 
This  equation  is  of  similar  form  to  an  equation  derived  for 
the  vibration  of  initially  curved  plates  and  shells.^^"^^  The 
Linstedt-Duffing  perturbation  technique^^-^®  used  in  two  of 
the  preceding  reports  may  be  applied  here.  Let 

8  =  5o  “h  (x^dz  -f-  .  .  . 

co^  =  coq^  +  +  a^co2^  -b  +  .  .  .  (8) 

/  =  Jo  +  «/i  + 

where  the  initial  conditions  on  Eq.  (7)  are  taken  to  be 

5(0)  -  «  5,.(0)  =  0  (9) 

from  which  it  follows  that 

5i(0)  =  1  5o(0)  =  52(0)  =  5^(0)  -  ...  -  0  (10) 


5i(r)  =  coscor  (16) 

Continuing,  we  obtain 

^  ^0^52  =  -“(C2/2)  -h  coscor  — 

(C2/2)  cos2cor  (17) 

To  insure  a  periodic  solution,  it  is  necessary  that 

coi2  -  0  (18) 

thus  the  solution  to  Eq.  (17)  becomes 

52(r)  =  (c2/6co^)(— 3  +  2  coscor  +  cos2cor)  (19) 

Finally, 

C3  +  Js^coscor  ~  ^  cos2cor  —  cosScor  (20) 

Once  again,  to  insure  a  periodic  solution,  it  is  necessary 
that 

5  C2^  Scz  7  /on 

which,  from  Eqs.  (8)  and  (12),  may  be  written 

2  2  J-  2  5  C2^  /\  ,  . 

co2  =  coo^  +  —  -  X  — 2 - )  (22) 

\  4  6  co^  a/ 

It  is  worth  noting  that  the  Ritz-Galerkin  and  related 
methods  as  they  are  commonly  applied  are  inadequate  for 
obtaining  an  approximate  solution  to  Eq.  (7).  It  is  common 
practice  to  use  the  solution  of  the  corresponding  linear  equa¬ 
tion  as  an  assumed  solution  of  the  nonlinear  equation.  The 
frequency-amplitude  relation  is  obtained  by  means  of  a  cer¬ 
tain  time  integration  over  a  cycle  of  the  motion  which 
minimizes  the  error  introduced  by  this  assumption.  Un¬ 
fortunately  the  restriction  imposed  by  the  assumed  solution 
is  such  that  all  contributions  of  the  term  028^  are  lost  in  the 
integration,  regardless  of  its  actual  influence.  If,  however, 
more  care  is  used  in  the  selection  of  an  assumed  function,  this 
difficulty  may  be  overcome. 

In  our  case,  let 

5(r)  =  A  B  coswr  +  C  cos2cor  (23) 

and  proceed  with  the  Ritz-Galerkin  method  as  described,  for 
example,  in  Ref.  14.  We  then  obtain  four  algebraic  equations 
in  the  four  unknowns  co^,  A,  B,  and  C,  but  because  of  the 
complexity  of  the  equations,  no  general  algebraic  solution  is 
possible.  If,  in  addition,  we  let 

co^  =  cco^  +  acoi^  -b  q:^£02^  +  .  .  . 

A  =  aAi  “b  a^A2  +  a^Az  +  .  .  . 

B  =  aBi  “b  oi^B2  +  a^Bz  +  .  .  . 

C  -  aUi  +  a^C2  +  a^Cz  +  .  .  . 


(24) 
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and  solve  the  resulting  equations,  we  arrive  at  the  identical 
frequency-amplitude  relation  given  by  Eq.  (22). f 


Free  Vibration 

The  relation  for  free  vibration  may  be  obtained  by  setting 
=  0  in  Eq.  (22).  An  exact  solution  for  free  vibration  is 
also  possible  in  this  case  in  terms  of  elliptic  functions.  It  is 

8(j)  =  {a  +  fjL)dn{^T,  k)  —  fx  (25) 

where 

£?.  ~  +  2 
^  3c3  2 

The  initial  conditions  are 

5(0)  =  a  5,.(0)  =  0  (26) 


where  a  is  positive  and  subject  to  the  condition 


(coq^  —  C2M) 
C3(a  +  ju)2 


<  -  1 


(27) 


Physically  this  restricts  consideration  to  motion  about  the 
buckled  position  on  one  side  of  the  flat  position.  The  period 
of  the  motion  is  given  by  the  elliptic  integral 


27v  _  2  r  7r/2  d<j> 
d)  CO  Jo  1  —  sin^0 


(28) 


It  should  be  noted  that  Eq.  (25)  is  not  a  general  solution 
to  Eq.  (7)  for  arbitrary  values  of  the  coefficients  coo^,  co,  and 
cs  but  only  for  free  motion  when  the  relation 

9cooV3  -  2c2^  =  0  (29) 

holds.  This  condition  is  satisfied  in  this  case  because  Eq.  (7) 
was  obtained  from  Eq.  (4).  An  exact  solution  in  terms  of 
elliptic  functions  is  still  possible,  however,  as  described  in 
Ref.  12,  for  example. 

Numerical  Results 

Numerical  results  have  been  obtained  from  Eqs.  (22)  and 
(28)  for  the  special  case  of  a  buckled  beam  with  X  =  2  and 
y  =  0.005  and  are  presented  in  Fig.  1  for  free  motion.  In 
this  figure,  the  amplitude  is  given  in  terms  of  the  number 
of  beam  thicknesses  and  the  frequency  in  terms  of  the  square 
of  the  ratio  of  the  nonlinear  to  the  linear  frequency.  Since 
for  the  exact  solution  the  motion  is  not  symmetrical  about 
the  undeflected  position,  the  curve  for  a  negative  initial 
condition  differs  from  that  for  a  positive  initial  condition. 
A  typical  deflection  curve  for  a  cycle  of  the  motion  is  shown 
in  the  lower  right  of  the  figure.  The  negative  amplitude  a' 
is  related  to  a  by 

«'=(«  +  ^)(l  -  fc2)l/2  _  ^  (30) 

In  Fig.  2,  the  dynamic  response  of  the  same  beam  to  har¬ 
monic  forcing  is  shown  as  obtained  from  Eq.  (22) . 
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Approximate  Absorption  Coefficients 
for  Vibrational  Electronic  Band  Systems 

Edward  P.  French* 

North  American  Aviation,  Downey,  Calif. 

Introduction 

IT  is  frequently  necessary  to  calculate  both  spectral  and 
total  gas  radiation  arising  from  the  shock  layers,  boundary 
layers,  wakes,  or  exhaust  plumes  associated  with  hypersonic 
vehicles.  Such  calculations  may  be  required  in  order  to 
assess  radiant  heat  transfer  to  vehicle  surfaces,  interference 
with  onboard  optical  devices,  or  detection  by  remotely  located 
instruments.  In  addition,  gas  radiation  emission  may  be 
used  as  a  diagnostic  device  in  hypervelocity  testing. 

There  are  a  number  of  sources  of  detailed  spectral  absorp¬ 
tion  or  emission  data  for  the  major  constituents  of  equilib¬ 
rium  air.^~3  Similar  information  about  other  gas  composi¬ 
tions  such  as  air-ablation  product  mixtures,  rocket  exhausts, 
and  extraterrestrial  atmospheres  is  not  so  readily  available, 
however.  It  is  the  puri)ose  of  this  note  to  describe  an  ap¬ 
proximate  method  by  which  spectral  radiation  can  be  esti¬ 
mated  rapidly  for  an  important  class  of  radiators,  namely, 
vibrational-electronic  band  systems  of  diatomic  molecules. 

Detailed  Spectral  Absorption  Estimates 

Meyerott  et  al.^  present  the  radiative  contributions  from 
individual  band  systems  in  terms  of  average  spectral  ab¬ 
sorption  coefficients  from  which  spectral  emission  may  be 
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Fig.  1  Approximate 
and  detailed  absorp¬ 
tion  coefficients  for  N2 
(1+),  N2  (2  +  ),  and  O2 
(Schumann-Runge)  at 
6000°  K. 


obtained  directly  for  cases  where  the  radiating  gas  is  optically 
thin  and  local  thermodynamic  equilibrium  exists.  The  ab¬ 
sorption  coefficient  for  a  given  wave-number  interval  is  taken 
to  be  the  average  of  the  integrated  absorptions  from  all  bands 
falling  within  the  interval.  The  integrated  absorption  from 
a  particular  band,  characterized  by  lower  vibrational  quantum 
number  n  and  upper  vibrational  quantum  number  m,  is 

fpLdv  =  TrroNnfgnm  (1) 

Here  ro  is  the  classical  electron  radius  and  the  integration  is 
over  wave  number.  The  concentration  Nn  is  the  product  of 
the  total  concentration  of  the  absorbing  species  Nt  and  the 
relative  poi)ulation  of  the  nth  vibration  level,  which  is  simply 
calculated,  provided  the  vibrational  levels  approximate  a 
Boltzmann  distribution.  In  this  case, 

Nn  =  LoP  expi-hcE,>/kT)/Q  (2) 

where  Lo  is  the  Loschmidt  number,  P  is  the  species  concen¬ 
tration  in  standard  atmospheres,  and  En  is  the  vibrational 
energy  of  the  absorbing  molecules,  measured  from  the  ground 
state.  The  oscillator  strength  /,  which  is  a  measure  of  the 
electronic  transition  probability,  is  assumed  to  be  a  constant 
for  the  entire  band  system  as  an  approximation.  In  general, 
/  must  be  empirically  determined.  The  Franck-Condon 
factors  Qnm  represent  the  nuclear  contribution  to  the  transi¬ 
tion  probability  and  may  be  computed  for  each  transition 
provided  the  vibrational  wave  functions  are  known. 

Approximation  Based  on  the  Franck-Condon  Principle 

It  is  well  known  that  bands  having  large  transition  prob^ 
abilities  tend  to  lie  along  the  Franck-Condon  parabola,  the 
locus  of  upper  and  lower  states  for  which  internuclear  separa¬ 
tions  at  the  classical  turning  points  are  equal. ^  Bands 
falling  on  or  near  the  parabola  have  Franck-Condon  factors 
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Fig.  2  Approximate 
and  detailed  absorp¬ 
tion  coefficients  for 
(1-)  and  NO7  at  6000° 
K. 


of  the  order  of  0.1,  whereas  other  bands  are  generally  much 
weaker.  This  fact  suggests  that  the  main  features  of  the 
spectral  absorption  curve  can  be  derived  by  considering  only 
strong  bands  along  the  parabola. 

The  energy  of  a  diatomic  molecule  can  be  represented 
fairly  simply  by  means  of  the  Morse  potential 

V  =  Z)[exp{— a(?'  —  re)}  —  1]^  (3) 

where  r  is  the  internuclear  distance  and  r*  is  its  value  at 
equilibrium.  This  yields  the  quadratic  expression 

Vn  —  O^ein  +  i)  —  H"  f)  ^  (4) 

for  the  allowed  vibrational  energy  levels. 

The  dissociation  energy  D  and  the  constant  a  in  Eq.  (3) 
are  related  to  the  coefficients  of  Eq.  (4)  as  follows: 

D  =  coeV4co,x,  (5) 

a  =  {8Tr^mrCO)eXe/h)^^‘^  (6) 

where  nir  is  the  nuclear  reduced  mass. 

Equation  (4)  can  be  solved  for  the  vibrational  quantum 
number  so  that,  when  the  relations  in  Eqs.  (3)  and  (5)  are 
substituted,  the  result  is 

n  =  ^oje/oJeXell  -  }l  “  [exp{-a(r  -  r*))  —  _  i 

(7) 

Equation  (7),  which  holds  for  either  the  upper  or  lower  state, 
provides  a  relationship  between  vibrational  quantum  number 
and  internuclear  distance  at  the  turning  point.  For  a  par¬ 
ticular  value  of  r,  therefore,  Eq.  (7)  identifies  one  pair  of 
quantum  numbers  on  the  Franck-Condon  parabola.  The 
corresponding  transition  wave  number  is 

r  =  roo  +  WfiiW  —  coe^n  —  {o:eXe)i(m^  m) 

+  n)  (8) 

where  is  the  energy  of  transition  between  ground  states 
in  wave  numbers  and  the  subscripts  1  and  2  denote  upper 
and  lower  states,  respectively. 

For  each  of  a  series  of  internuclear  spacings,  upper  and 
lower  vibrational  quantum  numbers  are  computed  from  Eq. 
(7).  Here  m  and  n  are  treated  as  continuous  variables  run¬ 
ning  from  —  I  to  ^  {oOe/o)e0^e  “  2 )  *  I^^r  each  value  of  r,  a  transi¬ 
tion  w^ave  number  is  calculated  from  Eq.  (8). 

The  average  spectral  absorption  coefficient  is  computed 
as  though  due  to  a  single  strong  band  with  gnm  equal  to  0.1, 
centered  at  the  transition  wave  number  and  extending  over 
an  interval  Av  —  0.5  (o)ei  +  ^*2),  the  average  interval  cor¬ 
responding  to  unit  change  in  vibrational  quantum  number. 

The  final  expression  for  the  absorption  coefficient  is  ob¬ 
tained  from  Eqs.  (1)  and  (2).  In  the  latter, 

En  =  (cOg  —  0t}eXe)2n  —  (9) 

and  the  vibrational  partition  function  is  approximated  by 
the  harmonic  oscillator  form 

Q  =  [I  —  exp(—hco)e2/kT)]~'^  (10) 

The  absorption  coefficient  can  now  be  expressed  as  a  function 
of  the  quantum  numbers: 


M  = 

4.759  X  10^P/exp(-1.439E,/T)  [1  -  exp(- 1. 4396)^2/ T)  ] 
coa  +  0)^2 


(11) 


Results 

In  order  to  evaluate  the  usefulness  of  the  approximate 
method,  it  was  applied  to  seven  band  systems  of  importance 
in  high-temperature  air,  namely  the  O2  Schumann-Runge, 
NO  beta  and  gamma,  N2  first  positive,  second  positive  and 
Worley,  and  N2'^  first  negative  systems.  The  constants 
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3  Approximate 
detailed  absorp- 
coefficients  for 
and  N2  (Worley) 
at  6000°K. 


co«,  o)eXe,  Poo,  vir,  and  Te  wevG  all  taken  from  Table  39  of  Ref.  5, 
except  that  Ve  for  the  upper  state  of  the  NO  beta  system  was 
taken  to  be  1.415  A  in  accordance  with  the  recommendation 
of  Kivel,  et  al.®  In  all  cases,  transitions  involving  quantum 
numbers  higher  than  20  in  either  state  were  arbitrarily  re¬ 
jected,  based  upon  the  realization  that  potential  functions 
fitted  to  lower  vibrational  states  become  increasingly  unre¬ 
liable  at  higher  levels. 

The  results  of  the  approximate  method  are  coinj^ared  in 
Figs.  1-3  with  those  obtained  by  digital  computer  in  the 
manner  described  in  Ref.  2,  All  bands  having  finite  qnm  were 
considered,  and  average  absorption  coefficients  over  fixed 
intervals  of  2750  cm“'  were  computed  by  summing  integrated 
band  absorptions  as  calculated  by  Eq.  (1).  The  Franck- 
Condon  factors  em})loyed  were  those  tabulated  or  cited  in 
Ref.  2,  supplemented  by  additional  values  for  the  O2  Schu- 
mann-Runge  system  and  for  the  N2  Worley  system  that  were 
computed  directly  from  Morse  wave  functions.  Absorption 
coefficients  obtained  both  by  the  apiu'oximate  and  detailed 
methods  have  been  exj^ressed  i)er  unit  /  number  and  per 
standard  atmosphere  of  absorbing  constituent. 

The  agreement  between  the  apia’oximate  (smooth  curves) 
and  detailed  calculations  is  surprisingly  good.  The  best 
results  are  obtained  for  systems  such  as  O2  Schumann- 
Runge,  NO  beta,  and  Ns  Worley  for  which  the  upper  and 
lower  electronic  states  have  ai)]a*eciably  different  inter- 
nuclear  spacings.  In  all  cases,  the  ai)proximate  method 
correctly  locates  the  wave  number  for  peak  absorption  and 
rei)roduces  the  general  shape  and  magnitude  of  the  spectral 
absorption  curve. 

On  the  basis  of  the  demonstrated  agreement  for  the  seven 
band  systems  considered,  it  seems  justified  to  regard  the 
method  as  a  reliable  means  of  estimating  spectral  absorption 
coefficients  for  any  band  system.  For  those  systems  for 
which  /  numbers  and  species  concentrations  are  known  or 
can  be  estimated,  absolute  absor])tion  coefficients  can  be  cal¬ 
culated.  For  the  much  larger  number  of  systems  for  which 
little  or  no  intensity  information  is  available,  relative  spec¬ 
tral  absorption  coefficients  can  be  estimated  if  the  necessary 
spectroscopic  constants  are  available. 
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Nomenclature 


A 

D 

E 

h 

I 

L 

Wp{x,  Xi,  co) 


X 


y{x) 

YnM 

P 

I 

r 

X 


COn 

YnM 


=  cross-sectional  area  of  beam 
=  mean  square  pressure  X  4  X  0 
=  modulus  of  elasticity 
=  depth  of  beam 
—  moment  of  inertia  of  beam 
=  total  length  of  beam 

=  cross  spectrum  between  the  pressure  at  point 
X  and  Xi 

=  nondimensional  distance  along  length  of  the 
beam 

=  response  of  beam 

=  reciprocal  of  transfer  function  of  nth  mode 
=  mode  shape  of  nth  mode 
=  density  of  the  material  of  beam 
=  ratio  of  damping  to  critical  damping 
=  difference  in  time  at  which  events  occurred 
=  axial  correlation  length  of  the  pressure  field 
=  correlation  lifetime  of  the  pressure  field 
=  natural  frequency  associated  with  the  nth  mode 
=  ensemble  average  operation 
=  complex  conjugate  of  F„(to) 


Subscripts 

a,  d,  s  =  acceleration,  displacement,  and  stress,  respectively 


Introduction 

WE  represent  the  dynamic  response  of  a  continuous  struc¬ 
ture  in  terms  of  the  orthogonal  modes  <i>n{x)  of  free 
vibration  of  the  undamped  system  as 


y{x,  t)  =  Y,  3-.(0  4>n{x)  (1) 

n 

If  the  pressure  acting  on  the  system  is  a  stochastic  process, 
then  qn{i)  is  a  random  function.  The  cross  correlation  of  the 
response  can  be  represented  as 

(y{x,  t)y{xi,  f  +  r)>  = 

X:  S  >  (2) 

m  n 

If  the  pressure  field  is  stationary  in  time,  then 

{qm{t)qn{t  +  r))  =  Rmnir)  (3) 

The  mean  square  response  of  the  structure  at  point  x  reduces 
to 

{y\X,  t))  ^  S  Z)  4>rn{^)^n{x)R,nn(fi)  (4) 
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Table  1  First  mode  contribution  and  model  correlation 
of  the  response  vs  damping,  space,  and  time  correlation 
lengths 


X 

^  = 

0.01 

o 

o 

II 

WJ' 

Qo 

Ga 

Qa 

Ga 

Q. 

10-3 

0 

0.036 

1.00 

0.073 

1.00 

0.645 

1 

0.270 

0.496 

0.287 

0.443 

0.940 

1 

0 

0.486 

1.00 

0.495 

1.00 

0.957 

1 

0.893 

1.00 

0.895 

0.999 

0.985 

From  Powell’s  work/  as  well  as  others,  it  can  be  shown  that 
=  f_^  Y„(u)Y^  fo  fo  ^ 


as 

X  0  X(x  —  Xi)  5(x  —  Xi) 

We  may  add  that  we  shall  choose  the  same  function  for  the 
time  correlation : 

T(t)  =  (13) 

The  correlation  function  given  in  (13)  is  that  of  a  Markovian 
process.^  Substituting  (11-13,  and  7)  into  (5)  yields 

RUO)  =  D  C„„  FU<^)do=  (14) 

where 

G mna  G mnd  X{x  X^  ^rn{^x')(^ri{^^'^dxdX\  — 


(x)  <j>n{Xi)  dxdxido)  (5) 

Usually,  the  cross  spectrum  of  the  pressure  extends  over  a  wide 
band  of  frequency  and  hence  over  a  large  number  of  modes. 
The  computation  in  (4)  can  be  reduced  tremendously  if  one 
can  reduce  the  double  summation  to  single  summation.  This 
means  i?m„(0)  should  be  zero  except  when  m  is  equal  to  n. 
If  the  pressure  field  is  spatially  uncorrelated,  i.e., 


\\rmr)  (mr) 


2[1  +  (w7rX)2][l  4-  (wttX) 


{1  +  (-l)'>+'»  -  + 


(-l)M  +  o 


(15a) 


2  1-1-  (^^ttX)^ 

Gmns  =  (hE/2)Krmr)Knir)^Gr.na  (15b) 


Wp(x,  Xi,  oj)  =  Sp(o))8(x  —  Xi)  (6) 

then  the  double  summation  can  be  reduced  to  a  single  sum¬ 
mation  because  of  the  orthogonality  of  the  modes. 

The  uncorrelated  pressure  field  is  an  idealization  of  the 
physical  situation.  In  this  note  we  shall  investigate  the 
error  introduced  in  reducing  the  double  summation  to  a  single 
sum  for  a  correlated  pressure  field  on  the  following  three 
responses:  1)  displacement,  2)  stress,  and  3)  acceleration. 
Moreover,  we  shall  investigate  the  effect  of  damping  on  the 
foremen  tioned  error. 


!r(r)e-“'(lr  ^ 

Y^{w)YJ^)  “  (1  +  e^o:^)Y„{cc)Yn{cc) 


F  mnaGF)  ^^F  mnd 


where 


(16a) 

(16b) 


bmn  =  1  if  n  =  m  =  0  if  m  n 


It  is  interesting  to  observe  that  (15)  indicates  that  the  even 
and  odd  modes  are  uncorrelated.  Moreover,  (15)  shows 
that,  in  the  limit  as  X  0,  the  modes  become  uncorrelated. 


Modal  Analysis  of  System 

For  ease  of  mathematical  analysis  we  shall  take  the  con¬ 
tinuous  structure  as  a  uniform,  simply  supported  beam. 
Then2 


Results 

Instead  of  presenting  the  results  ^mn(O)  as  an  (m  X  n)  matrix, 
we  chose  to  present  them  in  terms  of  the  following  two 
functions: 


(l>n(x)  =  sin(7i7rx) 

(7) 

(8) 

—  £0®  +  2i^C0£O„] 

(9a) 

Yna  = 

(9b) 

7^11  (0) 

E  E 

m  n 

S  i?„.(0) 

n  _ 

E  E  fi-To) 


(17) 


(18) 


The  maximum  bending  stress  at  any  cross  section  associated 
with  the  nth  mode  4>„(x)  is  given  as 

Sn=  -\e  ^  E{nTy<j>M  (10) 

Modal  Correlation 

As  was  pointed  out  in  the  Introduction,  for  a  spatially 
uncorrelated  pressure  field,  the  modes  are  uncorrelated.  We 
shall  investigate  in  the  following  section  the  effect  of  the 
spatial  correlation  of  the  pressure  field  on  the  correlation  of 
the  modes.  We  shall  assume  that  the  pressure  field  is  sta¬ 
tionary  in  space  and  time  and  that  the  correlation  function 
of  the  pressure  field  can  be  reduced  to  a  product  of  two 
functions,  space  and  time,  as  follows: 

Wdix,  xi,  r)  =  DX(x  -  Xi)T(j)  (11) 

We  shall  choose  a  spatial  correlation  function  that,  in  the 
limit,  approaches  a  delta  function  and  study  its  effect  on 
the  correlation  of  the  modes.  Let 

X{x  —  Xi)  =  “  Q-\x-xi\/\  (12) 


The  ratio  Q  is  a  measure  of  the  contribution  of  the  first 
mode  to  the  mean  square  response.  The  ratio  is  a  measure 
of  the  modal  correlation.  In  the  limit  when  the  modes  be¬ 
come  uncorrelated  the  ratio  G  should  approach  unity. 

We  calculated  the  ratio  Q  and  G  for  various  parameters 

X  and  6:  ?  =  0.01  to  0.10;  Ooii  =  10"^  to  10^;  and  X  — 
0  to  10. 

Conclusion  and  Discussion 

The  values  for  Qd  were  always  near  unity.  Thus,  for  the 
calculation  of  the  displacement  response,  one  needs  to  take 
into  consideration  the  first  mode  only. 

In  calculating  the  stress  response  one  can  assume  that  the 
modes  are  uncorrelated  since  Gs  is  always  near  unity  (within 
9%).  When  the  pressure  field  has  a  weak  spatial  and  time 
correlations,  Qa  is  only  (0.6456),  indicating  that  one  needs 
to  consider  more  than  the  first  mode  in  calculating  the  stress 
response. 

There  was  a  large  variation  in  Qa  and  Ga  over  the  range 
of  parameters  investigated.  For  small  X,  i.e.,  narrow  spatial 
correlation,  Ga  is  large  because  the  modes  are  uncorrelated. 
From  Table  1,  one  observes  that  Ga  decreases  with  an  in¬ 
crease  in  X  because  as  X  increases  the  correlation  between  the 
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inodes  increases.  On  the  other  hand,  the  contribution  of  the 
first  inode  to  the  total  response  is  small  when  X  is  small  and 
increases  with  X.  This  indicates  that  as  X  increases  the 
contribution  of  the  lower  inodes  increases,  i.e.,  Cmn  decreases 
with  X  by  a  smaller  amount  for  m  and  n  small  than  for  7n  and 
n  large.  As  6  increases,  the  power  spectral  density  of  the 
forcing  pressure  shifts  to  the  lower  frequencies.  Thus, 
the  contribution  of  the  first  mode  to  the  total  response  in¬ 
creases  with  an  increase  in  d.  One  also  observes  that  Ga  in¬ 
creases  with  6,  indicating  that  the  modes  become  uncorrelated 
with  an  increase  in  0. 

Knowing  the  correlation  of  the  pressure  field,  now  one  has 
a  basis  for  neglecting  the  cross  correlation  between  the 
modes  or  considering  the  first  mode  only  in  calculating  the 
res])onse  of  a  structure. 

The  foregoing  conclusions  are  valid  only  for  the  correla¬ 
tion  functions  that  were  assigned  in  Eqs.  (10-12).  These 
correlation  functions  encompass  a  wide  range  of  iihysical 
cases.  The  discussion  does  not  apply  for  convective  pressure 
fields.  In  the  latter  situations,  coincidence  might  play  a 
significant  role  and  change  the  picture. 
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Time-Dilatation  Dilemma  and  Scale 
Variation 

M.  Z.  V.  Krzywoblocki* 

Michigan  State  University,  East  Lansing,  Mich. 

1.  Transformation  Equations 

WE  assume  the  special  theory  of  relativity  in  the  sense  of 
Einstein.  Let  us  assume  two  inertial  coordinate  systems, 
S  and  S*.  S*  moves  relatively  to  S  at  the  constant  rate  v 
along  the  axis.  At  the  S  time  t  =  0,  the  points  of  origin 

of  S  and  S*  coincide.  The  A*  axis  coincides  with  the  X 
axis.  The  transformation  equations  are 

X*  =  (x  —  vt){l  — 

y*  =  y  z*  =  Z 

i*  =  (t  —  vc~^x)i'\  —  (1.2) 

The  inverse  transformation  equations  are 

:r  =  (x*  +  vt*){l  —  . 

(l.o) 

y  ^y*  z  z* 

t  ^  {t*  -V  vc~^x*){l  -  (1-4) 

2.  Usual  Formulation  of  Time-Dilatation  Dilemnia 

At  the  present  time  there  exist  various  forms  of  the  inter¬ 
pretation  of  the  time  dilatation  (the  same  refers  to  the  length 
contraction).  Let  us  consider  a  clock  that  is  rigidly  con¬ 
nected  with  the  starred  frame  of  reference  and  stationed  at 
some  point  (xo*,  yo*,  ^o*).  Let  us  compare  the  time  indi- 
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cated  by  that  clock  with  the  time  t  measured  in  the  un¬ 
starred  system.  An  S  time  interval,  (^2  “  h)j  is  therefore 
related  to  the  readings  <2*  and  h*  as  follows: 

t,-~t,  =  (/,*  -  h*)(l  -  (2d) 

In  a  similar  way  we  obtain 

1*  -  t,*  =  {t,  -  h){l  -  (2.2) 

and  the  Lorentz  contractions  referring  to  lengths.  The 
rules  governing  these  ]:)henomena  are  given  by  BergmamP 
in  the  following  forms : 

Every  clock  appears  to  go  at  its  fastest  rate  when  it  is  at  rest 
relatively  to  the  observer.  If  it  moves  relatively  to  the  ob¬ 
server  with  the  velocity  v,  its  rate  appears  slowed  down  by  the 
factor  (1  —  Every  rigid  body  appears  to  be  the 

longest  when  at  rest  relatively  to  the  observer.  When  it  is  not 
at  rest,  it  appears  to  be  contracted  in  the  direction  of  its  relative 
motion  by  the  factor  (1  -  while  its  dimensions  per¬ 

pendicular  to  the  direction  of  motion  are  unaffected.^ 

Tolman^^  concludes  that  the  time  interval  between  two 
events  (which  occur  at  the  same  ]>oint  in  >S*),  which  has 
the  duration  dt*  when  measured  with  a  given  clock  in  system 
S*,  will  have  the  longer  duration  of  dt*  (1  —  when 

measured  by  the  clocks  in  system  5.  Similarly,  the  time 
interval  between  two  events  occurring  at  the  same  point 
in  S,  which  has  duration  dt  when  measured  with  a  given  clock 
in  the  system  S,  has  the  longer  duration  of  dt(l  — 
when  measured  with  the  clocks  in  the  system  S*.  One  may 
refer  to  the  recent  controversy  on  the  subject  of  time  dilatation 
and  to  the  works  and  notes  of  Born, ^  Dingle, Palacios, 
Pilgeram,i2  ^nd  others.  From  the  more  interesting  sug¬ 
gestions  one  should  mention  the  proposition  of  SchlegeP^ 
concerning  a  distinction  between  the  macroscopic  thermo¬ 
dynamic  processes,  called  Clasius  jjrocesses,  which  are  time 
invariant  and  independent  of  the  relativistic  transformations, 
and  the  Lorentz  processes,  which  are  subject  to  the  rela¬ 
tivistic  transformations.  Pilgeram^^  introduces  the  concept 
of  the  biological  time,  independent  of  the  consequences  of 
Einstein’s  theory  of  relativity,  in  his  discussion  of  the  Hoerner 
paper*^  in  which  Hoerner  concluded  that  60  years  for  a  crew 
member  aboard  a  rocket  attempting  an  interstellar  trip  will 
be  equivalent  to  a  life  span  of  5  X  10®  years  on  earth. 

It  is  obvious  that  any  statement  in  the  sense  that  a  uni¬ 
form  motion  of  a  clock  will  exert  some  influence  upon  the 
internal  mechanism  of  the  clock,  so  that  it  will  slow  down  or 
accelerate,  is  a  misleading  one.  The  phenomenon  of  slowing 
down  or  accelerating  a  clock  is  a  dynamic  phenomenon  that 
must  involve  the  action  of  some  sort  of  forces.  The  special 
theory  of  relativity  can  obviously  refer  only  to  the  “kine¬ 
matic”  effects  with  no  action  of  forces  caused  by  the  relative 
motion.  The  same  refers  to  the  length  contraction. 

3.  Scale  Variation  in  the  Time-Dilatation  Dilemma 

We  accept  the  validity  of  the  Schlegel  hypothesis;  conse¬ 
quently,  the  discussion  given  below  refers  to  phenomena  that 
depend  upon  the  space-time  relativistic  transformations. 
Moreover,  we  assume  that,  in  order  to  preserve  the  validity 
of  the  fundamental  concepts  of  the  special  theory  of  rela¬ 
tivity,  we  allow  for  the  change  of  the  scale  (i.e.,  of  a  unit)  in 
the  systems  in  question.  This  is  nothing  new,  since,  in 
various  other  fields  of  mathematical  physics,  the  problem  of 
the  variation  of  scale  of  coordinates  is  a  well  known  and  popu¬ 
lar  one.f  Assume  two  clocks,  one  in  system  S  and  another 
one  in  >S*.  We  would  like  to  synchronize  these  two  clocks  so 


f  In  gasdynainics  there  are  widely  used  the  so-called  similarity 
rules  (by  Prandtl-Glauert,  K^rmdn-Tsien  and  others),  where 
there  appears  a  factor  (1  -  a  =  velocity  of  sound, 

similar  to  the  relativistic  factor.  To  comply  with  the  physical 
reality,  the  scale  in  one  of  the  two  systems  in  question  must  be 
appropriately  changed. 
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that  one  of  them  would  indicate  to  us  the  time  on  another  clock 
at  a  given  moment.  We  assume  that  the  only  possible  com¬ 
munication  correlation  (correspondence)  between  these  two 
clocks  located  in  S  and  is  by  means  of  light  signals  (Lorentz 
systems).  Assume  the  clock  in  >S*  system  located  at  Xo*  =  0. 
From  Eq.  (1.1)  it  is  seen  that  this  corresponds  to  the  mag¬ 
nitude  X  ~  vtmS  system.  Inserting  this  value  of  x  into  Eq. 

(1,2)  gives  the  result 

i*  =  i(l  - 

k-  ii=  ih*  -  k*){\  - 

For  v'^  ^  0,  one  has  —  4*  =  ^2  k,  which  is  correct.  In 
order  to  synchronize  both  clocks  we  reason  in  the  following 
way:  Assume  that  the  time  interval  {k  —  k)  on  the  clock 
in  S  system  is  equal  to  a  chosen  unit  of  time  (second,  minute, 
hour).  In  order  that  the  clock  located  in  S*  be  synchronized 
with  the  clock  in  i.e.,  in  order  that  the  clock  in  S*  would 
show  us  precisely  what  time  there  is  on  the  clock  C  in  /S  at  a 
given  moment  from  the  relativistic  standpoint,  the  unit 
time-interval  (^2*  ~  k*)  of  the  clock  in  S*  must  be  equal  to 
(1  —  i.e.,  must  be  smaller  than  (^2  —  ^i),  which  is 

equal  to  a  unit.  It  is  assumed  that  the  internal  mechanisms 
of  clocks  do  not  belong  to  a  Lorentz  family  of  systems; 
they  belong  to  a  Clausius  family  of  systems  in  Schlegeks 
sense.  This  means  that  the  light  signals  do  not  effect  the 
action  or  the  rate  of  action  of  the  mechanisms  of  clocks  in 
both  S  and  *S*.  Then  this  implies  that  for  our  space  trips 
with  very  large  velocities  we  have  to  construct  clocks  having 
scales  different  from  scales  of  the  clocks  used  ordinarily  on 
the  earth,  i.e.,  for  a  synchronization  of  both  clocks  in  S  and 
S*  we  have  to  have 

unit  of  time  of  a  clock  in  the  spaceship  = 

(1  -  vyc^yi^  (3.2) 

We  conclude:  Under  the  assumption  that  the  fundamental 
principles  of  the  classical  special  theory  of  relativity  are 
valid,  if  a  clock  U*,  whose  internal  mechanism  belongs  to  a 
Clausius  family  of  systems,  moves  relatively  to  a  clock  C 
located  on  the  earth  (C  belongs  to  a  Clausius  system)  with  a 
velocity  v,  and  which  is  in  some  sort  of  a  synchronization 
with  C  by  means  of  only  light  signals,  which  do  not  affect 
the  action  or  the  rate  of  action  of  both  clocks,  C  and  C*,  then 
the  (relativistic)  unit  of  time  of  the  clock  C*  must  be  equal 
to  the  factor  (1  —  to  be  in  a  permanent  synchroniza¬ 

tion  with  the  clock  C.  The  internal  mechanism  of  the 
clock  C*  must  be  correspondingly  designed  and  constructed 
to  indicate  the  time  synchronized  with  the  time  of  the  clock 
C  so  that  the  time  scale  of  the  clock  C*  be  different  from  the 
time  scale  of  the  clock  C  (on  the  earth) . 

The  foregoing  reasoning  can  be  illustrated  briefly  by  the 
following  example:  Suppose  the  spaceship  leavest  he 
earth  at  3:00  p.m,  and  both  clocks,  C  and  (7*,  indicate  pre¬ 
cisely  3:00  p.m.  Suppose  that  the  factor  (1  —  v‘^/c^y>^  is 
equal  to  The  unit  time  of  the  clock  C*  is  equal  to  one- 
half  of  the  unit  time  of  the  clock  C,  i.e.,  the  clock  C*  runs 
faster  than  the  clock  C,  Suppose  that  at  4:00  p.m.  on  the 
clock  C*  we  send  a  signal  to  C  that  it  is  4:00  p.m.  Actually, 
at  this  moment  (from  the  absolute  point  of  view)  it  is  only 
3:30  p.m.  on  the  clock  (7.  But  the  light  signal  from  C* 
will  reach  the  observer  on  the  earth  and  the  clock  C  pre¬ 
cisely  at  4:00  p.m.  In  this  example  the  receiving  clock  C 
has  the  same  scale  as  all  the  other  clocks  in  the  S  system  (on 
the  earth),  and  the  signal-sending  clock  C*  has  the  scale 
changed. 

Let  us  now  discuss  the  inverse  case.  Assume  a  clock  D 
located  in  S  system  of  coordinates  at  a:  =  0.  From  Eq, 

(1.3)  we  have  the  corresponding  magnitude  of  x*  equal  to 
X*  ~  —vt*f  which,  when  inserted  into  Eq.  (1.4),  furnishes 

t  =  t*{i  -  v^/c^yi^ 

(3.3) 

(4*  -  k*)  =  {t2  -  b)(l  - 


We  apply  the  following  reasoning:  Assume  that  the  time 
interval  (^2*  —  ^i*)  on  the  clock  D*  in  S*  system  is  equal  to  a 
unit  of  time  on  D*  (second,  minute,  hour).  In  order  that  the 
clock  located  in  S  be  synchronized  with  the  clock  in  S*,  i.e., 
in  order  that  the  clock  Z>  in  >S  would  show  us  precisely  what 
time  there  is  on  the  clock  D*  in  /S*  at  a  given  moment  from 
the  relativistic  standpoint,  the  unit  time-interval  (^2  —  ^i) 
of  the  clock  D  must  be  equal  to  (1  —  i.e.,  must  be 

smaller  than  (^2*  —  ^i*),  which  is  equal  to  a  unit.  As  in  the 
foregoing,  it  is  assumed  that  the  clock  interval  mechanisms 
belong  to  a  Clausius  familj^  of  systems.  We  conclude: 
Under  the  assumption  that  the  fundamental  principles  of  the 
classical  special  theory  of  relativity  are  valid,  if  a  clock  Z)*, 
whose  internal  mechanism  belongs  to  a  Clausius  family  of 
systems,  moves  relatively  to  a  clock  D  located  on  the  earth 
with  a  velocity  v  and  which  is  in  some  sort  of  a  synchroniza-^ 
tion  with  D  by  means  of  only  light  signals,  which  do  not  affect 
the  action  or  the  rate  of  action  of  both  clocks  D  and  D*,  then 
the  (relativistic)  unit  of  time  of  the  clock  D  must  be  equal 
to  the  factor  (1  —  to  be  in  a  permanent  synchroniza¬ 

tion  with  the  clock  D*. 

The  following  example  may  be  quoted.  Suppose,  the  space¬ 
ship  leaves  the  earth  at  3:00  p.m.,  and  both  clocks  D  and 
D*  indicate  precisely  3:00  p.m.  With  the  factor  (1  —  v^/ 
g2)i/2  equal  to  the  unit  of  time  of  I)  is  equal  to  one-half  of 
the  unit  time  of  all  the  other  clocks  on  the  earth  and  of  the 
clock  D*,  i.e.,  the  clock  D  runs  faster  than  all  the  other 
clocks  on  the  earth.  Suppose  that  at  4:00  p.m.  on  Z)  we 
send  a  signal  to  jD*  that  it  is  4:00  p.m.  Actually,  at  this 
moment  it  is  only  3:30  p.m.  on  all  of  the  other  clocks  on  the 
earth  and  on  the  clock  D*.  But  the  light  signal  from  D  will 
reach  the  observer  in  the  spaceship  and  the  clock  D*  pre¬ 
cisely  at  4:00  p.m.  In  this  example  the  signal-sending 
clock  D  has  the  scale  changed,  whereas  the  receiving  clock 
D*  has  the  same  scale  as  all  the  other  clocks  on  the  earth. 
Hence,  a  distinction  must  be  made  between  the  signal-sending 
clocks  C*  and  D,  and  the  signal-receiving  clocks,  C  and  D*. 

The  foregoing  proposition  of  the  various  time  scales  of  the 
signal-sending  and  signal-receiving  clocks  seems  to  explain 
the  so-called  clock  paradox.  The  dilemma  of  the  length 
contraction  is  treated  in  another  paper  by  the  author. 
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UNDER  reduced  gravity  conditions,  the  free-surface 
shape  of  a  liquid  propellant  in  a  tank  may  be  highly 
curved.  Under  static  conditions,  the  free-surface  shape  is 
determined  by  the  balance  between  surface  tension  forces 
and  gravity  forces.  When  fluid  motion  exists,  whether 
caused  by  effects  of  buoyant  forces  or  by  surface-tension 
gradient,  the  free  surface  may  change  from  its  static  shape. 
Since  the  energy  transfer  across  the  free  surface  and  between 
the  pro])ellant  and  tank  wall  depends  upon  the  free-surface 
shape  and  the  wetted  area,  it  is  of  both  theoretical  and 
practical  interest  to  examine  the  fluid-motion  effects  on  free- 
surface  shape  under  reduced  gravity  conditions. 

The  fluid  motion  under  the  conditions  of  interest  is  gov¬ 
erned  by  the  usual  conservation  equations  in  fluid  dynamics. 
The  main  difference  is  in  the  boundary  conditions  at  the  free 
surface.  However,  the  system  of  equations  with  the  bound¬ 
ary  conditions  is  complex  and  highly  * ‘coupled’^;  its  solution 
is  difficult  without  many  simplifications  and  approximations. 
In  this  study,  the  fluid  motion  effects  will  be  examined  quali¬ 
tatively  by  solving  an  ^‘uncoupled”  problem;  that  is,  the 
free-surface  shape  will  be  calculated  by  assuming  that  the 
free  surface  is  an  axisymmetric  stream  surface  with  given 
axisymmetric  velocity  distributions. 

The  conditions  along  a  stream  surface  may  be  described 
by  Bernoulli's  equation : 

P  +  (pgy/Oc)  +  (puy2gc)  =  Po  (1) 

where  on  the  left-hand  side  are  the  pressure,  gravity,  and 
velocity  heads,  respectively,  for  a  point  on  the  liquid  side  of 
the  free  surface  at  radial  distance  r;  po  is  the  pressure  head 
at  the  origin.  From  a  symmetry  consideration,  the  stream 
velocity  at  the  origin  vanishes.  The  g  field  is  assumed  to 
be  in  the  negative  —y  or  axial  direction. 

Because  of  the  free-surface  curvature,  a  difference  exists 
between  the  liquid  pressure  p  and  the  ullage  pressure  pg : 


_  ^  5  r 

^  r  L(1  +  yrV^Jr 


(2) 


where  cr  is  the  liquid  surface  tension,  and  the  subscript  r 
means  differentiation  with  respect  to  r.  Equation  (2)  re¬ 
duces  to  the  Laplace  equation  when  the  free-surface  shape 
is  spherical.  Since  the  ullage  pressure  is  uniform,  Eqs.  (1) 
and  (2)  may  be  combined  to  yield 


Z  r  1  pgy 

r  L(1  +  gc  ^gc 


2o'?/rr(0)  =  0 


(3) 


where  the  last  term  is  obtained  by  evaluating  the  first  term 
at  r  =  0,  with  the  condition  of  symmetry  i/r(0)  =  0  and  using 
the  L'Hospital  rule.  Now  Eq.  (3)  may  be  nondimension- 
alized  by  introducing  F  —  y/a,  R  =  r/a,  and  V  —  u/um, 
where  a  is  the  tank  radius  and  Um  the  maximum  free-surface 
velocity;  that  is. 


1  r  RFn  1 

R  L(1  +  FR^yf^jn 


-  RF  -  Y  ”  2Fi?«(0)  -  0 


(4) 


where  B  =  pgaP-jagc  =  Bond  number,  and  W  =  paum^l age  = 
Weber  number.  Equation  (4)  is  a  second-order,  nonlinear, 
ordinary  differential  equation  with  the  following  boundary  con¬ 
ditions:  Fj?(0)  =  0,  condition  of  symmetry;  Fr{1)  =  cotO, 
condition  of  satisfaction  of  contact  angle.  Before  solution 
Frr{0)  is  not  known;  its  value  must  be  such  to  satisfy  the  two 
boundary  conditions  and  the  datum  condition  F(0)  =  0. 
Without  solving  the  '^coupled'’  problem,  the  selection  of  the 
velocity  distribution  is  somewhat  arbitrary.  In  addition 
to  the  symmetry  condition  F(0)  =  0  already  mentioned, 
the  no-slip  condition  7(1)  =  0  may  be  used.  From  the 
consideration  of  liquid  stratification  in  a  tank,  the  flow  near 
the  free-surface  center  may  be  similar  to  an  “inverted'' 
axisymmetric  stagnation  flow  with  a  tangential  velocity 
proportional  to  the  radial  distance.  The  flow  near  the  side 
wall  is  more  complicated  and  is  likely  to  be  “separated"  near 
the  “corner"  region.  If  separation  does  not  occur,  then 
the  flow  near  the  side  wall  may  be  similar  to  one-half  of  an 
“inverted,"  oblique,  two-dimensional  impinging  jet.  As  a 
first  approximation,  the  “approach"  velocity  toward  the  wall 
along  the  stagnation  streamline  in  the  jet  is  proportional  to 
the  distance  from  the  wall.  One  of  the  simplest  velocity 
distributions  that  satisfies  the  preceding  behaviors  is  a 
double-sine  distribution  given  by 


(5) 


where  R^  is  the  radial  location  of  Um.  This  velocity  dis¬ 
tribution  will  be  used  for  the  numerical  calculations. 

The  magnitude  of  the  Bond  number  depends  on  the  liquid 
properties,  tank  radius,  and  the  g  level.  For  instance,  B  == 
2  for  liquid  hydrogen,  a  =  10  ft,  and  g/go  =  lO"®.  The 
magnitude  of  the  Weber  number  is  more  difficult  to  deter¬ 
mine.  From  order-of-magnitude  considerations  of  the  effects 
of  side-wall  free  convection  and  surface-tension  gradient. 
Chin'  shows  that,  at  low  g  levels,  the  Weber  number  can  be 
veiy  large.  For  instance,  W  ^  10  for  liquid  hydrogen, 
a  =  10  ft,  g/go  =  10“®,  side-wall  heat  flux  =  1  Btu/ft^-hr, 
and  propellant  height  =  10  ft.  However,  with  the  mathe¬ 
matical  model  used,  and  for  a  given  Bond  number,  contact 
angle,  and  velocity  distribution,  there  exists  a  limiting  Weber 
number  above  which  numerical  solutions  cannot  be  obtained 
=  00  for  R  <  1).  Thus,  the  range  of  the  Weber  number 
of  interest  is  not  unlimited. 

For  small  values  of  B,  Eq.  (4)  may  be  solved  numerically 
by  the  method  of  integral  and  successive  approximations. 
After  each  term  of  Eq.  (4)  is  multiplied  by  RdR  and  then 
integrated  from  F  =  0  to  F  =  R,  the  following  equation 
is  obtained : 


+  f  /;  V.M8  +  B  /;  BMB 

(6) 

The  factor  jF«r(0)  may  be  eliminated  by  applying  the  bound¬ 
ary  condition  at  R  =  1  to  Eq.  (6).  After  manipulations, 
there  results 


R  Fr/{1  +  =  E{R)  (7) 


where 
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E(R)  =  R^cosd  +  ^  VmdR  -R^^  V^RdR^^  + 
B  ff/ FRdR  -  R^  L 
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Equation  (7)  may  be  solved  for  Fr  and  then  integrated  to 
yield 


F  = 


E{R)dR 

[^2  _  ^2(ig)]l/2 


(8) 


Equation  (8)  is  an  integral  equation  for  F  and  may  be  solved 
by  the  method  of  successive  approximations.  For  B  =  0,  no 
successive  approximation  is  required.  For  small  values  of 
Bond  numbers  and  Weber  numbers  (B  <  10,  W  <  5),  ex¬ 
perience  indicates  that  the  convergence  in  the  computer 


Fig.  1  Dimensionless  distribution  of  free-surface  height. 


Fig.  3  Effects  of  Bond  number  and  Weber  number  on 
dimensionless  meniscus  height. 

calculation  is  very  rapid.  For  large  values  of  B  and  TF, 
instability  is  encountered  during  consecutive  approxima¬ 
tions;  therefore,  an  alternate  numerical  method  is  more 
appropriate  for  these  cases. 

The  fact  that  a  limiting  Weber  number  exists  in  the  nu¬ 
merical  solution  may  be  easily  observed  from  Eq.  (8)  for  B  = 
0;  it  corresponds  to  the  smallest  value  of  W  to  make  R  ± 
EiR)  =  0, 

Expressions  for  some  limiting  cases  may  be  obtained  from 
Eq.  (8).  For  instance,  when  B  ~  IF  —  0,  Eq.  (8)  yields 

F  =  (1/Gosd)  [1  -  (1  -  R^  cos2(9)i/2]  (9) 

which  is  an  equation  for  a  circle.  For  R  <s:  1  and  TF  =  0, 
Eqs.  (8)  and  (9)  may  be  used  to  yield  a  first-order  approxi¬ 
mation  for  F: 

F  «  ^  [1  -  (1  -  COS20)l/2]  - 

cose  ‘  ^  '  ' 

B  L  _ 2 _ 

3  cosset  [1  +  (1  -  cosW^] 

/I  +  sine  + 

^  '  (,  T+  sine  )  cos^e)-/^]| 

(10) 

An  alternate  numerical  method  using  the  Runge-Kutta 
technique  of  solving  Eq.  (4)  is  used,  involving  the  iteration 
of  the  values  of  Frr{{S)  to  satisfy  the  correct  value  of  6. 
One  nonlinear  characteristic  of  Eq.  (4)  is  that  Fr  may  change 
from  a  small  number  to  a  very  large  number  in  one  integra¬ 
tion  step,  if  the  initially  assumed  Frr{{S)  is  not  near  the  correct 
value.  To  prevent  computer  overflow,  the  integration  proc¬ 
ess  is  stopped  whenever  |F/z|  >  10^  and  the  iteration  cycle 
is  continued  with  a  more  appropriate  value  of  Frr{Q).  The 
convergence  of  the  numerical  solution  is  rapid  for  all  Bond 
numbers,  provided  that  the  Weber  number  is  less  than  the 
limiting  value. 


Fig.  2  Effects  of  Weber  number  and  location  of  velocity 
maximum  on  dimensionless  meniscus  height. 


Fig.  4  Effects  of  Bond  number  and  contact  angle  on 
dimensionless  meniscus  height. 
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Figures  la-lf  show  the  dimensionless  distribution  of  free- 
surface  height  for  Rm  =  0.5  and  different  values  of  B.  The 
effects  of  the  contact  angle  6  may  be  seen  by  comparison  of 
Figs,  lb  and  Ic.  The  effects  of  Weber  number  on  the  di¬ 
mensionless  meniscus  height  F{1)  are  shown  in  Fig.  2  for 
different  values  of  Rm]  the  limiting  Weber  numbers  are  also 
indicated.  Figure  3  shows  the  effects  of  Bond  numbers  on 
the  meniscus  height  for  6  —  15°,  Rm  =  0.5,  and  different 
values  of  W.  The  meniscus  heights  for  the  static  case  are 
given  in  Fig.  4. 

The  following  conclusions  may  be  drawn  from  Figs.  1-4: 
1)  surface  velocities  have  strong  effects  on  liquid  free-surface 
shai)e  and  meniscus  height;  2)  the  relative  effect  of  Weber 
number  on  the  meniscus  height  decreases  as  the  Bond  number 
increases;  and  3)  for  the  velocity  distributions  selected,  the 
meniscus  height  increases  for  most  cases  as  the  Weber 
number  is  increased  (there  are  excei)tions,  e.g.,  for  the  case 
with  B  ==  0,6  =  75°,  and  Rm  =  0.75). 
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Fig.  2  Schematic  representation  of  the  experiment. 


Fig.  3  Vortex  street  generated  in  the  magnetic  field-free 
region  at  the  start  of  the  run. 


Influence  of  Magnetic  Fields  upon 
Separation 

William  H.  Heiser* 

Massachusetts  Institute  of  Technology, 
Cambridge,  Mass. 

IT  is  well  known  that  rotational  motion  of  a  conductor  is 
resisted  by  induced  currents  if  a  magnetic  field  not  parallel 
to  the  axis  of  rotation  is  applied.  For  example,  a  solid  cy¬ 
lindrical  shell  of  arbitrary  thickness  and  diameter  set  spin¬ 
ning  initially  with  angular  velocity  coo  in  the  presence  of  a 
transverse  magnetic  field  Ro  (Fig.  1)  can  be  shown  to  slow 
down  in  accordance  with  the  equation 

co(0  =  Wo  exp{  — (o'RoV2p)^} 

provided  that  p  and  <j  are  constant  throughout  the  material, 
Z)o«  H,  and  ijlo(tcooDo^  (the  magnetic  Reynolds  number)  «  1. 
The  striking  magnitude  of  this  effect  is  indicated  by  the 


Fig.  1  Solid  cylindrical 
shell  spinning  in  trans¬ 
verse  magnetic  field. 
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Fig.  4  No  vortex  street  can  be  observed  within  the  region 
of  transverse  magnetic  field. 


result  that  the  time  required  for  a  copper  shell  to  slow  to  yV 
of  its  initial  rotational  S])eed  (4.6p/(7Ro^)  in  the  presence  of  a 
transverse  field  of  1  ic/m^  is  only  ^10“^  sec.  The  resistance 
to  radial  current  flow  causes  the  deca^^  time  to  increase 
as  Do/H  increases. 

Experiments  were  conducted  to  demonstrate  this  effect 
upon  the  Karmen  vortex  street  generated  by  a  flat  plate 
moving  with  constant  velocity  through  still  mercury  (Fig.  2) 
at  the  studios  of  Educational  Services  Inc.,  Watertown,  Mass. 
The  experiments  were  photographed  from  above  as  a  grid, 
with  an  apimrent  spacing  apju’oximately  the  diameter  of  the 
individual  vortices,  was  reflected  from  the  mercuiy  surface. 
This  technique  made  the  small  surface  dimples  caused  by 
the  rotating  mercury  quite  visible  as  distortions  of  the  regular 
grid  pattern. 

Figures  3-5  are  three  consecutive  photographs  of  the 
reflected  grid  pattern  taken  during  a  single  constant  velocity 
run  from  left  to  right,  the  flat  plate  being  at  the  extreme  right 
in  each  photograph.  Figure  3  shows  clearly  the  vortex 
street  generated  outside  the  region  of  transverse  magnetic 
field.  Figure  4  gives  no  indication  that  vortices  are  ever 
generated  within  the  region  of  magnetic  field.  Figure  5 
shows  the  resumption  of  the  vortex  street  in  the  region  where 
the  magnetic  field  fringes.  For  the  experiment  shown  in 
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Fig.  5  The  vorlex  street  resumes  in  the  magnetic  field- 
free  region  at  the  end  of  the  run. 

these  photographs,  Reynolds  number  (based  upon  flat-plate 
width)  ^10^,  magnetic  Reynolds  number  (based  upon 
flat-plate  width)  vortex  decay  time  (4.6p/crRo^)  1 

sec,  and  vortex  Dq/H  ^  1. 

Despite  the  fact  that  the  vortex  decay  time  was  long  enough 
to  allow  observation  of  the  persisting  vortices,  none  can  be 
seen  in  the  magnetic  field  region  of  this  experiment. 

Vortices  could  only  be  observed  within  the  magnetic 
field  region  when  the  vortex  decay  time  was  increased  to  ^5 
sec.  In  accordance  with  the  notion  that  the  transverse 
magnetic  field  suppresses  the  rotation  of  existing  vortices, 
the  vortices  observed  within  the  magnetic  field  in  this  case 
did  die  out  much  more  rapidly  than  those  found  outside  the 
magnetic  field. 

These  observations  indicate  that  the  stronger  transverse 
magnetic  field  did  more  than  merely  suppress  the  vortices 
created  by  the  flat  plate,  but  that  the  magnetic  field  altered 
the  separation  characteristics  of  the  boundary  layer  to  pre¬ 
vent  the  formation  of  the  vortex  street.  Although  a  com¬ 
plete  solution  of  the  problem  is  difficult,  the  Karm^n-Pohl- 
hausen  technique  can  be  used  to  determine  whether  magneto¬ 
hydrodynamic  effects  are  large  enough  to  possibly  influence 
separation.^ 

Since  the  still  mercury  can  impress  the  condition  of  zero 
electric  field  upon  the  thin  boundary  layer,  the  current  density 
at  the  wall  of  the  moving  flat  plate  must  be  nearly  (ToUqBo, 
where  Uo  is  the  plate  velocity.  Consequently,  the  momen¬ 
tum  equation  at  the  plate  wall  becomes  approximately 

/d'^u\  dlJ  aUoBo'^ 

and  the  resulting  shape  factor  A'  is,  therefore,  related  to  the 
conventional  shape  factor  A  =  {8^/i/){dU/dx)  through  the 
expression 

A'  =  A{1  +  aBo'^/pidU/dx)} 

Note  that  A'  >  A  because  the  induced  currents  tend  to 
fill  out  the  velocity  profile  and  that  separation  still  occurs 
when  A'  ==  —12.  For  the  experiment  just  described,  o-RoV 
lp{dU/dx)]'^  —1,  indicating  that  the  effect  of  the  induced 
currents  in  the  boundary  layer  upon  separation  cannot  be 
neglected  for  this  case.  Furthermore,  the  Hartmann  number 
(based  upon  flat-plate  width)  for  this  experiment  was  ap¬ 
proximately  100,  which  means  that  the  magnetohydrody¬ 
namic  forces  will  tend  to  decrease  the  absolute  value  of  A'  by 
reducing  5. 

The  results  of  these  experiments,  therefore,  appear  to  be 
quantitatively  in  accord  with  boundary-layer  theory,  and 
they  demonstrate  that  magnetic  fields  can  exert  a  strong 
influence  upon  boundary-layer  separation.  It  was  also 
experimentally  demonstrated  that  a  magnetic  field  transverse 
to  the  axis  of  a  two-dimensional,  wide-angle  diffuser  could 
prevent  boundary-layer  separation. 
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Three-Dimensional  Symmetric  Vortex 
Flow 

A  JIT  Kumar  Ray* 
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Ottawa^  Canada 

Many  problems  of  interest  in  missile  or  aircraft  aero¬ 
dynamics  require  a  detailed  knowledge  of  the  vortex 
flow  due  to  bodies  of  revolution  or  lifting  surfaces,  and  in  the 
following  the  behavior  of  symmetrical  vortex  pattern  in  the 
presence  of  a  semicircular  section  in  the  crossflow  plane  has 
been  explored  with  the  help  of  a  simplified  model  in  which 
the  vorticity  is  moving  along  the  feeding  sheets  into  the  cores 
at  all  times. 

Symmetric  vortex  separation  is  exactly  identified  in  the 
two-dimensional  picture  of  the  wake  development  behind  a 
circular  cylinder.  The  boundary  layer  separates  from  the 
surface  of  the  cylinder  at  the  rearward  stagnation  point,  and 
the  two  separation  points  move  symmetrically  away  from 
this  point  around  the  cylinder.  When  these  boundary- 
layer  separation  points  reach  a  certain  angular  distance 
from  the  rearward  point,  the  two  regions  of  vorticity  break 
away  from  the  boundary  layer  and  proceed  downstream, 
forming  the  wake.  Depending  upon  the  Reynolds  number, 
the  flow  behind  the  cylinder  in  the  wake  is  identified  as  the 
Stokes  flow  (without  the  wake  formation),  symmetric 
vortex  shedding  and  anti  symmetric  vortex  formation  with 
rapid  transgress  into  turbulent  motion  in  the  wake. 

In  the  three-dimensional  flow,  the  foremen tioned  vortex 
separation  is  observed  on  the  leeward  side  of  the  slender  bodies 
of  revolution  at  a  comparatively  large  angle  of  attack  in  the 
subsonic  to  supersonic  range.  If  we  imagine  a  fixed  plane 
in  the  fluid  perpendicular  to  the  axis  of  the  body  of  revolution, 
then  the  body  pierces  the  plane  with  a  velocity  C7  sina,  a  being 
the  local  body  angle  of  attack  and  U  the  velocity.  Now, 
considering  the  case  in  which  the  expanding  circle,  as  the 
nose  pierces  the  plane,  changes  slowly  with  a;,  x  being  taken 
in  the  direction  of  the  body  axis,  the  flow  in  the  crossflow 
plane  can  be  looked  upon  as  the  two-dimensional  one.  Such 
a  procedure  will  not  be  invalid  in  view  of  the  conical  flow 
assumption  in  the  slender  body  theory. 

In  the  present  problem  of  flow  past  a  half  cone,  the  flow 
in  the  crossflow  plane  can  be  solved  by  choosing  a  suitable 
transformational  function  that  will  map  the  flow  plane  con¬ 
formally  past  the  semicircle  section  into  the  flow  in  the  cross¬ 
flow  plane  past  a  circular  section, ^  Designating  the  physical 
plane  (i.e.,  the  semicircle  plane)  by  the  Z  plane  and  the  trans¬ 
formed  plane  (i.e.,  the  circle  plane)  by  the  r  plane,  the  ap¬ 
propriate  transformation  mapping  the  flow  conformally 
between  the  two  planes  is  given  by 


/Z  -  3(3)i/W4^ 

/r  - 

\Z  +  3(3)‘'W4j 

'  “  \  T  +  / 

where  C,  the  center  of  the  circle,  has  been  taken  as  the  origin 
in  the  r  plane,  and  infinity  has  been  preserved  during  the 
transformation  in  both  planes.^ 


Received  July  16, 1964. 

*  Employee.  Member  AIAA. 


DECEMBER  1964 


TECHNICAL  NOTES 


2219 


The  flow  in  the  circle  plane  (i.e.,  r  plane)  has  been  studied^ 
by  writing  down  the  complex  potential  function  in  the  follow¬ 
ing  way: 

F{t)  =  (j) 

=  —iUa{T  —  a^lr)  —  iT/2'ir  log[(T  tq)  X 

(r  +  a}/T^/{r  +  fo)(r  —  a^/fo)]  (2) 

<!>  and  4/  being  the  potential  and  stream  functions  of  the  flow 
in  the  crossflow  plane,  (ro,  —  fo)  the  coordinates  of  the  centers 
of  the  vortex  cores,  a  the  local  body  angle  of  attack  (a  being 
assumed  small),  and  V  the  strength  of  the  vortex. 

Then  considering  the  points  T{=  and  L(  = 

—  as  the  stagnation  points  of  the  flow,  we  finally 
get,  after  some  algebraic  simplification,  the  following  relation: 

r/27ra[7eo  _ 

(a/eo) 

{ae  +  h)  ifle  +  rp) 

a(To  +  ro)(rofo  —  a^) 

(3) 

where  eo  is  the  semivertical  angle  of  the  cone  in  the  circle 
plane.  Another  boundary  condition  is  needed  for  the  de¬ 
termination  of  the  flow  that,  for  the  present  simplified  model 
of  the  actual  flow,  is  the  condition  of  zero  net  force  on  the 
feeding  vortex  sheet,  because  the  assumed  vortex  sj'Stem 
(the  feeding  vortex  sheet  and  the  concentrated  vortex)*  must 
have  a  zero  net  force  acting  on  it  since  only  the  conical  sur¬ 
face  and  not  the  fluid  can  sustain  the  forces.  Aj^plication  of 
this  idea  to  the  model  then  requires  that  the  forces  on  the 
feeding  vortex  sheet  be  canceled  by  equal  and  o]:)posite  forces 
on  the  concentrated  vortex,  and  mathematically  this  leads 
to  the  following  relation: 

—  f(a/eo)(l  +  aVro^)  —  fr/27rat/€o{  [aro/Cro^  +  a^)]  — 

[a/(ro  +  fo)]  -  [ah/(rofo  -  a^)]}  =  (2fo/a  -  e-^^)  (4) 

Now  the  relations  (3)  and  (4)  will  determine  tq  (i.e.,  the 
coordinate  of  the  vortex  center)  as  a  function  of  (a/eo), 
(a/ Co)  being  the  dimensionless  body  angle  of  attack,  and 
thus  the  locus  of  the  vortex  center,  and  further,  the  functional 
relationship  between  r/27raC/to  ai^d  (a/eo),  which  are  needed 
for  the  complete  evaluation  of  the  problem.  From  the 
knowledge  of  the  flow  in  the  circle  plane  (i.e.,  r  jflane),  the 
flow  in  the  physical  plane  (i.e.,  Z  plane)  can  be  determined 
by  the  help  of  the  transformation  given  in  Eq.  (1). 

The  lift  function  in  the  present  case  can  be  calculated 
with  the  help  of  the  momentum  consideration, i.e., 

L  =  ~pU  Re  F(Z)  dz]  (5) 

where  Re  stands  for  the  real  ]mrt  of  the  expression  under  the 
sign  of  integration  and  Ci  is  the  contour  just  containing  the 
wake,  or 

t- (6) 


where  the  integration  is  being  carried  out  at  a  large  distance 
from  the  wake  in  the  circle  plane;  by  the  usual  complex 
integration  technique,  it  follows  that 

=  6.213  (aAi)  +  4.734(a:/ei)F(«/6i) 

where  Cl  is  the  lift  coefficient  defined  by  the  relation  Cl  = 
L/{pU^S/2),  S  being  the  area  of  the  curved  surface  of  the 
semicone,  ei  the  semiaperture  of  the  half-cone  in  the  physical 
plane  (ei  ^  1.30eo  approximately),  and 


{ae  —  ro)(ae  fo){ae  —  To){ae  +  fp) 

a^roTo 


to  which  the  right-hand  expression  can  be  reduced. 


Since  {a/ eO  is  a  function  of  the  space  coordinates,  F{a/ei)  is 
assumed  to  be  analytic  in  the  ring  region  bounded  by  the  two 
concentric  circles  (the  inner  one  being  the  circle  of  radius  a 
forming  the  conical  surface  in  the  r  plane  and  the  outer  one 
being  a  large  circle  in  the  wake  in  the  r  plane),  and  it  may 
be  expressed  as 

F{a/ei)  =  [(A-i)/(a/ei)  +  +  Ai{a/ei)  +  .  .  .] 

[an  expansion  similar  to  Laurent’s  series  stopping  at  the  left 
at  l/(a/€i),  since  the  lift  coefficient  can  not  be  infinite  as 
(«/ei)  0)  so  that 

=  4.734  A-i  (a/eO  [6.213  +  4.7Ao .  .  .]  (7) 

so  that  when  (a/ei)  0,  (Cl/^i^)  becomes  equal  to  4.734 
where  A-i  may  be  either  positive  or  negative.  However, 
one  may  attempt  to  evaluate  the  case  of  {a/ €i)  — ^  0,  i.e.,  for 
zero  angle  of  attack,  directly. 

The  equation  to  the  conical  surface  (namely  the  half¬ 
cone)  ^  can  be  written  as 

Z^=f{x,y)  =  {KV  -  2/^)  1/2  (8) 

where  K  =  tanei,  €i  being  the  semivertical  angle  of  the  semi¬ 
cone,  and  the  orientation  of  the  coordinates  is  the  following: 
the  X  axis  is  parallel  to  the  direction  of  the  main  flow,  the 
y  axis  points  toward  the  starboard,  and  the  z  axis  points 
upward. 

The  proper  boundary  condition  (of  the  three-dimensional 
flow)  to  be  satisfied  at  any  point  on  the  conical  surface  is 
given  by“ 

ti;  -  V{b!/bx)  -  0 


i.e., 

^/U  =  (d//d.r)  =  KH/{KV  -  2/2)i/2  (9) 

where  w  is  the  induced  velocity  of  the  flow  in  the  Z  direction, 
and  V  is  the  mainstream  flow  in  the  x  direction. 

If  r  is  the  circulation  around  any  section  of  the  half-cone, 
the  normal  induced  velocity  at  any  point  yi  of  the  span  is 
determined  by  the  relation 


w{yx)  = 


1  dV/dy  , 

I 

47r  J  -s  yi-  y 


where  s  =  Kx  in  the  pre.sent  case.i  Putting  y  =  —s  cos^ 
where  $  varies  from  0  to  tt  across  the  span  of  the  semicircle, 
the  circulation  T  may  be  expressed  in  a  Fourier’s  series: 


CO 

r  =  An  sinn^ 

1 

the  values  of  the  coefficients  An  must  be  determined  in  ac¬ 
cordance  with  the  two  equations  connecting  T  and  w.  The 
normal  induced  velocity  at  the  point  yi  or  6i  of  the  semi¬ 
circle  becomes 


XnAn  cos/10 
(cos0  —  COS0i) 


dd 


“  sinn0i 

JJ  ^  ]  71  An  .  '  * 

^  sin0i 


and  therefore, 


—  (5//c).r)  [from  condition  (9)] 
from  which  we  find  that 


A„(l  —  cos/itt)  =  r7r/2 


The  lift  function 

L  =  pUT  dy 

and  therefore,  the  lift  coefficient  is  given  by 
=  (ir/0.845)(ai/a)2 
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where  ai  =  Kx  =  s;  in  the  present  case,  it  is  the  radius  of  the 
semicircle  in  the  physical  plane,  and  a  is  the  radius  in  the 
transformed  plane. 


Remarks 

It  may  be  remarked  here  in  this  connection  that,  in  the 
Brown  and  Michael  work,^  the  condition  of  zero  net  force 
configuration  has  been  satisfied  in  the  physical  plane  (i.e., 
the  delta-wing  plane).  The  transformed  plane,  i.e,,  6  plane, 
has  been  brought  in  the  picture  to  facilitate  the  formulation 
of  the  potential  flow  corresponding  to  the  physical  plane. 
However,  in  the  present  problem,  the  flow  investigation  has 
been  carried  out  in  the  transformed  plane  because  the  condi¬ 
tion  of  zero  net  force  configuration  of  the  vortex  sheet  and 
the  concentrated  vortex  can  be  satisfied  in  the  transformed 
plane,  since,  in  this  plane  also,  the  flow  separates  from  the 
surface,  and  the  vortex  sheet  is  formed  from  the  feeding  points 
on  either  side  of  the  body.  It  is  true  that,  depending  upon 
the  geometrical  shape  of  the  body  in  the  crossflow  plane,  the 
geometrical  shape  of  the  locus  of  the  vortex  center  will  also 
change;  this  is  being  reflected  in  some  of  the  analytical 
derivations  in  the  transformed  as  well  as  in  the  physical 
plane.  One  can  easily  write  down  the  analytical  relations  in 
the  physical  plane  in  the  following  way.  In  place  of  Eq. 
(1),  we  start  with  the  equation 

/r  -  ae  (Z  -  [3(3)^/V4]a 

\r-\-ae  +  [3(3)i/V2]a 

from  which  we  put 

r/a  =  f{Z/a)  (11) 


where 


{1  +  [3(3)»V4](a/Z)p/^  +  {1  -  [3(3)»V4](a/^)}^'» 
jl  +  [3(3)i'V4](a/Z)}«3  -  {1  -  [3(3)»V4](a/Z))’*/=  ^  '' 

The  equation  corresponding  to  Eq.  (2)  can  be  written  as 
F{Z/a)  =  -iUaaif  -  1//)  -  ir/2w  log(/  -  /„)  - 
iT/2\  log(/  +  l//o)  +  ir/2\  log(/  +  Jo)  + 

ir/2X  log(/  -  l/7o)  (13) 

The  lift  function  can  be  written  down  in  the  following  waj^: 

L  (x)  =  the  sectional  lift  in  the  crossflow  plane 

=  -pU  Re  f/(Z)  dZ  j  =  21  irpUVa  + 

rrr^  (/o  +/o)(/o/o  “  1) 

pUTa  - -rj - 

JoJo 


or,  expressing  the  lift  coefficient  Cl  as  defined  earlier,  we 
find  that 


Cl 


+  4.741 


r 

2'iraUei 


(/o+/o)(/o/o-  1) 
/o/o 


However,  the  stagnation-point  consideration  in  the  physical 
plane  (cf.,  Eq.  3)  leads  to  the  following  equation: 


r/27raU6i  ^  (/i  -  /o)(/i  +  /q)(/o  +  /i)(Ji  -  /o) 
(aA0“  (fo+/o)(/o/o-  1) 


and  therefore, 

(/l  ~  /o)(/l  +/o)(/o  +/l)(/l  — /o) 

Afo 


(15) 


The  condition  of  zero  net  force  configuration  in  the  physical 
plane  now  becomes 


iT 


1 


iT  _ 

27r  /o 


27r  f/o  +  (l//o)]  ■  27r/o-  (l//o) 

1 

{df/dZ)o 


+  /oJ  4rr(/„')^  ^  A  «i  ) 


+ 


(16) 


In  case  f"(Z/a)  can  be  neglected  (which  is  possible  only 
when  the  vortex  center  is  very  close  to  the  feeding  point)  Eq. 
(16)  becomes  equivalent  to  Eq.  (4)  if  we  can  interpret  (df/ 
dZ\  as  the  magnification  of  the  scale  of  transformation  be¬ 
tween  the  physical  plane  and  the  transformed  plane. 
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Torque  on  a  Satellite  Due  to 
Gravity  Gradient  and  Centrifngal  Force 

Philip  S.  Cakeoll* 

The  Bendix  Corporation,  Ann  Arbor,  Mich. 

IN  order  to  analyze  the  rotational  dynamics  of  earth-orbit¬ 
ing  satellites  during  the  preliminary  design  of  their  atti¬ 
tude  control  systems,  it  is  customary  and  usually  necessary 
to  determine  the  approximate  values  of  gravity-gradient 
torques  on  the  satellites.  Very  often  these  values  are  based 
strictly  on  the  gradient  in  gravitational  force  across  the  dis¬ 
tributed  mass  of  the  satellite.  For  the  case  of  a  symmetric 
satellite  in  a  circular  orbit,  such  values  might  typically  be 
calculated  using  the  expression  given  by  Nidey.^  When 
this  expression  [Eq.  (18)  of  Ref,  1]  is  written  in  scalar  form, 
the  result  is 


n=  -  It)  (1) 

where 

To  =  magnitude  of  the  instantaneous  gravity-gradient 
torque  vector,  ft-lb 
coo  =  orbital  revolution  rate,  rad/sec 
Is  =  moment  of  inertia  about  the  axis  of  symmetry, 
slugs-ft^ 

7 1  “  transverse  moment  of  inertia,  slugs-ft^ 

/3'  —  angle  from  the  symmetry  axis  to  local  vertical  (when 
Is  <  It)  or  the  horizontal  plane  (when  Is  >  It),  rad 

The  torque  acts  about  the  transverse  body  axis  that  lies 
instantaneously  in  the  horizontal  plane,  and  the  torque  di¬ 
rection  is  such  as  to  decrease  There  are  several  examples 
in  the  literature  wherein  expressions  equivalent  to  Eq.  (1) 
are  used  to  derive  values  of  gravity-gradient  torques. 
These  results  imply  erroneously  that  their  results  give  a 
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com])lete  indication  of  the  torque  that  tends  to  orient  a 
satellite  axis  of  minimum  moment  of  inertia  along  the  local 
vertical. 

Actually,  there  is  another  external  torque  due  to  the  na¬ 
tural  space  environment,  of  the  same  form  as  Eq.  (1),  which 
also  tends  to  orient  an  axis  of  minimum  moment  of  inertia 
along  local  vertical.  This  torque  is  due  to  the  gradient  in 
centrifugal  force  on  particles  of  the  satellite  caused  by  minute 
differences  in  the  radial  distances  to  the  particles  from  the 
center  of  curvature  of  the  orbital  path.  As  given  by  Davis,® 
the  value  of  the  centrifugal-force-gradient  torque  is 

Tc  =  ii)cooKL  -  It)  sm2l3''  (2) 

where  is  the  angle  from  the  symmetry  axis  to  either  the 
plane  of  the  orbit  (when  Is  <  1 1)  or  a  normal  to  the  plane  of 
the  orbit  (when  Is  >  It)  in  radians.  The  torque  acts  about 
the  transverse  body  axis  that  lies  instantaneously  in  the  orbit 
l)lanc,  and  the  torque  direction  is  such  as  to  decrease  /3". 
Some  references  include  this  torque  as  part  of  the  total 
“gravity-gradient”  torque.^’  * 

The  vector  sum  of  the  gravity-gradient  torque  and  the 
torque  due  to  centrifugal-force  gradient  is  a  total  torque 
vector  that  also  tends  to  decrease  and  Both  the 
magnitude  and  direction  of  the  total  torque  vector  vaiy  as 
either  /?'  or  varies,  and  the  general  expressions  for  the 
com])onent  magnitudes  of  the  total  torque  are  quite  complex. 
Therefore,  the  succeeding  derivations  are  limited  to  special 
cases  and  average  values. 

When  the  total  torque  vector  is  horizontal  and  in  the  orbit 
j)lane,  its  magnitude  is 

T,  =  (|)a)o2(/.  -  It)  sin2/5  (3) 

where  is  the  angle  from  the  symmetry  axis  to  the  orbit 
])lane  for  either  h>  1 1  or  h  <It>  This  case  occurs  when  the 
symmetry  axis  is  in  a  vertical  i)lane  normal  to  the  orbit  plane, 
and  it  illustrates  the  direct  addition  of  the  gravity-gradient 
and  centrifugal-force-gradient  contributions.  The  result  is 
the  maximum  possible  torque  for  a  given  value  of  /S.  When 
the  total  torque  vector  is  vertical,  its  magnitude  is 

n  =  {h)<^,KIs  -  It)  sin2/3  (4) 

This  occurs  when  the  symmetry  axis  is  horizontal,  and  it 
illustrates  the  case  when  only  the  centrifugal  torque  is  ef¬ 
fective.  The  result  is  the  minimum  possible  torque  for  a  given 
value  of  /3.  Between  these  two  extremes,  the  total  torque 
vector  varies  sinusoidally  in  magnitude  as  a  function  of 
symmetry-axis  orientation. 

To  determine  the  average  total  torque  value  per  orbit,  for 
a  fixed  orientation  of  the  symmetry  axis,  the  two  contribu¬ 
tions  are  considered  se])arately.  The  average  gravity- 
gradient  torque  is  given  in  Ref.  1  as 

T.av  =  (f)coo2(/3 sin2/3  (5) 

where  /S'  can  be  replaced  by  /S  because  of  the  averaging. 
The  instantaneous  torque  components  normal  to  the  orbit 
plane  all  cancel  out  over  one  orbit,  and  the  resulting  average 
torque  vector  is  in  the  orbit  plane.  The  average  centrifugal- 
force-gradient  torque  is 

Tcav=  {h)mKL-It)^m2fi  (6) 

where  13"  of  Eq.  (2)  can  be  replaced  here  by  /5  because  of  the 
averaging.  The  directions  of  the  two  average  torque  con¬ 
tributions  of  Eqs.  (5)  and  (6)  are  the  same,  and  thus  they  are 
added  directly.  Therefore,  the  average  torque  due  to  gravity 
gradient  and  centrifugal  force  is 

Tav  -  mo^oKIs  -  It)  Sin2^  (7) 

When  Is  <  It,  the  torque  direction  is  such  as  to  decrease 
to  zero;  when  L  >  It,  its  direction  is  such  as  to  increase  /S  to 
90°.  Thus,  Eq.  (7)  represents  exactly  the  same  type  of 
moment  as  Eq,  (5)  [Eq.  (23)  of  Ref.  1].  However,  an  im- 


Fig.  1  Orientation  of  spin  axis  in  plane  and  its  angle  (8 
from  orbit  plane. 

provement  has  been  made  by  the  increase  in  magnitude  due 
to  the  centrifugal-force  gradient.  Therefore,  Eq.  (7)  should 
be  used  for  the  determination  of  average  “gravity-gradient” 
torques  in  preference  to  other  expressions  that  do  not  account 
for  the  gradient  in  centrifugal  force. 

Probably  the  most  useful  application  of  average  values  of 
gravity-gradient  and  centrifugal-force-gradient  torques  is  in 
the  dynamic  analysis  of  spinning  satellites.  Since  the  spin 
axis  maintains  a  relatively  fixed  orientation  in  inertial  space, 
the  value  of  /3  in  Eq.  (7)  is  constant  over  the  time  period  of 
one  orbit  for  which  the  average  value  is  taken.  Therefore, 
if  the  torque  of  Eq.  (7)  can  be  resolved  into  torque  components 
acting  about  the  satellite  body  axes,  the  equations  of  motion 
for  precession  due  to  gravity-gradient  and  centrifugal  force 
can  be  written. 

For  this  purpose,  it  is  first  assumed  that  the  spin  axis  does 
not  drift  far  from  the  orbit  ])lane,  so  that  13  is  small.  3'hus 
sin2/3  =  2/3,  and  Eq.  (7)  is  linearized.  Next,  is  expressed 
in  terms  of  the  Euler  angles  of  the  spin  axis  from  its  initial 
orientation  in  inertial  space.  This  can  be  done  by  observing 
the  spin-axis  orientation  in  the  6-\p  plane  relative  to  the  orbit 
plane.  The  angles  6  and  are  the  Euler  angles  representing 
the  deviation  of  the  spin  axis  from  its  initial  orientation.  In 
Fig.  I  the  orbit  ifiane  is  shown  as  its  intersection  with  the 
6-^  plane,  which  is  normal  to  the  initial  spin  axis  orienta¬ 
tion,  and  the  angles  p  and  y  represent  the  orbit-plane  orienta¬ 
tion.  By  a  geometrical  construction  in  Fig.  I,  it  can  be 
shown  that 

P  =  —xp  cosy  +  (0  +  p)  siny  (8) 

Thus,  by  substitution  into  Eq.  (7),  the  total  torque  on  a 
si)inning  satellite  due  to  gravity-gradient  and  centrifugal 
force  is  given  as 

T  =  (^)woVs  -  It)  [-  yp  cosy  +  (0  +  p)  siny]  (9) 

The  torque  vector  is  in  the  orbit  plane,  and  it  can  be  resolved 
into  satellite  transverse  body  axes  by  a  simple  transformation 
through  the  rapidly  changing  Euler  angle  (p.  Since  (p  = 
oist,  the  body-axis  torques  vary  sinusoidally  at  the  spin  rate. 
Thus, 

Ty  =  -(DcooH/s  -  Idl-ypGosy  +  (^  +  p)  siny]  X 

sin(y  —  co«0  (10) 

T.  =  (f)cooH/s  “  Ii)l-ypcosy  +  ((9  +  p)  X 

siny]  cos(y  —  cast)  (H) 

References 

^  Nidey,  R.  A.,  “Gravitational  torque  on  a  satellite  of  arbi¬ 
trary  shape,”  ARS  J.  30,  203-204  (I960). 

2  Roberson,  R.  E.,  “Gravitational  torque  on  a  satellite  ve¬ 
hicle,”  J.  Franklin  Inst.  265,  13-22  (January  1958). 


2222 


AIAA  JOURNAL 


VOL.  2,  NO.  12 


3  WigginS;  L.  E.,  ‘‘Relative  magnitudes  of  the  space-environ¬ 
ment  torques  on  a  satellite,”  AIAA  J.  2,  770-771  (1964). 

^  Nesbit,  R.  A.,  “Gravity  gradient  torques,”  Aerospace  Corp., 
A-61-1732.2-18  (May  1961). 

®  Frick,  R.  H.  and  Garber,  T.  B.,  “General  equations  of  mo¬ 
tion  of  a  satellite  in  a  gravitational  gradient  field,”  The  Rand 
Corp.,  RM-2527  (December  1959). 

®  Davis,  W.  R.,  “Determination  of  a  unique  attitude  for  an 
earth  satellite,”  Lockheed  Aircraft  Corp.,  LMSD  2132A  (AD 
264958)  (1957). 

'  Michelson,  I.,  “Coupling  effects  of  gravity-gradient  satellite 
motions,”  ARS  J.  32, 1735  (1962). 

3  Fischell,  R.  E.  and  Mobley,  F.  F.,  “A  system  for  passive 
gravity-gradient  stabilization  of  earth  satellites,”  The  Johns 
Hopkins  Univ.,  Applied  Physics  Lab.,  TG  514  (August  1963). 


Modification  of  the  Hydrazine- 
Nitrogen  Tetroxide  Ignition  Delay 
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IGNITION  delay  measurements  were  made  on  the  system 
hydrazine-nitrogen  tetroxide,  and  the  effect  of  additives 
on  the  ignition  delay  time  was  determined.  The  apparatus 
used  was  of  the  type  developed  by  Kilpatrick  and  Baker,  ^ 
but  was  modified  as  described  below.  Delay  times  were  both 
shortened  and  lengthened  by  additives,  but  the  majority  of 
the  compounds  tested  tended  to  shorten  the  ignition  time. 

Vapor-phase  studies  of  the  hydrazine-nitrogen  tetroxide 
system  have  been  reported  in  the  literature,  ^  and  a  thermal 
rather  than  free  radical  reaction  mechanism  has  been  proposed 
for  the  reaction.  Studies  of  liquid  phase  interactions  of 
hydrazine  and  nitrogen  tetroxide  have  been  concerned  pri¬ 
marily  with  explosion  hazards,^  hence,  ignition  delay  times 
were  not  reported.  The  purpose  of  the  experiments  reported 
here  was  to  determine  the  effect  of  additives  on  the  ignition 
delay  time  for  liquid  nitrogen  tetroxide  and  hydrazine.  Ad¬ 
ditives  were  selected  with  the  hope  that  a  clue  to  the  reaction 
mechanism  could  be  obtained  from  the  delay  data.  For 
example,  thermal  moderators,  free  radical  traps,  free  radical 
sources,  and  surface  active  agents  were  used.  The  latter 
agents  were  used  because  of  suspected  immiscibility  of  the 
two  reactants.  The  fact  that  nitrogen  tetroxide  and  hydra¬ 
zine  are  immiscible  was  subsequently  proved  by  photograph¬ 
ing'^  the  dropwise  addition  of  N2O4  to  N2H4. 

Apparatus  and  Experimental  Procedures 

The  apparatus  for  the  measurement  of  ignition  delay  times 
consisted  of  a  reaction  chamber  of  approximately  450-cm3 
volume,  two  injection  pistons  of  0.515-and  0.466-in.  diam  and 
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0.375-in.  stroke,  and  a  driving  piston  that,  when  acted  upon 
by  compressed  gas,  drove  the  two  small  pistons  simultane¬ 
ously.  The  drive  gas  was  contained  in  an  accumulator  bottle 
of  about  l-ft^  volume  at  1500  psig  and  was  released  by  a  quick 
acting  solenoid  valve  (90%  open  in  2  msec) . 

Hydrazine  was  contained  behind  the  larger  of  the  two  in¬ 
jection  pistons;  thus,  all  measurements  were  made  at  a  vol¬ 
ume  ratio  N2H4/N2O4  =  1.22.  Valves  located  in  the  casing 
surrounding  the  small  pistons  facilitated  refilling  between 
runs.  An  overflow  was  incorporated  into  the  fill  system  to 
insure  the  absence  of  gas  bubbles.  The  propellant  storage 
spaces  were  sealed  from  the  reaction  chamber  by  5-mil  teflon 
disks,  which  were  held  in  place  by  washers  and  lock  bolts. 
Each  of  the  lock  bolts  was  drilled  with  a  0.060-in  hole  that 
constituted  the  injection  orifice.  The  two  streams  were  in¬ 
jected  at  90°  to  each  other  in  a  swirl  chamber,  resulting  in 
tangential  mixing.  The  reaction  chamber  was  cleaned  after 
each  run  and  was  flushed  with  nitrogen  for  20  min  prior  to 
each  measurement. 

Delay  time  was  measured  by  photographing  an  oscillo¬ 
scope  trace  that  recorded  both  light  emission  and  pressure. 
The  photocell  pickup  was  located  in  the  end  of  the  reactor  to 
insure  the  maximum  view  of  the  reaction  chamber.  The 
photocell  amplifier  was  operated  at  maximum  gain  to  insure 
the  detection  of  the  initial  light  release.  The  pressure  sen¬ 
sor  was  mounted  flush  with  the  inner  wall  of  the  reactor  and 
was  located  3  in.  from  the  injection  ports. 

In  initial  runs,  a  1-mil  teflon  seal  was  used  between  pro¬ 
pellants  and  reaction  chamber.  It  was  observed  in  these 
runs  that  light  was  emitted  coincident  with  a  small  pressure 
rise  and  that  the  more  rapid  pressure  rise  conventionally 
associated  with  ignition  occurred  later.  It  was  also  dif¬ 
ficult  to  obtain  reproducible  results  in  these  experiments.  This 
initial  small  pressure  rise  was  identified  as  ignition  by  N2O4 
vapor,  which  had  prematurely  leaked  by  the  teflon  disk  and 
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Fig.  1  Ignition  delay  data  where  an  asterisk  indicates 
that  the  substance  is  added  to  N2O4. 
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was  eliminated  by  substitution  of  the  5-mil  teflon.  In  suc¬ 
ceeding  experiments,  the  light  emission  and  sharp  pressure 
rise  occurred  nearly  simultaneously,  the  light  preceding  the 
pressure  rise  on  the  average  of  0.1  msec.  Since  the  light 
deflection  values  can  be  read  more  accurately  from  the  photo¬ 
trace,  it  is  these  values  that  are  reported  here. 

Olin  Mathieson  technical  grade  anhydrous  hydrazine 
density  1.004,  which  was  certified  by  the  manufacturer  to 
contain  1.4%  water  and  0.005%  insoluble  matter,  was  used 
without  further  purification.  Nitrogen  tetroxide,  having  a 
reported  minimum  purity  of  99.5%,  was  obtained  from  the 
Mathicscn  Company  and  was  also  used  directly  as  supplied. 

Results 

A  summary  of  the  ignition  delay  data  for  the  hydrazine- 
nitrogen  tetroxide  system,  both  with  and  without  additives,  is 
shown  graphically  in  Fig.  1.  The  values  given  in  Fig.  1  were 
obtained  by  normalizing  on  an  average  delay  time  value  for 
hydrazine.  This  was  necessary  because  slight  differences 
in  delay  times  were  observed  for  pure  hydrazine  during  the 
course  of  the  experimental  program  when  it  became  necessary 
to  change  to  a  new  lot.  In  the  graph,  the  dots  represent  the 
average  delay  times  and  the  horizontal  lines  the  average  errors 
for  each  set  of  determinations.  In  most  cases,  the  delay  time 
was  obtained  as  the  average  of  three  separate  measurements. 
The  error  limits  are  small  enough  to  establish  that  the 
additives  are  effecting  real  changes  in  the  delay  times. 
The  large  spread  of  values  obtained  in  the  runs  with  carbon- 
tetrabromide  is  attributed  to  chemical  reaction  with  the 
hydrazine,  since  a  pressure  build-up  in  the  hydrazine  stor¬ 
age  indicated  a  slow  reaction  with  carbontetrabromide. 

With  the  exception  of  iodine,  which  was  added  to  the  nitro¬ 
gen  tetroxide,  all  additives  were  dissolved  in  the  hydrazine. 
The  numbers  in  parenthesis  in  Fig.  1  indicate  the  concentra¬ 
tion  of  additive  in  weight  percent.  In  a  few  cases,  indicated 
by  (s)  in  Fig.  1,  the  additive  was  only  partially  soluble  in  the 
hydrazine.  In  these  cases,  1%  of  additive  was  placed  in 
the  hydrazine,  the  liquid  was  agitated  until  no  more  additive 
appeared  to  be  dissolving,  and  the  resulting  saturated  hy¬ 
drazine  solution  was  then  decanted  from  the  remaining 
undissolved  additive. 

The  fact  that  delay  times  were  shortened  with  surfactant 
FC-126  and  Santomerse  85,  two  surface  active  agents,  in¬ 
dicates  that  solubility  of  the  two  reactants  is  a  factor  in  the 
delay  times.  Two  possible  intermediates  in  the  reaction, 
hydrazine  nitrate  and  ammonium  nitrate,  also  reduced  the 
ignition  time. 

In  one  set  of  experiments  the  reactor  was  flushed  with  N2O4 
instead  of  nitrogen,  and  the  delay  time  for  N2H4-N2O4  without 
additives  was  measured.  As  exijected,  a  significant  decrease 
in  the  ignition  delay  time  w^as  observed.  These  results  are  in 
agreement  with  those  observ^ed  for  the  triethylamine-nitric 
acid  reaction,®  w^here  the  delay  times  became  shorter  w^hen  the 
initial  gas-phase  oxidant  concentration  (O2  or  N2O4)  was 
increased.  It  is  reported,®  in  fact,  that  shortest  delay  times 
were  obtained  w^hen  nitrogen  tetroxide  was  substituted  for 
air  in  the  bomb  reactor.  Acceleration  by  gas-phase  oxi¬ 
dant,  coupled  with  the  fact  that  most  gas-phase  reactions 
involve  free  radical  mechanisms,  makes  us  believe  that  the 
hydrazine-nitrogen  tetroxide  reaction  proceeds  by  a  free 
radical  mechanism,  although  the  delay  reported  here  does 
not  conclusively  support  this  view. 
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Payload  Scaling  Laws  for  Boost  Rockets 

Donald  van  Zelm  Wadsworth* 

Bell  Telephone  Laboratories,  Inc.,  Whippany,  N.  J. 

Explanatory 

For  a  given  change  in  payload  w^eight,  we  wish  to  deter¬ 
mine  what  compensatory  changes  (i.e.,  scaling)  must  be 
made  in  other  rocket  parameters  (such  as  thrust  and  initial 
stage  W' eights)  in  order  that  the  final  burnout  position,  ve¬ 
locity,  and  time  be  unaffected.  This  is  a  problem  of  interest 
in  jireliminary  design  studies  wKen  numerical  data  generated 
for  one  payload  are  to  be  a])plied  to  other  payloads.  In  this 
article,  w^e  determine  the  scaling  laws  that  leave  a  boost 
rocket  trajectory  invariant  to  payload  weight  changes. 
These  laws  are  different  from  the  usual  “payload  exchange 
i*atios”  used  in  mission  design  w-here  only  the  characteristic 
velocity  is  held  invariant. 

Derivation  of  Scaling  Laws 

The  rocket  parameters  appearing  explicitly  in  the  differ¬ 
ential  equations  of  motion  must  be  invariant  to  changes  in 
payload  weight  if  the  trajectoiy  is  to  be  unaltered.  The 
invariant  parameters  can  be  found  by  examining  the  equa¬ 
tions  of  motion : 

a  =  (F/77i)t  —  (D/m)r  —  g 

w^here  a  is  the  acceleration,  r  a  unit  vector  parallel  to  the 
rocket^s  longitudinal  axis,  g  the  acceleration  of  gravity,  m 
the  mass,  F  the  thrust,  and  D  the  drag  force.  We  assume 
thrust  and  drag  act  parallel  to  the  longitudinal  axis.  We 
neglect  lift  for  the  jnesent  discussion,  since  angles  of  attack 
are  small  during  the  gravity  turn.  This  will  not  affect  the 
generality  of  the  scaling  law\s.  Boldface  characters  denote 
vector  quantities. 

The  thrust^  consists  of  a  momentum  thrust  Fm  and  a  pres¬ 
sure  thrust  Fp : 

Fm  =  Pcr~^af(y,  r) 

Fp  =  a{pe  -  p) 

w^here  pc  is  the  design  chamber  pressure  of  the  rocket  motor, 
Pe  the  pressure  at  the  exit  of  the  nozzle,  p  the  ambient  pressure 
(a  function  of  altitude),  7  the  ratio  of  the  specific  heats  of 
the  exhaust  gases,  r  the  ratio  of  the  nozzle  area  at  the  exit 
to  the  area  at  the  throat,  a  the  cross-sectional  area  of  the 
nozzle  exit,  and  /(  )  denotes  “function  of.”  For  scaling, 
w^e  shall  assume  that  the  parameters  7,  pc,  Pe,  r  are  invariant. 
It  turns  out  that  vacuum  specific  impulse  (a  property  of  the 
propellant)  must  be  an  invariant,  so  that  it  is  reasonable  to 
assume  7  to  be  invariant.  The  only  thrust  parameter  to  be 
scaled  is  a. 

The  drag  force  is  given  by 

z)  =  yv^ACjy 
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where  p  is  atmospheric  density,  V  the  speed  relative  to  the 
atmosphere,  A  the  effective  cross-sectional  area  of  the  rocket, 
and  C D  the  coefficient  of  drag  (which  depends  on  Mach  num¬ 
ber  primarily).  We  shall  assume  that  Cd  is  invariant  to 
scaling  so  that  the  only  drag  parameter  to  be  scaled  is  A. 

If  we  let  ju  be  the  ratio  of  the  final  to  initial  weight  of  a 
single  stage  rocket,  t  the  burning  time,  and  s  the  time  from 
initiation  of  burning,  then  mass  m  is  given  by 

m  =  —  s  +  ps)(l  —  pl)~^ 

where  h  is  the  mass  burning  rate  (assumed  independent  of 
s).  Reference  to  the  equations  of  motion  shows  that  they 
will  be  invariant  to  payload  changes  if  the  parameters  tj  jjl, 
a/h,  and  A/h  are  kept  invariant  (in  addition  to  those  speci¬ 
fied  previously).  Under  these  conditions,  it  is  evident  that 
for  any  given  value  of  p  the  function  —  I  =  specific 

impulse  will  be  invariant  as  stated  previously  {g  is  the  mass- 
to-weight  conversion  factor).  From  the  preceding  defini¬ 
tions,  we  have  gh  =  rW(l  -  //),  where  W  is  the  initial 
weight.  Then  the  invariants  a/h  and  A/h  can  be  replaced 
by  the  invariants  a/W  and  A/W , 

For  an  n  stage  rocket,  let  Wl  denote  payload  weight,  Wi  the 
initial  weight  of  the  ^th  stage  (without  any  upper  stages), 
Wi  the  initial  weight  of  the  Rh  rocket  (weight  of  iJth  stage 
l)lus  all  upper  stages  and  payload),  U  the  specific  impulse  of 
the  ^th  stage,  (r*  the  final  to  initial  weight  ratio  of  the  ith 
stage,  and  pi  the  final  to  initial  weight  ratio  of  the  zth  rocket. 

By  definition. 


IFf+i  A-  a iWi 

^ 


(1  -  (Ti) 


Wi 

Wi 


Wi  —  Wi  A-  Wi  +  1  A-  .  ,  .  Wn  -A  W L 

If  A  denotes  a  change  in  a  quantity,  we  obtain  from  the  pre¬ 
ceding  the  following  scaling  laws : 

(1  —  pi)AWi  =  Awi  —  A(<TiWi) 

Aai  =  iai/Wi)AWi  AAi  =  (Ai/W/jAWi 

AFi  -  {Fi/ai)Aai 

In  general,  the  stage  weight  at  burnout  can  be  expressed  as 

(TiWi  =  coxi  +  aiWi  -h  PiFi 


which  states  that  the  burnout  weight  contains  a  portion 
inde})endent  of  stage  weight  and  thrust,  a  portion  aiWi  de¬ 
pendent  upon  the  stage  weight  (fuel  tanks  and  structure), 
and  a  portion  ^iFi  dependent  upon  the  thrust  level  (the 
rocket  motor  and  pumps).  Consequently,  if  we  assume 
coxt,  oLi,  and  ^i  are  not  to  be  scaled,  A{criWi)  =  ai  Awi  -f-  /?» 
AFi.  For  a  wide  variety  of  rockets,  it  can  be  assumed  that 
ai  ^  0,1  and  /3i  2-^0.01. 


Scaling  Laws  for  a  Two- Stage  Rocket 

Using  the  preceding  scaling  laws  and  the  invariance  of 
Pi,  coxt,  at,  and  /3t,  we  obtain  for  a  two-stage  rocket  (in 
which  one  stage  is  in  the  atmosphere) 


All  =  A/2  =  0 


AFi  =  (FJWi)AWi  AAi  =  (Ai/lFi)AlFi 
Aai  =  (a,/W{)AWi 

AF2  =  iF2/W,)AW2  Aa2  =  {a2/W2)AW2 

AWi  ~  Awi  +  ATF2  AIF2  =  Aw2  +  AW L 

{Aw2  +  AW  h) 


W2) 


ATFl 


Using  —w  to  denote  weight  rate  of  propellant  consumption 
(w  is  a  negative  quantity),  we  also  have 

A(— t&i)  =  (1  —  pi)ti~^AWi 

A(  —  W2)  =  (1  —  p2)t2~~^AW2 

If  the  Wi  are  the  design  parameters  rather  than  the  cn,  it  is 
convenient  to  calculate  pi  from  pi  =  1  A-  WiU/W i. 

Example 

The  preceding  scaling  laws  were  applied  to  a  typical  two- 
stage  ICBM  using  a  realistic  physical  model  of  the  rocket 
and  its  environment,  including  a  rotating  oblate  earth  with 
a  standard  atmosphere  and  variation  of  the  coefficients  of 
lift  and  drag  with  Mach  number.  A  nominal  booster  power 
flight  trajectory  for  a  4500-lb  payload  was  simulated  on  the 
digital  computer.  Then  the  payload  was  reduced  by  700  lb 
and  the  scaling  laws  used  to  determine  the  following  changes 
in  the  booster  parameters : 

AFi  =  -32,750  1b  AF2  =  -67061b 

AAi  =  -8.6  ft2  Aai  ==  -334  in.2 

At^i  =  131  Ib/sec  Aw2  =  21  Ib/sec 

ATFi  =  -24,472  lb  AW2  =  -4167  lb 

Awi  -  -20,3041b  Aw2  =  -3493  1b 

With  the  new  payload,  the  ‘^scaled”  booster  trajectory  was 
simulated  and,  as  expected,  was  identical  with  the  nominal 
trajectory.  For  this  example  we  took  pi  =  p2  —  0.26. 
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Unsteady  Flow  Past  Junctures  in  Ducts 
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Redondo  Beach,  Calif. 

The  problem  of  shock  waves  in  ducts  is  one  that  is  im¬ 
portant  to  bomb  shelter  installations  that  use  some  sort  of 
ventilation  or  other  piping  system  connecting  to  the  atmos¬ 
phere.  Although  these  systems  are  relatively  simple  from  a 
plumbing  point  of  view,  they  are  generally  beyond  the  state 
of  the  art  of  standard  one-dimensional  flow  analysis.  In 
particular,  they  usually  contain  L  and  T  junctures  for  which 
standard  one-dimensional  flow  analyses  are  not  available. 

The  purpose  of  this  note  is  to  set  up  the  boundary  condi¬ 
tions  to  be  applied  at  such  discontinuities  to  fit  into  a  one¬ 
dimensional  unsteady  flow  analysis.  The  detailed,  non-one- 
dimensional  flow  pattern  near  the  juncture  will  be  ignored, 
but  the  effect  a  few  diameters  away,  where  the  flow  has  be¬ 
come  one-dimensional  again,  will  be  described.  The  viscous 
and  shock  losses  that  occur  near  the  junctures  will  be  summed 
up  by  (over-all)  loss  coefficients.  These  loss  coefficients  can 
be  obtained  from  steady  flow  data  and  used  to  predict  the 
losses  for  the  unsteady  cases.  Although  the  treatment  of  the 
flow  at  the  junctures  is  empirical  with  regard  to  these  loss 
coefficients,  it  is  the  best  that  can  be  expected  within  the 
framework  of  one-dimensional  inviscid  theory.  A  true  de- 
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I  SHOCK  OR  EXPANSION  WAVE 
[  INTERFACE 

I  STATIONARY  COMPRESSION  OR  EXPANSION 
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Fig.  1  Wave  motion  in  T  juncture. 


scription  of  the  flow  cannot  be  obtained  without  considering 
both  three-dimensional  and  viscous  effects,  which  is  beyond 
present  technology. 

To  demonstrate  the  analysis,  the  case  of  a  T  juncture  will  be 
considered.  Figure  1  shows  the  situation  both  before  and 
after  the  shock  wave  reaches  the  T.  Two  cases  must  be 
considered;  these  are  when  flow  velocities  behind  the  initial 
shock  wave  are  subsonic  (Figs,  la  and  lb)  and  supersonic 
(Figs,  la  and  Ic).  In  either  case,  there  are  a  limited  number 
of  disturbances  that  can  exist  in  the  flow.  In  Fig.  la,  a  shock 
wave  is  shown  moving  down  the  duct  toward  the  T.  There  is 
no  flow  ahead  of  this  shock  (0)  and  subsonic  flow  behind  (1). 
Figure  lb  shows  the  situation  that  must  exist  after  the  flow  has 


Fig.  2a  Pressure-velocity  curves  for  subsonic  case. 


U/Oq 


passed  through  the  T  juncture.  There  are  transmitted  shocks 
passing  down  the  two  legs  of  the  T  with  conditions  (2)  and 
(2')  and  (4)  and  (4')  behind  them,  the  primed  and  unprimed 
quantities  being  those  on  separate  sides  of  the  entropy  dis¬ 
continuity.  There  can  be  steady-state  phenomena  standing 
in  each  leg  of  the  T  at  the  T  and  a  reflected  wave  moving  up¬ 
stream  with  condition  (3)  behind  it. 

Figure  la  is  also  the  initial  picture  for  the  supersonic  case, 
and  Fig.  Ic  gives  the  situation  after  the  shock  has  passed 
through  the  T,  the  difference  being  that  the  upstream  prop¬ 
agating  wave  is  now  swept  down  the  straight  leg  of  the  T 
since  the  velocity  here  is  supersonic.  For  the  case  illustrated, 
the  perpendicular  leg  of  the  T  is  not  supersonic,  and  so  no  up¬ 
stream  propagating  wave  can  be  swept  down  it,  but  the  case 
where  it  is  supersonic  could  easily  be  considered. 

In  the  present  analysis,  the  steady  phenomena  at  the  junc¬ 
ture  will  have  loss  coefficients  assigned  to  them.  These  loss 
coefficients  will  be  picked  from  incompressible  steady-state 
results,  the  only  ones  available,  and  then  the  predicted  results 
checked  against  shock-tube  experiments. 

The  method  of  solution  is  best  illustrated  on  a  pressure- 
velocity  (p-u)  diagram.  Figures  2a  and  2b  show  these  dia¬ 
grams  for  both  subsonic  and  supersonic  cases.  These  two 
diagrams  are  self-explanatory  when  studied  with  reference 
to  Fig.  1 .  The  loss  coefficients  for  the  flow  that  turns  into  the 
vertical  leg  has  been  taken  as  one  dynamic  head  based  on  the 
flow  velocity  ahead  of  the  T  and  one-half  the  dynamic  head 


Fig.  3a  Incident  vs  transmitted  overpressure  in  the 
perpendicular  leg  of  T. 


Fig.  2b  Pressure- velocity  curves  for  supersonic  case. 


Fig.  3b  Incident  vs  transmitted  overpressure  past  T. 
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based  on  the  flow  velocity  in  the  vertical  leg.  This  loss  is 
shown  on  Fig.  2  by  starting  the  jp-u  curve  for  the  flow  enter¬ 
ing  the  vertical  leg  from  zero  velocity  instead  of  from  the 
actual  velocity  that  exists  and  constructing  the  curve  to  show 
a  loss  of  one-half  the  dynamic  head.  The  losses  specified 
in  this  way  are  consistent  with  the  two  limiting  cases  of  no 
flow  into  the  vertical  leg,  where  static  pressure  should  exist, 
and  flow  from  zero  velocity  in  the  straight  tube,  where  the 
loss  based  on  the  inflow  dynamic  head  is  taken  because  of 
the  poor  inlet  configuration. 

The  solutions  can  now  be  carried  out  by  assuming  different 
shock  strengths  and  then  using  the  continuity  relation  at  the 
T  juncture  to  determine  the  relative  area  ratios  appropriate 
to  the  conditions  assumed.  If  a  particular  area  ratio  is  de¬ 
sired,  different  conditions  can  be  assumed  until  the  required 
area  ratio  is  obtained.  The  conditions  shown  correspond  to 
equal  areas  in  all  legs  of  the  T, 

Calculations  for  a  T  configuration  with  equal  area  legs  have 
been  made  for  various  shock  strengths  and  the  losses  as 
assumed  previously  (Fig.  3).  Compared  with  experimental 
measurements  made  in  the  reference,  the  agreement  is  reason¬ 
able  for  both  subsonic  and  supersonic  cases.  Other  values  of 
the  loss  coefficients,  particularly  higher  values  of  the  loss 
coefficient  based  on  the  inflow  dynamic  head  for  the  super¬ 
sonic  cases,  would  give  better  results.  Measurement  of  these 
losses  by  steady-state  experiments  would  be  useful.  For 
initial  shock  strengths  that  give  Mach  numbers  near  1 
56  psi),  no  solution  is  possible  using  the  loss  coefiicients  sel¬ 
ected,  indicating  that  they  are  not  correct  for  these  Mach 
numbers.  The  extension  of  this  model  to  L  junctures  and 
other  configurations  is  obvious  and  will  not  be  considered  here. 

One  use  of  this  model  is  to  correlate  the  experimental  data, 
such  as  in  Ref.  1,  in  terms  of  a  few  loss  coefficients  and  to  pro¬ 
vide  a  tool  for  extrapolating  to  other  values  of  initial  shock 
strength.  Its  more  important  use  is  to  provide  a  boundary 
condition  at  the  juncture  to  use  in  unsteady  flow  calculations 
by  the  method  of  characteristics.  Empirical  data  will  prob¬ 
ably  never  be  available  to  provide  the  detailed  information  of 
what  happens  as  waves  of  different  types  (such  as  multiple 
reflections  due  to  the  downstream  configuration  of  the  two 
legs)  impinge  upon  the  T  and  some  analytic  model  such  as 
this  one  is  required  to  provide  a  self  consistent  boundary 
condition. 
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Model  Law  for  Parachute  Opening 
Shock 
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Nomenclature 

Cd  =  drag  coefficient,  dimensionless 
Do  =  canopy  constructed  diameter,  ft 
F  =  net  force  on  system,  lb 
Fp  =  peak  opening  shock,  lb 

=  functional  relationship  (j  =  1,  2) 
g  =  acceleration  of  gravity,  ft/sec  ^ 
k  —  coefficient  of  proportionality,  dimensionless 
=  parachute  suspension-line  length,  ft 
M  =  mass  of  chute  plus  mass  of  attached  load,  slug 
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Fig.  1  Diagram  of  system. 


mair  =  mass  of  air  within  and  associated  with  inflating  chute, 
slug 

q  =  instantaneous  dynamic  pressure,  Ib/ft^ 

go  —  dynamic  pressure  at  beginning  of  inflation,  Ib/ft^ 

R  =  maximum  projected  radius  of  fully  inflated  chute,  ft 
r  =  instantaneous  value  for  chute  maximum  projected 
radius,  ft 

To  =  chute  maximum  projected  radius  at  beginning  of  infla¬ 
tion,  ft 

^  —  chute  reference  drag  area,  ft^ 

>So  —  =  chute  reference  drag  ai'ea  based  on  canopy 

cloth  area,  ft^ 

V  =  instantaneous  value  of  velocity,  fps 
=  velocity  at  beginning  of  inflation,  fps 
Q  =  angle  of  inclination  to  the  horizontal,  deg  or  rad 
TT  =  a  pure  number  =  3.14 . .  . 
p  =  atmospheric  mass  density,  slug/ft^ 

Introduction 

PARACHUTE  opening  shock,  the  maximum  force  de¬ 
veloped  during  inflation  of  a  parachute,  has  been  the 
subject  of  several  theoretical  investigations  (for  additional 
references  on  opening  shock  see  Ref.  1,  pp.  272--274).  Of 
these,  Pounder’s  excellent  work^  appears  to  provide  the  most 
rational  and  thorough  analysis.  In  view  of  the  date  of 
Pounder’s  work  (1956),  it  is  somewhat  surprising  that  no 
model  law  for  parachute  opening  shock  is  currently  regarded 
as  acceptable.^  The  lack  of  application  of  Pounder’s  work 
is  apparently  due  to  its  mathematical  complexity  and  its 
requirement  for  rather  good  test  data  on  the  inflation  se¬ 
quence  for  a  particular  type  of  parachute.  Because  of  these 
obstacles  to  rapid,  practical  application  of  Pounder’s  theory, 
it  is  desirable  to  develop  simple,  approximate  scaling  laws  for 
parachute  opening  shock.  Such  a  development  and  its  cor¬ 
relation  with  test  data  are  the  subjects  of  this  paper. 

Dimensional  Analysis 

Consider  the  problem  of  dynamical  similarity  in  determin¬ 
ing  peak  opening  shock  in  the  testing  of  a  parachute.  For 
simplicity,  assume  that  the  parachute  inflates  along  a  flight 
path  of  constant  inclination  and  that  the  suspended  load  has 


Fig.  2  Euler  number  vs  mass  ratio. 
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Tal)le  1  Summary  of  data  on  extended  skirt-type  parachutes^ 


Parachute  configuration 

Range  of  test  parameters^ 

Skirt 

extension,  >So, 

%  ft^  /,/Do 

N/Do/ 

ft-i 

ib/ft2 

Vo, 

fps 

Reynolds 

qo,  number,  Mach 

Ib/ft^  X  10  number 

Froude 

number 

Number 

of 

tests 

10.0 

804 

1.00  ' 

0.63 

0.67 

262 

79 

52 

0.23 

67 

6 

0.42 

193 

42 

38 

0.17 

36 

10.0 

716 

0.75 

0.93 

0.23 

150 

25 

280 

0.13 

24 

4 

10.0 

957 

0.73 

0.86 

0.23 

504 

190 

86 

0.47 

227 

102 

185 

25 

31 

0.17 

30 

10.0 

3217 

0.74 

0.53 

0.73 

231 

59 

89 

0.20 

26 

6 

0.49 

194 

43 

77 

0.17 

18 

12.5 

804 

1.00 

0.75 

0.71 

337 

127 

66 

0.29 

110 

40 

0.50 

0.54 

196 

44 

30 

0.17 

37 

12.5 

2463 

0.70 

0.57 

0.68 

263 

76 

93 

0.23 

38 

7 

0.39 

228 

57 

80 

0.20 

29 

12.5 

2605 

0.71 

0.94 

0.64 

336 

147 

119 

0.32 

61 

12 

0.33 

224 

63 

79 

0.21 

26 

14.3 

5230 

0.99 

1.00 

0.48 

447 

226 

223 

0.39 

77 

6 

0.35 

279 

87 

138 

0.24 

30 

15.0 

452 

1.00 

0.67 

0.28 

240 

14 

10 

0.25 

74 

3 

180 

6 

5 

0.19 

42 

®  Data  from  Ref.  5,  except:  data  for  15%  extended  skirt  (So  —  452)  parachute  from  Ref.  6,  and  data  for  pDo^/M  =  0  in  Fig.  2  from  Ref.  1. 
^  Where  two  numbers  are  given,  the  top  denotes  maximum  and  the  bottom  denotes  minimum. 

^  N  ia  the  number  of  gores  in  parachute  canopy. 


negligible  drag  area  relative  to  that  of  the  inflating  chute. 
With  the  use  of  these  assumptions  and  for  the  system  shown 
in  Fig.  1,  the  force-balance  equation  is 

F  ~  mg  sin^  —  ^pv^Cdtt^  (1) 

where 

m  =  total  mass  of  system  =  M  +  m^it  (2) 

Following  the  custom  of  dimensional  analysis/  assume 
that  the  volume  of  air  within,  and  associated  with,  the 
canopy  may  be  taken  as  proportional  to  a  characteristic 
canopy  dimension  cubed.  This  assumption  gives 

ni^ir  —  kpr^  (3) 

And,  hence 

m  —  M  kpr^  (4) 

Substituting  Eq.  (4)  back  into  Eq.  (1)  and  rearranging, 
(7r/2){(pr3/M)/[l  +  {kpryM)]](l/yv^){l/Tr^)F  = 
{smBgr/v'^)  —  (Cx.7r/2)  X 

{(prVd/)/[l  +  (fcprVd/)]!  (5) 

In  Eq.  (5),  Jpi^^  is  the  instantaneous  dynamic  pressure,  Trr^  is 

the  instantaneous  canopy  reference  area,  and  k  and  Cd  are 
characteristic  of  a  given  class  or  type  of  parachute. f  For  a 
given  type  or  class  of  parachute,  Eq.  (5)  therefore  may  be 
written  in  the  form 

F/qS^SA{gr^ine/v^),{pTyM)]  (6) 

Or,  replacing  the  variable  radius  r  with  the  constructed 
canopy  diameter  Do,  the  variable  velocity  v  with  the  velocity 
at  beginning  of  inflation  t>o,  and  the  variable  net  force  F  with 
the  peak  opening  shock  Fp. 

Fp/qoSo  =  /2[(^Do  sin^Ao^),  (pDo^/M) ]  (7) 

which  is  the  required  model  law.  Note  that,  in  Eq.  (7), 
Fp/qoSa  and  gDo  smS/vo^  are  variants  of  the  Euler  and  Froude 
numbers,^  respectively,  whereas  pDo^/M  is  a  dimensionless 
*^mass  ratio^^  resulting  from  the  analysis. 


t  As  discussed  later,  Cd  may  also  be  a  function  of  the  Re^molds 
number. 


Test  Data 

If  the  relationship  shown  in  Eq.  (7)  is  valid,  it  should  be 
possible  to  plot  Fp/goSo  vs  pDo^/M  (or  gDo  sin0/t>o^)  at  gDo 
sind/vo'^  ^  const  (or  at  pDo^/M  =  const)  for  geometrically 
similar  parachutes  and  thus  to  determine  the  nature  of  the 
function  /2.  Unfortunately,  however,  available  parachute 
test  data  are  too  limited  both  in  range  and  adequate  reporting 
of  test  conditions  to  permit  a  comprehensive  coverage  of  the 
independent  variables.  This  writer,  therefore,  has  taken 
data  available  on  extended  skirt- type  parachutes^*  ®  and 
plotted  Euler  number  vs  mass  ratio  in  Fig.  2  without  any 
consideration  of  the  Froude-number-related  variable  gDo 
smS/vo^.  Details  on  parachute  configurations  and  the  range 
of  test  variables  covered  by  the  data  of  Fig.  2  are  shown  in 
Table  1. 

Figure  2,  which  covers  slightly  more  than  two  decades  of 
Euler  numbers,  is  surprisingly  well  correlated  in  view  of  -the 
facts  that  one  of  the  indei)endent  variables  {gDo  sin^/i;©^) 
has  been  neglected  and  that  the  test  data  are  for  parachutes 
that,  though  generally  similar,  differ  in  important  details 
(e.g.,  N/Do  ratio).  The  data  must  also  be  viewed  in  the 
knowledge  that  even  repeated  tests  of  the  same  parachute 
system  under  the  same  release  conditions  show  standard 
deviations  in  Fp/qoSo  values  of  up  to  ±26%."^ 

In  an  effort  to  determine  the  significance  of  the  gDo  sin^/i>o^ 
parameter,  Euler  number  has  been  plotted  vs  Froude  number 
at  about  constant  mass  ratio  in  Fig.  3  for  the  only  parachute 
configuration  with  sufficient  test  data  available  to  do  this. 
Figure  3  shows  that  the  test  data  spread  of  Fig.  2  is  further 
reduced  by  taking  into  account  Froude-number  variations. 


vf  /  fl  D. 


Fig.  3  Euler  number  vs  Froude  number  at  constant  mass 
ratio. 
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Discussion 

Considering  that  Figs.  2  and  3  are  based  primarily  on  test 
data  that  give  launch  speed  rather  than  and  that  offer  no 
clue  as  to  variations  of  the  angle  6  in  the  Froude-number- 
related  parameter  qDq  sin0Ao^  the  data  of  the  figures  are 
sufficiently  well  correlated  to  indicate  the  general  validity 
of  the  model  la  w  set  forth  in  Eq.  (7). 

Since  the  test  data  used  (cf.  Table  1)  are  for  cases  well 
below  Mach  1,  compressibility  effects  do  not  enter  into  any 
of  the  scatter  observed  in  Figs.  2  and  3.  However,  in  the 
derivation  of  Eq.  (7)  it  was  assumed  that  Cd  could  be  treated 
solely  as  a  characteristic  of  the  parachute,  which  may  not 
be  the  case.  That  is,  although  the  relatively  high  Reynolds 
numbers  of  Table  1  appear  to  justify  neglect  of  viscous  effects, 
the  Reynolds  numbers  of  the  table  are  based  on  parachute 
diameter  Do,  which  does  not  appear  to  be  the  best  choice  of 
a  characteristic  length  for  flow  of  air  through  the  canopy. 
A  better  choice  would  be  a  Reynolds  number  based  on  some 
characteristic  dimension  of  the  canopy  material,  and  the 
resulting  (lower)  Reynolds  numbers  might  well  be  significant 
with  respect  to  opening  shock. 

Equation  (7)  indicates  that  both  pDo^/M  and  qDq  sind/vo'^ 
must  be  held  constant  for  dynamical  similarity  in  free-flight 
testing  of  parachute  opening  shock.  It  is,  in  fact,  physically 
possible  to  maintain  simultaneously  both  of  these  parameters 
at  their  correct  values.  The  model  law  and  data  presented 
herein  also  indicate  that  proper  adjustment  of  the  test 
variables  may  be  used  to  test  opening  shock  at  low  altitude 
on  a  parachute  system  intended  for  use  at  high  altitude, 
to  extrapolate  opening  shock  test  data  on  scale  models  to 
full  scale,  and  to  test  in  the  earth’s  atmosphere  parachute 
systems  intended  for  use  in  other  planetary  atmospheres. 
However,  it  is  obvious  that  more  and  better  test  data  are 
required  to  verify  completely  any  model  law  for  incompressible 
flow  parachute  opening  shock,  with  data  particularly  required 
at  pDq^/M  numbers  from  0  to,  say,  5. 
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t  It  is  difficult  to  obtain  a  value  for  Vq  corresponding  to  a  defi¬ 
nite  radius  ro  for  the  chute  in  an  early  stage  of  inflation,  whereas 
it  is  a  trivial  matter  to  report  the  airspeed  at  which  a  packed 
parachute  is  launched  from  an  aircraft  or  test  vehicle.  The  re¬ 
sult  is,  unfortunately,  that  only  the  launch  speed  is  usually 
reported. 


Capillary  Stability  in  an  Inverted 
Rectangnlar  Channel  for  Free  Surfaces 
with  Curvature  of  Changing  Sign 

Paul  Concus* 

University  of  California^  Berkeley^  Calif. 

Nomenclature 

B  =  Bond  number 

F  =  equilibrium  interface 

X,  y  —  nondimensional  Cartesian  coordinates 

A  =  curvature 

c  =  variational  parameter 

77  =  perturbation  to  F 

e  =  contact  angle 

X  =  undetermined  parameter 

^  =  angle  between  tangent  to  F  and  horizontal 

(  y  —  differentiation  with  respect  to  x 

Introduction 

IN  a  previous  paper, ^  an  investigation  of  the  stability  of  an 
incompressible  in  viscid  fluid  contained  in  an  inverted 
rectangular  channel  was  performed  mathematically  with  the 
effects  of  surface  tension  taken  into  account.  The  purpose 
was  to  determine  the  effect  of  contact  angle  and  Bond  num¬ 
ber  on  the  stability  of  such  a  fluid  configuration  in  a  low- 
gravity  environment.  The  investigation  was  restricted  to 
those  fluid-gas  equilibrium  interfaces  for  which  the  curvature 
does  not  change  sign.  The  analysis  is  extended  in  this  re¬ 
port  to  include  equilibrium  interfaces  for  which  the  curvature 
does  change  sign.  The  omission  of  such  interfaces  in  the 
original  analysis  is  shown  to  be  justified  because  they  are  all 
dynamically  unstable.  In  addition,  the  details  omitted  in 
Ref.  1  of  the  calculation  of  the  critical  Bond  number  for 
equilibrium  interfaces  for  which  the  curvature  does  not 
change  sign  are  also  presented. 

Formulation 

The  differential  equation  for  an  equilibrium  free  surface 
y  =  F{x)  (see  Fig.  1)  is  given  by  Eq,  (3)  of  Ref.  1  as 

{FUIC  4-  F'2)]i/2}'  -f  -  X  =  0  -1  <  a;  <  1  (1> 

The  boundary  conditions  are  given  by  Eq.  (4)  of  Ref.  1  and 
are 

F'(l)  =  -F'(-l)  =  cote  (2) 

where  6  is  the  contact  angle  between  the  fluid  and  the  wall. 
Only  values  of  0  for  which  0  <  6  < 'rr/2  (wetting  fluid)  will 
be  considered,  since,  as  was  shown  in  Ref,  1,  the  problem  for 
7r/2  <  0  <  TT  (nonwetting  fluid)  can  be  formulated  in  terms 
of  an  equivalent  problem  for  0  <  0  <  Tr/2. 

Equation  (1)  can  be  solved  in  terms  of  the  parameter 

\(/  —  tan~^F'  (2a) 

the  slope  of  the  surface,  to  yield 

D(FV2)  -  XF  =  cosxp  -  C 

where  F  is  now  a  function  of  \p.  The  boundary  conditions, 
Eq.  (2),  become  xk  =  ±(7r/2  -  6)  at  x  =  ±1,  respectively. 
The  constant  of  integration  C  may  be  conveniently  evaluated 
by  choosing  the  origin  of  coordinates  properly.  The  coordi¬ 
nates  shown  in  Fig.  1  of  Ref.  1  were  chosen  so  that  the  origin 
would  lie  on  the  fluid-vapor  interface,  halfway  between  the 
walls.  It  is  more  convenient  here  to  choose  the  x  axis  to 
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intersect  the  interface  when  =  0  rather  than  when  a;  =  0. 
That  is,  F  =  0  when  xj/  =  0  and  x  =  a;o(a;o  is  not  necessarily  0, 
see  Fig.  1).  The  boundary  conditions  require  that  ^  =  0 
at  least  once  by  continuity,  but  i/'  may  equal  zero  more  than 
once,  in  which  case  any  particular  point  where  xf/  =  0  and 
the  curvature  is  positive  (concave  downward)  may  be 
singled  out  to  define  where  F  =  0.  With  this  choice  of  co¬ 
ordinates,  the  constant  of  integration  C  is  one,  so  that 

(BFV2)  -  \F  =  cosiA  -  1 
or 


still  holds,  and  Eq.  (7)  becomes 

(d/dx)[GOS^\p{d7)/dx)]  Bt)  —  0 
upon  substitution  of  Eq.  (8). 

This  equation,  when  rewritten  in  terms  of  derivatives  with 
respect  to  yields 

{d/d\p)[cos^\l/id7)/d\l/)]  _  (d^x/dxp^)  ♦  [cos^\l/(d7j/d\p)  ] 

{dx/d\l/y  {dx/dypY 

Br?  -  0  (9) 


F  =  (X  ±  ^/B)  (3) 

where 

A  =  [X2  +  2F(cosi/'  -  (4) 


Substitution  into  Eq.  (1)  shows  that  A  is  the  curvature. 
Notice  that  the  value  of  C  =  1  is  not  only  compatible  with 
F  =  0  at  ^  =  0,  but  also  with  F  =  2\/B  at  =  0,  depending 
on  whether  one  takes  the  lower  or  upper  sign  for  the  square 
root. 

The  corresponding  solution  for  x  passing  through  x  =  x^ 
when  ^  =  0  is  obtained  from  Eqs.  (2a)  and  (3).  It  is 


x 


—  X‘o  =F 


cost/'  d\p 

a“ 


(5) 


The  value  of  a’o  can  be  determined  from  the  boundary  condi¬ 
tions  once  a  choice  is  made  concerning  the  sign. 

In  Ref.  I  (as  in  the  first  reference  of  Ref.  I),  only  the  solu¬ 
tion  taking  the  lower  sign  is  considered,  since  it  is  the  one 
])assing  through  the  required  value  F  =  ^  =  0.  The  solu¬ 
tion  taking  the  upper  sign  is  not  considered  on  the  grounds 
that  it  does  not  pass  through  F  =  t/'  =  0.  The  ensuing 
analysis  in  Ref.  1  then  determines  that  a;o  =  0,  and,  on  this 
basis,  the  critical  Bond  number  is  found.  Notice,  however, 
that  for  values  of  r/'  equal  to  where  the  curvature  van¬ 
ishes, 


tAo  =  cos-1  [1  _  (X2/2R)]  0  ^  t/'o  <  TT  (6) 

it  is  i)ossible  to  join  continuously  the  two  branches  of  the 
solution,  one  having  the  upper  sign  and  the  other  the  lower 
sign  in  Eq.  (3).  Since  the  curvature  vanishes  at  these  points, 
the  derivatives  up  to  the  second  would  also  join  continuously. 
Equation  (6)  shows  that  joining  can  take  place  (for  real 
values  of  only  if  R  ^  XV4.  In  this  paper,  values  of 
B  ^  XV4  are  considered,  and  equilibrium  solutions  made  up 
of  joined  branches  are  allowed.  The  purpose  is  to  examine 
the  stability  of  such  joined  solutions. 

Stability  Analysis  for  Joined  Interfaces 

The  stability  of  the  equilibrium  interfaces  consisting  of 
joined  solutions  can  be  investigated  by  considering  the 
second  variation  in  the  same  manner  described  in  Ref.  1  for 
unjoined  solutions.  The  second  variation  for  trial  functions 
of  the  form  xj  =  F{x)  +  e7]{x),  where  F{x)  is  the  equilibrium 
solution,  €  is  a  parameter,  and  r)(x)  is  the  perturbing  function, 
is  given  by  Eqs.  (5)  and  (6)  of  Ref.  1.  Equation  (7)  of  Ref.  1 
is  the  Jacobi  equation,  which  must  be  satisfied  by  7](x)  to 
make  the  second  variation  vanish.  It  can  be  written  in  the 
form 


+  F'^y^^y  +  Rr?  =  0  (7) 

In  the  present  case,  care  must  be  taken  to  use  the  api)ropriate 
signs  in  each  of  the  branches  of  F, 

No  matter  which  sign  is  chosen  for  F  and  Xj  however,  the 
relationship 


dFjdx  —  tani/' 


(8) 


Substitution  of  Eq.  (5)  into  Eq.  (9)  shows  that  Eq.  (9)  is 
independent  of  whether  the  upper  or  lower  sign  is  used  in 
the  solution  for  x.  Thus,  Jacobi’s  equation  is  unchanged 
when  joined  solutions,  as  well  as  nonjoined  solutions,  are 
considered.  Hence,  the  least  eigenvalue,  which  is  the  critical 
Bond  number,  is  also  unchanged.  Therefore,  the  stability 
criterion  for  the  critical  Bond  number  is  unaltered  from 
that  given  in  Ref.  1 . 


It  is  now  shown  that,  for  Bond  numbers  less  than  the 
critical  one,  only  the  simple  unjoined  interfaces  discussed 
in  Ref.  1  can  be  stable;  the  joined  interfaces  are  always  un¬ 
stable.  To  do  this,  it  is  sufficient  to  show  that  for  joined 
interfaces  a  conjugate  point  to  one  of  the  end  points  x  =  ±l 
lies  within  the  interval  —  1  <  x  <  1 ;  or,  in  other  words,  if  the 
general  solution  of  Eq.  (7)  is  made  to  satisfy  nontrivially  one 
of  the  boundary  conditions  Eq.  (2)  in  Ref.  1  [that  drj/dx  = 
0ata;  =  — lora;  =  +1]  then  dTj/dx  will  also  vanish  for  some 
X  in  this  interval.  Such  a  property  makes  it  possible  to 
choose  a  function  that  makes  the  second  variation  negative. 

For  A  to  be  real,  ^  must  lie  within  the  limits  —  ^  ’A  = 

t/'o.  Thus,  if  F  is  to  be  an  equilibrium  interface  satisfying 
the  boundary  conditions,  Eq.  (2),  then  7r/2  —  ^  ^  If,  in 
addition,  there  is  an  interior  joining  point,  then  t/'  =  ±t/'o 
for  some  point  in  —  1  <  rr  <  1.  Then  continuity  in  ^  re¬ 
quires  that  must  take  on  at  least  one  of  the  values  —  (7r/2  — 
6)  or  (7r/2  —  6)  in  the  interior.  That  is,  in  order  for  there 
to  be  a  joining  point,  \f/  must  assume  one  of  its  boundary 
values  at  least  once  in  the  interior.  However,  this  means 
that  a  solution  of  Eq.  (7),  for  which  dr^/dx  vanishes  at  a 
boundary  point,  also  has  drj/dx  vanish  at  an  interior  point 
because,  by  use  of  d^/dx  as  calculated  from  Eq.  (5),  it  follows 
that 


{d7]/dx)  =  (A/cos^)(d97/d^) 

a  function  of  ^  alone.  Thus,  joined  interfaces  cannot  pro¬ 
vide  an  extremal  solution,  and  hence  they  cannot  be  stable. 

Conclusion 

The  foregoing  analysis  shows  that  equilibrium  interfaces 
possessing  a  curvature  that  changes  sign  are  always  unstable 
and  that  the  only  possible  stable  interfaces  are  those  with  a 
curvature  that  does  not  change  sign.  Thus,  the  stability 
criteria  for  the  critical  Bond  number  derived  in  Ref.  1  by 
consideration  of  only  those  interfaces  possessing  curvature 
of  constant  sign  are  valid  in  general. 
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CONTACT  ANGLE  B  (DEG) 

Fig.  2  Critical  Bond  number  as  a  function  of  contact 
angle. 


Appendix:  Calculation  of  the  Critical  Bond  Number 
for  the  Stability  of  Equilibrium  Interfaces 

The  critical  Bond  number  can  be  calculated  by  first  finding 
the  general  solution  of  Eq.  (9)  for  as  a  function  of  \l/.  Sub¬ 
stitution  of  d\l//dx,  as  calculated  from  Eq.  (5),  into  Eq. 
(9)  yields 


£ 

df 


+  sin^  cos^^p 


^cosi/'X  drj 

)  dxP 


cosV  _  „ 


It  is  always  required  that  —  t/'o  ^  ^  order  that  A  be 

real.  The  derivative  of  rj  with  respect  to  xp  is  given  by  dti/d^ 
=  sec^\p[C  +  DIi\p)],  so  that  the  derivative  with  respect  to 
X  is 

^  ^  ^  =  qp  A  sec»^.  [C  +  DIW] 

dx  d\p  dx 

Application  of  the  boundary  conditions  at  x  =  ±1  yields 
Ai  sec*^i[C  -  DIi^Pl)]  =  0 
Ai  sec^i/'JC  +  DI{^pl)]  =  0 

where  =  7r/2  —  and  Ai  is  the  value  of  A  when  \p  equals 
\pi.  Since  for  0  <  <  Tr/2  neither  sec^i/'i  nor  7(^i)  can 

vanish,  the  equations  can  be  satisfied  only  if  Ai  =  0,  and 
the  product  Ai  I(\pi)  may,  in  general,  be  nonzero  so  that  D 
must  also  be  chosen  zero.  The  requirement  that  Ai  =  0 
implies  that 

X2  =  2R(1  -  cosxpi)  =  2R(1  -  sini9) 

When  this  relationship  is  used  in  Eq.  (5)  and  the  boundary 
conditions  that  \p  =  ±(7r/2  -  0)  at  a;  =  ±1,  respectively, 
are  applied,  it  follows  that  xq  =  0,  and  that  the  critical  Bond 
number  relationship  is 

1(  r(jr/2-0)  CO&\p  d\p 
2|Jo  (cosip  — 

which  is  Eq.  (19)  of  Ref.  1.  Figure  2  of  Ref.  1  is  reproduced 
here  which  is  a  graph  of  the  foregoing  relationship  giving  the 
critical  Bond  number  as  a  function  of  contact  angle. 
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where  is  the  viscosity  at  the  shear  stress  r,  and  k  is  a  con¬ 
stant,  determining  the  degree  of  deviation  from  Newtonian 
flow  properties.  If  k  is  negative,  the  fluid  is  rheopex,  and 
with  a  positive  k  the  fluid  is  thixotropic.  By  writing  Eq.  (2) 
in  the  form 


Gerald  A.  Cohen* 

Philco  Corporation^  Newport  Beach^  Calif. 
[AIAA  J,  2,  932-934  (1964)] 


IN  the  above  article  reidacc  1)  by  in  the  third 
equation  of  Eqs.  (1) ;  2)  R  by  R2  in  the  first  equation  of  Eqs. 
(5) ;  3)  by  Zir'^  in  the  first  and  second  equations  of  Eqs. 
(17);  and  4)  0^  by  Qi  in  the  fourth  equation  of  Eqs.  (17). 
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Comment  on  Non-Newtonian  Flow 

B.  Steverding* 

U.  S,  Army  Missile  Command,  Redstone  Arsenal,  Ala. 

Ablation  materials  of  greatest  practical  interest,  organic 
^  and  inorganic  glasses,  have  a  strong  tendency  to  non- 
Newtonian  flow  behavior.  The  occurrence  of  gas  bubbles, 
caused  by  boiling,  degassing,  or  decomposition  of  the  sub¬ 
strate  promotes  also  non-Newtonian  flow  properties.  Non- 
Newtonian  behavior  is  related  to  flow-induced  structural 
changes  within  the  liquid,  caused  by  the  orientation  or  degree 
of  entanglement  of  very  large  molecules.  In  Ref.  1  the 
Ostwald-de  Waelc  power-law  was  chosen: 

r  =  a{du/dyY  (1) 

to  describe  the  non-Newtonian  properties  of  the  fluid.  This 
law  is  valid  for  isothermal  conditions,  but  it  is  a  fact  that  the 
zero  shear  viscosity  of  practically  all  substances  with  non- 
Newtonian  flow  behavior  is  a  strong  function  of  the  tempera¬ 
ture.  In  all  cases  where  temperature  gradients  occur  through¬ 
out  the  liquid  layer,  as  in  ablation,  the  Ostwald-de  Waele 
power-law  will  give  wrong  results.  In  order  to  treat  the  prob¬ 
lem  of  non-Newtonian,  noniso thermal  flow  of  liquids,  the  laws 
of  the  temperature  and  shear  rate  dependency  of  liquids  must 
be  combined,  and  the  boundary-layer  equations  must  be 
integi'ated  with  this  expression  for  the  viscosity.  The  gen¬ 
erally  accepted  relationship  for  the  temperature  dependency 
of  the  visocsity  is 

fjL  =  exp(A/T  -  B)  (2) 

This  dependency  is  also  true  for  non-Newtonian  liquids  as 
long  as  the  zero  shear  viscosity  is  under  consideration.  The 
zero  shear  viscosity  will,  in  the  following,  be  expressed  by  /x. 
Eyring^  and  Bueche®  developed  expressions  for  the  shear 
dependency  of  non-Newtonian  liquids.  For  not  too  large 
deviations  from  Newtonian  flow,  they  arrive  at  the  following 
equation : 

1/jir  =  (1/m)(1  +  ^7-2)  (3) 
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m/m.-  =  {T/T,)-’‘  (4) 

where  /Xi  is  the  zero  shear  viscosity  at  interface  tem[)erature 
and  the  power  factor  for  n  is  defined  by  n  —  A/T,  the  ex¬ 
pression  for  the  shear  and  temperature  dependencies  of  the 
viscosity  can  be  combined  to  the  following  expression,  which 
may  be  handled  easily  in  the  subsequent  integration  process: 

-  =  -  (”)”  (1  +  hr^)  (5) 

fXr  Mi  \T</ 


By  neglecting  the  inertia  terms,  which  is^always  justified  for 
non-Newtonian  liquids,  the  liquid-layer^equations  near  the 
stagnation  point  have  the  form 


(p/bx)(ru)  H-  {d/dy)(:rv)  =  0 
bx~byY‘\Ti)  1+kT^byf 


(6a) 

(6b) 


bT  ,  bT  b^T 

W  c - \~  V  —  ~  a 

bx  by  by^ 


(6c) 


The  only  deviation  from  the  well  familiar  liquid-layer  equa¬ 
tions  appears  in  Eq.  (6b)  where  the  viscosity  coefficient  is  re¬ 
placed  by  a  viscosity  function  /x(r,  T).  The  integration  of 
Eqs.  (6a-6c)  for  the  vicinity  of  the  stagnation  point,  where 
not  only  the  shear  stress  but  also  the  pressure  gradient  con¬ 
tribute  to  non-Newtonian  behavior,  is  straightforward  and 
leads  to  the  following  result : 

jJiiVwKvu,  —  Vi)  =  — —  vj - —  +  x^k 

,  72ah‘^a^\ 

- ^  H - —  >  (7) 

Vy,  is  the  total  ablation  velocity,  Vi  the  ablation  velocity  by 
evaporation,  a  =  br/bx,  h  ~  b’^p/bx'^,  and  a  is  the  thermal 
diffusivity  of  liquid.  For  A:  =  0  the  result  is  equivalent  to 
that  obtained  by  Bethe  and  Adams.^  Equation  (7)  shows 
that  for  X  =  0,  that  is,  at  the  stagnation  point,  there  is  no 
modification  of  the  flow  by  non-Newtonian  behavior,  but 
deviations  increase  with  x"^  in  the  vicinity  of  the  stagnation 
point.  The  value  for  k  changes  over  several  orders  of  magni¬ 
tude  for  various  substances  from  zero  to  10~^  In  order  to 
treat  the  ablation  behavior  of  non-Newtonian  liquids,  the 
heat-transfer  conditions  have  to  be  known  in  addition  to  Eq. 
(7).  In  case  the  flow  of  liquids  containing  gas  bubbles  has  to 
be  treated,  k  does  not,  of  course,  express  structural  changes 
within  the  liquid,  but  an  experimentally  determined  proforma 
value  for  k  may  be  used. 

More  comprehensive  calculations  about  the  ablation  of 
non-Newtonian  liquids  are  now  being  carried  out  and  will  be 
reported. 
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Reply  by  Author  to  B.  Steverding 

C.  Sinclair  Wells  Jr.* 

Ling-Temco-V ought,  Inc.,  Dallas,  Texas 

The  author  is  grateful  for  the  opportunity  to  exchange 
views  on  the  flow  of  non-Newtonian  fluids  with  B.  Stever¬ 
ding.  The  paper^  to  which  the  preceding  comments  refer 
contains  the  solution  to  a  simple  problem  of  two-dimensional, 
unsteady,  isothermal,  purely  viscous,  non-Newtonian  bound¬ 
ary-layer  flow.  The  solution  was  found  through  a  technique 
for  establishing  the  conditions  for  similarity  (velocity  profiles 
that  transfoim  linearly  in  y).  The  situation  that  Steverding 
is  investigating  is  very  interesting  and  is  basically  a  different 
problem  since  the  flow  is  nonisothermal  and  steady. 

The  interesting  comparison  between  the  two  analyses,  as 
the  comment  points  out,  is  that  of  the  different  expressions 
used  to  describe  the  non-Newtonian  effect  of  shear  rate. 
There  is,  of  course,  no  need  to  defend  the  use  of  the  Ostwald- 
de  Waele  (power-law)  expression,  which  is  phenomenological 
in  nature,  as  opposed  to  the  Eyring-Bueche  expression,  which 
is  based  on  macromolecular  considerations.  The  lack  of  a 
theoretical  basis  for  the  power-law  is  conceded  initially,  and 
the  justification  for  its  use  is  only  in  its  form,  which  allows  it 
to  be  solved  explicitly  for  shear  rate.  It  wo\ild  seem  that  the 
primary  consideration  in  choosing  a  formulation  of  the  viscous 
properties  for  a  boundary-layer  problem  is  the  accuracy  of  the 
formulation  in  describing  the  shear  rate  dependence  over  the 
applicable  range  of  flow  conditions.  In  other  words,  any 
formulation  that  describes  the  measured  fluid  properties  with 
a  prescribed  accuracy  (and  satisfies  the  mathematical  condi¬ 
tions)  is  appropriate  for  use  in  solving  a  fluid  mechanics 
problem. 

As  for  the  temperature  dependence  of  the  viscous  proper¬ 
ties,  it  is  not  obvious  to  the  author  that  the  power-law  will 
give  wrong  results  per  se  for  nonisothermal  flow,  since  the 
coefficient  and  exponent  could  be  experimentally  determined 
as  a  function  of  temperature.  The  formulations  given  by 
Steverding  for  the  temperature-dependence  would  be  partic¬ 
ularly  interesting,  however,  if  the  constants  could  be  predicted 
theoretically  for  non-Newtonian  fluids,  or  if  the  number  of 
empirically  determined  constants  could  be  reduced. 

One  question  concerning  the  comment  may  be  worth  men¬ 
tioning  for  the  sake  of  non-Newtonian  fluid  nomenclature. 
The  Eyring-Bueche  expression  is  said  to  provide  for  rheopectic 
or  thixotropic  behavior  of  viscosit>x  Thixotropy  (or  rheo- 
pex\')  is  generally  used  to  describe  time-dependent  flow 
effects.2,  3  Neither  the  power-law  nor  the  Eyring-Buethe 
expressions  provide  for  time-dependence.  Rather,  it  appears 
that  (for  kr^  <  1)  the  sign  of  k  determines  whether  the  fluid  is 
shear  thinning  or  shear  thickening. 

It  may  be  of  interest  to  note  that  the  two-dimensional  stag¬ 
nation  boundary  layer  of  a  power-law  non-Newtonian  fluid 
under  conditions  of  steady  isothermal  flow  (considering  the 
convective  terms,  but  not  the  inertia  terms)  does  give  similar 
solutions.^  The  boundary-layer  thickness  5  is  given  by 

^  [2  n^n  "  J 
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where  the  symbols  are  those  defined  in  Ref.  1 .  5  is  seen  to  be 
directly  proportional  to  and  inversely  propor¬ 
tional  to  This  is  compared  with  5  for  stagnation 

flow  of  a  Newtonian  fluid  which  is  not  a  function  of  x  and  is 
inversely  proportional  to 
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Comment  on  "Conical  Shock-Wave 
Angle” 

Mary  F.  Romig* 

The  Rand  Corporation,  Santa  Monica,  Calif. 

SEVERAL  approximation  formulas  for  conical  shock-wave 
angles  have  recently  appeared  in  this  Journal.^-  ^  It  is 
the  purpose  of  this  note  to  point  out  two  other  equations,  both 
based  on  the  hypersonic  similarity  rule,  which  are  useful  at 
high  values  of  the  hypersonic  similarity  parameter  Mi  sin^,,. 

Linnell  and  Bailey^  first  applied  the  hypersonic  similarity 
law  to  the  Kopal  tables^  and  obtained  the  following  formula 
for  the  shock- wave  half  angle  0^^: 

Ml  sin6>.  =  1  -  COS0.  +  {1  +  [(7  +  1)/2]Mi2  sin^^.j^^^ 

(1) 

where  Mi  is  the  freestream  Mach  number,  9v  the  cone  semi¬ 
vertex  angle,  and  y  the  ratio  of  specific  heats.  For  Mi  >6 
and  dv  <  50°,  Eq.  (1)  agrees  to  within  5%  with  the  data  of 
Ref.  4.  Notice  that,  for  large  values  of  Mi  and  small  values 
of  cos^t;,  Eq.  (1)  approaches  Eq.  (2)  of  Ref.  1.  However, 
under  these  conditions,  say  for  Mi  >  10  and  dv  >  40°,  the 
air  behind  the  shock-wave  will  become  dissociated  and  these 
equations  will  no  longer  describe  the  shock  geometry  cor¬ 
rectly.  Instead,  a  second  approximation  equation  derived 
from  the  numerical  solutions  of  Ref.  5  can  be  used. 

When  the  conical  flow  solutions  of  Ref.  5  for  dissociated 
air  were  obtained,  it  was  pleasantly  surprising  to  find  that  the 
results  correlated  extremely  well  with  the  hypersonic  similar¬ 
ity  parameter  Mi  sin0„,  even  more  so  than  for  the  case  of  a 
perfect  gas.  As  a  result,  the  following  estimation  formula 
has  been  useful  in  predicting  values  for  the  shock-wave  angle 
for  cases  when  the  air  behind  the  shock  is  expected  to  be  in 
dissociation  equilibrium  and  where  tabulated  values  are 
not  available: 

Ml  sin^,.  =  (0.39  -  0.01  logpi)  + 

(1.03  +  0.005  logpi)Mi  sinl9.  (2) 

where  pi  is  the  ambient  pressure  in  atmospheres. 

Equation  (2)  agrees  with  the  exact  numerical  calculations 
of  Ref.  5  to  within  ±  1%,  for  Mi  sin^t,  >  6. 
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Comments  on  "Iterative  and  Power 
Series  Solutions  for  the  Large 
Deflection  of  an  Annular  Membrane” 

James  G.  Simmonds* 

Massachusetts  Institute  of  Technology,  Cambridge,  Mass. 

I  n  troduction 

IN  a  recent  technical  note,^  Pifko  and  Goldberg  ai)plied 
the  Foppl-Hencky  large  deflection  membrane  equations 
to  a  uniformly  loaded  annular  membrane,  fixed  at  the  outer 
boundary  and  supported  at  the  inner  boundary,  and  reduced 
the  governing  equations  to  the  following  nonlinear  differential 
equation  and  boundary  conditions: 

Pm/dk'^)  -  -A(X2  -  iY  (1) 

2df/dk  -  (1  +  i^)/  =  0  at  ?  =  1  (2) 

/  =  0  at  ?  =  X2  (3) 

where  /  is  a  nondimensional  stress  function  defined  in  Ref.  1, 
the  nondimensional  radial  distance,  X  the  nondimensional 
inner  boundary  radius,  and  v  is  Poisson’s  ratio. 

These  authors  constructed  a  power  series  solution  of  Eq. 
(1)  about  the  point  ^  =  X^,  satisfying  Eq.  (3),  of  the  form 

/(f)  =  (aiW4)[l  -  - 

17^4  ^  37^4  _  .  .  .  ]  (4) 


as  a  new  dependent  variable,  and  set 

ai  =  Uf/d^  at  ^  =  X^  (7) 

then  Eqs.  (1-3)  go  over  into  the  following  parameter-free 
initial  value  problem : 

g\d‘^g/d^^)  +  2<I>2  =  0  (8) 

^  =  0,  dg/d^  =  1  at  <F  =  0  (9) 

Equation  (2)  now  reads 

dg/d^  —  2ap(l  +  J')^  =  0  at  $  =  (1  —  (10) 

and  the  method  by  which  this  equation  is  to  be  satisfied  will 
be  discussed  presently. 

In  Ref.  2,  the  equations  governing  the  large  deflections 
of  a  normally  loaded,  si  finning,  elastic  membrane  were  reduced 
to  the  following  differential  equation  and  initial  conditions: 


y\dhj/dx^)  +  2^/  =  0  (11) 

?/  =  0,  dy/dx  =  1  at  a:  =  0  (12) 

If  the  following  change  of  variable  is  introduced, 

a;  =  2^/k  y  =  2g/k  (13) 

then  Eqs.  (11)  and  (12)  read 

g^(d^g/d^^)  +  24>2  fi-  {4r/k)g^  -  0  (14) 

^  =  0,  dg/d^  ~  1  at  $  =  0  (15) 


In  the  limit  a>s  k  oo,  Eqs.  (14)  and  (15)  become  identical 
to  Eqs.  (8)  and  (9). 

A  power  series  solution  of  Eq.  (11),  subject  to  Eqs.  (12), 
is  given  by  Eqs.  (27,  29,  and  30)  of  Ref.  2,  where  the  first 
seven  coefficients  of  this  series  are  explicitly  calculated.  If 
the  transformations  given  by  Eqs.  (13)  are  introduced  into 
this  power  series  solution  and  the  limit  taken  as  /c  ^  «,  we 
obtain  terms  identical  to  those  in  brackets  in  Eq.  (4)  plus 
the  one  additional  explicit  term 

-(219241/63504)^7  (16) 

Returning  to  Eq.  (10),  we  must,  in  order  to  satisfy  this 
equation,  pick  an  arbitrary  value  of  say  ^>o,  calculate  the 
corresponding  value  of  (dg/d^)Q  and  ^o,  solve  for  the  value  of 
ap  for  which  Eq.  (10)  is  satisfied,  and  then  see  what  X  turns 
out  to  be  from  the  condition 

^0  =  (1  -  X2)/aP  (17) 


where 

^  =  (f  ”  X2)/ai3  (5) 

They  also  provided  a  table  of  values  of  ai  for  various 
values  of  X  for  p  =  0.3  which  make  Eq.  (4)  satisfy  Eq.  (2). 

The  purpose  of  this  note  is  first  to  point  out  that  Eqs.  (1-5) 
are  a  limiting  form  of  a  set  of  equations  obtained  by  the 
writer  in  Ref.  2  and  that  the  series  in  brackets  in  Eq.  (4), 
including  one  additional  term,  can  be  readily  obtained  from 
Eqs.  (29)  and  (31)  of  Ref.  2,  and  second  to  show  how,  by 
a  simple  calculation,  a  table  of  ai  vs  X  for  any  value  of  p 
may  be  constructed  from  Table  1  of  Ref.  1. 

Derivation  of  Results 

We  first  note  that  the  series  in  brackets  must  be  a  universal 
function  since  its  coefficients  are  independent  of  the  param¬ 
eters  X  and  p,  which  enter  into  the  boundary  conditions  given 
by  Eqs.  (2)  and  (3).  Indeed,  if  we  take  $  as  a  ne\v  inde¬ 
pendent  variable, 

g  =  (4/ai^)/  (6) 
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The  foregoing  analysis  indicates  how  a  table  of  ai  vs  X  for 
any  value  of  Poisson’s  ratio  p  may  be  constructed  once  a 
table  for  a  particular  value  of  p  has  been  constructed.  Spe¬ 
cifically,  if  we  let  X  and  ai  correspond  to  =  0.3  and  A  and 
Ai  corresjjond  to  arbitrary  values  of  Py  then  for  any  value  of 
$0,  the  following  two  relations  must  hold : 

l.SaY  =  (1  +  v)AYil  -  X^)/aY  -  (1  -  A2)/AP  (18) 


or 


A, 


/  1.3 


tti, 


1.3 

1  +  ^ 


(1 


From  Eqs.  (19),  a  table  of  Ai  vs  A  for  any  p  can  be  constructed 
with  ai  vs  X  given  by  Table  1  of  Ref.  1 . 
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ADDITIONAL  evidence  of  the  accuracy  and  convergence 
xjL  associated  with  a  recently  developed  iterative  tech¬ 
nique^-  2  was  presented  in  Ref.  3.  This  was  accomplished 
by  comparing  the  iterative  solution  for  a  uniformly  loaded 
annular  membrane,  fixed  at  the  outer  boundary  and  free  of 
tractions  and  support  at  the  inner  boundary  with  a  power 
series  solution. 

In  the  preceding  comment  Simmonds  draws  attention  to 
that  portion  of  the  paper  dealing  with  the  power  series  solu¬ 
tion.  The  alternate  procedure  employed  by  Simmonds  leads 
precisely  to  the  solution  obtained  by  the  authors.  Indeed, 
making  use  of  the  transformation 


$  =  (1  - 

7?  =  2  ~  (1  +  v){l  -  X2) 


(1) 


in  the  controlling  algebraic  equation  for  ai,  X,  and  v  [Eqs. 


Table  1  Coefficients  ai  for  y  =  0.5  and  various  values  of  X 


X 

ai 

X 

ai 

0 

1.845 

0.36 

1.649 

0.01 

1.845 

0.37 

1.639 

0.02 

1.844 

0.38 

1.630 

0.03 

1.844 

0.39 

1.620 

0.04 

1.842 

0.40 

1.610 

0.05 

1.841 

0.41 

1.600 

0.06 

1.839 

0.42 

1.590 

0.07 

1.836 

0.43 

1.580 

0.08 

1.834 

0.44 

1.570 

0.09 

1.831 

0.45 

1.559 

0.10 

1.827 

0.46 

1.548 

0.11 

1.824 

0.47 

1.538 

0.12 

1.820 

0.48 

1.527 

0.13 

1.816 

0.49 

1.516 

0.14 

1.811 

0.50 

1.505 

0.15 

1.806 

0.51 

1.494 

0.16 

1.801 

0.52 

1.483 

0.17 

1.795 

0.53 

1.471 

0.18 

1.790 

0.54 

1.460 

0.19 

1.784 

0.55 

1.448 

0.20 

1.777 

0.56 

1.436 

0.21 

1.771 

0.57 

1.424 

0.22 

1.764 

0.58 

1.412 

0.23 

1.757 

0.59 

1.400 

0.24 

1.750 

0.60 

1.388 

0.25 

1.743 

0.61 

1.375 

0.26 

1.735 

0.62 

1.362 

0.27 

1.727 

0.63 

1.350 

0.28 

1.719 

0.64 

1.336 

0.29 

1.711 

0.65 

1.323 

0.30 

1.703 

0.66 

1.310 

0.31 

1.694 

0.67 

1.296 

0.32 

1.685 

0.68 

1.282 

0.33 

1.676 

0.69 

1,268 

0.34 

1.667 

0.70 

1.254 

0.35 

1.658 
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(24b),  Ref.  4]  leads  directly  to  the  relations 

1.3ai3  -  (1  +  v)Ai^ 

(1  -  X2)/ai3  =  (1  -  A2)/Ai3 


(2) 


given  by  Simmonds.  Conversely,  the  governing  equation 
for  ^  [Eq.  (10)  of  the  preceding  comment]  can  be  recast  to 
permit  a  direct  solution  for  a  priori  specified  values  of  v  and  X. 

Invariant  relations  such  as  Eqs.  (2)  increase  the  usefulness 
of  the  available  numerical  results  with  a  minimal  amount  of 
additional  calculations.  However,  Simmonds  remarks  are 
somewhat  optimistic.  The  results  presented  in  Table  1  of 
Ref.  3  are  insufficient  to  provide  a  complete  spectrum  of 
coefficients.  To  take  full  advantage  of  the  invariant  rela¬ 
tions  requires  a  complete  table  of  results  based  on  ?/  =  0.5. 
Therefore,  to  augment  the  results  given  in  Ref.  3,  a  more 
complete  Table  1  (for  v  =  0.5)  is  given.  The  necessary 
equations  to  be  used  in  conjunction  with  this  table  are 


which  replace  Eqs.  (19)  of  the  preceding  note. 
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Distribution  of  Nearly  Circular  Orbits 

David  A.  Conrad* 

Hughes  Aircraft  Company,  El  Segundo,  Calif. 


1,  Introduction 

IN  a  recent  paper^  the  theory  of  errors  was  employed  to 
assess  the  precision  of  a  guidance  system  designed  to  place 
a  payload  in  a  prescribed  circular  orbit.  The  essence  of  the 
analysis  consists  in  determining  the  distribution  of  the  square 
of  the  orbital  eccentricity 

=  /(ft  r,  v)  =  sin^l3  +  [{rv'^/gR^)  —  1]^  cos^jg  (1) 

based  on  assumed  normal  distributions  of  the  orbital  param¬ 
eters  r,  V  at  burnout.  The  distance  r  is  measured  from  the 
center  of  the  earth,  v  is  the  velocity,  /3  is  the  heading  angle 
measured  outward  from  the  normal  to  the  radius  vector,  and  g 
and  B  are  the  gravitational  constant  and  earth  radius. 

In  the  referenced  paper,  the  solution  is  obtained,  approxi¬ 
mately,  first  in  terms  of  the  gamma  distribution  and  then, 
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even  more  approxmately,  in  terms  of  the  normal  distribution. 
It  is  the  purpose  of  this  comment  to  point  out  that  Monte- 
Carlo  methods  can  be  easily  used  to  compute  directly  the  dis¬ 
tribution  to  any  desired  degree  of  accuracy.  The  advantage 
of  such  an  approach  is  in  requiring  a  minimum  of  statistical 
theory  to  produce  a  precise  result  in  an  extremely  short  time. 

2,  Error  Sources 

As  in  the  reference,  it  will  be  assumed  that  the  param¬ 
eters  /d,  r,  V  are  normally  distributed  with  covariance  matrix  S. 
This  matrix  is  obtained  by  a  straightforward  linear  trans¬ 
formation  of  the  covariance  matrix  of  the  fundamental  error 
sources.  Although  it  is  convenient  if  this  matrix  is  diagonal 
(independent  error  sources),  this  is  by  no  means  essential. 

In  the  Monte-Carlo  procedure  it  is  necessary  to  generate 
(on  a  digital  computer)  random  samples  of  /3,  r,  v  according 
to  the  desired  normal  distribution.  This  can  be  done  either 
by  generating  a  random  vector  of  the  fundamental  error 
sources  (possibly  correlated)  and  then  applying  the  linear 
transformation,  or  by  directly  generating  the  correlated 
samples  of  /5,  r,  v.  In  both  cases  it  is  necessary  to  generate 
samples  of  correlated,  normally  distributed  random  variables. 

3.  Generation  of  Samples  of  Correlated  Gaussian 
Variables! 

There  are  well  established  computer  methods  for  the 
generation  of  a  vector  x  of  independent  Gaussian  variables  with 
zero  mean  and  unit  variance.  It  is  desired  to  obtain  the  vec¬ 
tor  y  with  covariance  matrix  2^  by  a  linear  transformation  C 
on  x: 

2/  =  Co;  -I-  ^  (2) 

where  y  is  the  mean  of  y  and 

-  E[{y  -  y)(y  -  y)n  =  C0'  (3) 

where  T  indicates  the  transpose.  If  C  is  chosen  as  a  lower 
triangular  matrix,  the  elements  Cij(j  ^  i)  may  be  computed 
sequentially  from  the  relations 

3 

X)  =  dii  k  <j  <i  (4) 

k=l 

foi'j  =  Eqs.  (4)  have  only  one  term  yielding 

Cii  =  Cfci  =  (Tki/cn  (5) 

For  y  =  2,  there  are  two  terms,  but  only  one  new  unknown 
element  is  involved.  Hence, 

C22  =  (o'22  C2l^y^^  Ck2  =  (o’*2  ““  CklC2l)/C22  (6) 

The  pattern  continues  for  higher  y,  wdth  only  one  new  element 
appearing  in  each  equation. 

With  the  elements  of  C  known,  the  correlated  components 
of  the  random  vector  y  are  computed  directly  in  terms  of  the 
independent  components  of  x  from  (2). 

4.  The  Monte- Carlo  Simulation 

The  calculation,  then,  consists  in  generating  samples  of  the 
normally  distributed  independent  components  of  x  (in  this 
case  a  three-vector),  computing  the  components  jS,  r,  v  of  y 
from  (2),  and  then  computing  from  (1). 

The  time  required  for  such  a  computation  on  an  IBM  7090 
would  be  less  than  1  min  for  10,000  runs,  including  the  sorting 
of  the  results  necessary  to  produce  the  complete  distribution. 
An  experienced  programmer  should  be  able  to  write  and  check 
out  such  a  program  in  about  one  week. 

In  comparison,  the  method  proposed  by  Beckwith^  re¬ 
quires  the  computation  of  the  eigenvalues  of  a  large  {n  =  20 
to  30)  matrix,  or  else  the  assumption  that  is  normal.  In 


t  The  methods  of  this  section  were  pointed  out  to  the  author 
by  L.  J.  Skidmore. 


both  cases  the  accuracy  of  the  approximations  is  difficult  to 
evaluate  and  requires  considerably  more  statistical  sophistica¬ 
tion  than  the  direct  approach  afforded  by  the  Monte-Carlo 
method. 

It  should  be  noted  that  Skidmore  and  Braham^  have  pre¬ 
sented  an  alternate  approach  to  the  same  problem,  namely 
numerical  integTation  of  the  trivariate  Gaussian  distribution 
of  jd,  r,  V  over  the  region  in  jd,  r,  z;  space  bounded  by  a  par¬ 
ticular  value  of  This  procedure  is  not  difficult  to  apply 
in  the  event  that  a  multivariate  Gaussian  integration  program 
is  available.  This  latter  reference  also  contains  a  relatively 
complete  description  of  the  general  problem  of  statistical 
analysis  of  satellite  trajectories 
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1.  Introduction 

The  preceding  comment  advocates  the  superiority  of 
Alonte  Carlo  methods  over  the  methods  presented  in  Ref. 
1  for  answering  certain  questions  pertaining  to  the  precision 
of  “nearly  circular^'  orbits.  Without  agreeing  or  disagreeing 
with  D.  A.  Conrad,  the  present  note  seeks  to  place  the  issue 
in  clearer  perspective. 

2.  Monte  Carlo  Method 

A  rich,  if  diffuse,  literature  exists  in  7nodel  sampling  or 
Monte  Carlo  method,  as  the  technique  is  now  more  popularly 
known.  Principal  applications  have  been  made  in  the  areas 
of  nuclear  studies,  logistics,  heuristic  problem  solving,  and 
evaluation  of  complicated  integrals.  \Vhether  the  original 
problem  is  deterministic  or  stochastic,  the  Monte  Carlo 
method  consists  of  building  and  “playing”  an  appropriate 
game  of  chance  in  which  stochastic  convergence  of  relevant 
sample  statistics  to  basic  S3^stem  parameters  is  assured  under 
very  general  conditions  by  the  strong  law  of  large  numbers  and 
the  central  limit  theorem  and  in  which  distribution  laws  of 
arbitrary  statistics  can  be  determined  to  any  desired  degree  of 
accuracy  by  appropriate  techniques,  such  as  that  due  to 
Kolmogorov-Smirnov. 

The  efficient  use  of  Monte  Carlo  techniques  depends  heavily 
upon  one^s  ability  to  transform  one  game  of  chance  into  an¬ 
other  one,  in  which  the  expected  values  of  the  important  sys¬ 
tem  statistics  remain  unchanged,  but  for  which  the  statistics 
in  the  transformed  game  have  smaller  sampling  variances  than 
those  of  the  original  game. 

The  writer,  who  has  used  the  Alonte  Carlo  method  to  treat 
a  great  variety  of  problems  which  posed  particular  analytic 
difficulty,  has  no  quarrel  with  others  who  would  employ  it  for 
the  same  reason.!  He  would  point  out,  however,  that  many 
questions  that  can  be  answered  by  a  straightforward  sensi¬ 
tivity  analysis  of  an  analytic  model  become  costly  exercises 
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when  approached  by  sampling  methods.  On  the  other  hand, 
and  in  all  fairness,  it  should  be  admitted  that  the  problem 
of  determining  the  distribution  of  general  orbits  (a  topic  of 
importance  in  assessing  the  probability  of  ‘ ‘hitting^  ^  a  specific 
“window'^  in  position- velocity  space)  probably  can  be  handled 
best  by  Monte  Carlo  methods,  A  good  rule  to  follow 
is  to  allow  the  intrinsic  characteristics  of  the  particular  prob¬ 
lem  to  dictate  the  method  of  treatment  to  be  employed.  J 

3.  Some  Points  of  Confusion 

Contrary  to  a  statement  in  the  preceding  comment,  it  is  not 
assumed  in  Ref.  1  that  /?,  r,  and  v  are  normally  distributed  with 
covariance  matrix  2 ;  but  it  can  be  inferred,  from  assump¬ 
tions  made  regarding  the  fundamental  guidance  parameters, 
that  these  quantities  possess,  approximately,  a  trivariate 
normal  distribution,  with  covariance  matrix  where 

the  prime  denotes  the  transpose  of  a  matrix.  Here,  A  = 
(oi/)  is  the  3  X  n  matrix  associated  with  Eqs.  (3)  and  (4)  of 
Ref.  1,  and  2*  is  the  covariance  matrix  of  the  “errors’’ 
associated  with  the  n  fundamental  guidance  parameters. 

The  X  of  the  preceding  note  is  a  random  vector  of  three 
components,  which  are  distributed  independently  and 
identically  according  to  the  standard  normal  law;  it  is  not  to 
be  confuvsed  with  the  x  of  Ref.  1. 

4.  Monte  Carlo  vs  Analytic  Treatment 

Two  ways  of  employing  the  Monte  Carlo  method  in  this 
situation  suggest  themselves.  One  is  to  generate  the  random 
n-tuple  (Xi,  .  . .,  X„)  of  “errors”  in  the  fundamental  guidance 
parameters,  and  through  Eqs.  (3),  or  equivalently,  through 
Eqs.  (6)  and  (5)  of  Ref.  1  to  simulate  (1),  the  square  of  the 
orbital  eccentricity.  [In  this  connection  the  writer  is  grieved 
to  call  attention  to  the  absence  of  a  sign  of  equality  between 
the  /  term  and  the  sin^  term  in  formula  (1)  of  Ref.  1.]  The 
other  method,  favored  in  the  preceding  note  and  possibly 
more  efficient  from  the  sampling  viewpoint,  is  to  draw  random 
triples  from  the  trivariate  normal  population  with  means  zero 
and  covariance  matrix  A2iA'. 

Either  method  necessitates  the  computation  of  the  elements 
of  A  and  2j,  which  is  possibly  the  most  formidable  task  in  the 
exercise. 

The  analytic  procedure  proposed  in  Ref.  1  was  not  repre¬ 
sented  as  being  superior  to  any  other  legitimate  method.  The 
computation  of  the  eigenvalues  of  matrix  as  advo¬ 

cated  in  Ref.  1,  may  not  be  a  particularly  difficult  task,  how¬ 
ever.  The  issue  depends  on  the  rank  of  this  matrix;  if  it  is 
r  <  n,  then  it  is  well  known  that  n  —  r  of  the  eigenvalues  are 
zero.  Numerical  methods  for  computing  the  eigenvalues  of  a 
real,  svmmetric  matrix  are  well  known  and  generally  avail¬ 
able  (cf.  Ref.  2).  Routines  for  calculating  the  eignenvalues 
of  a  positive-definite  (or  positive-semidefinite)  matrix  accord¬ 
ing  to  decreasing  numerical  magnitude  are  in  common  use  in 
factor  analyds  studies;  they  would  appear  to  be  especially 
suitable  in  the  present  application  where  eigenvalues  smaller 
than  a  preassigned  positive  constant  could  be  ignored,  thus 
simplifying  the  analytic  treatment  by  a  certain  amount. 

5.  Generation  of  Random  Numbers 

The  validity  of  Monte  Carlo  applications,  in  a  precise  math¬ 
ematical  sense,  depends  on  the  intrinsic  quality  of  the  ran¬ 
dom”  number  sequences  employed.  The  sequences  with 
which  we  are  compelled,  for  reasons  of  economy,  to  work  are 
not  random,  but  “pseudo-random,”  in  the  sense  that  they 
possess  at  least  some  of  the  properties  of  random  sequences. 
The  particular  properties  demanded  in  different  applications 
vary. 

A  fundamental  and  commonly  required  property,  moreover, 
one  which  is  essential  in  the  application  recommended  in 


the  preceding  note,  is  that  the  sequence  of  numbers  be  equi^ 
distributed j  as  defined  in  Ref.  3,  The  currently  favored  mixed 
congruential  methods  for  generating  pseudo-random  se¬ 
quences^  are  the  computer  implementation  of  what,  in  full- 
precision  arithmetic,  are  called  multiply  sequences  in  Ref.  3. 

Theorem  20  in  Ref.  3  establishes  that  r-dimensional  derived 
sequences  (obtained  from  a  multiply  sequence)  cannot  be 
equidistributed  in  the  r-dimensional  unit  cube,  for  any  r  >  1. 
This  result,  valid  for  full-precision  arithmetic,  casts  grave 
doubts  on  the  implicit  postulate  that  computer-generated 
sequences  possess  this  desirable  property,  without  which 
random  ordered  r-tuples  cannot  be  produced. 

The  effect  of  the  foregoing  is  that  computed  quantities  that 
depend  on  these  r-tuples,  such  as  orbital  eccentricity  or  its 
square,  cannot  be  considered  to  be  random  observations. 
Consequently,  one  really  has  little  a  priori  grounds  for  be¬ 
lieving  in  the  validity  of  standard  statistical  procedures  when 
applied  to  Monte  Carlo  experiments  and  no  obvious  direct 
method  for  testing  for  such  validity.  As  an  example,  pre¬ 
sumed  90%  confidence  limits  for  an  important  system  param¬ 
eter  may  in  fact  have  an  associated  true  confidence  coefficient 
considerably  smaller  than  0.9. 
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IN  the  above  article,  the  equations  for  the  out-of-plane  mo¬ 
tion  are  incorrect  and  should  be  replaced  by  the  following: 


C,  - 


^  _  tanr/  +  (Wf/zf) 
ft  1  —  (Wf/Zf)  tanr/ 

(sinr/  +  r/  coSTf)Zf  —  (r/  sinrA^v 
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-h 
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(31) 

(40) 

(44) 


(45) 


Zf  __  /I  ±  cosr/V^^ 

^i  -  V  2  / 


(49) 


%  The  writer,  in  fact,  advocated  and  employed  the  Monte 
Carlo  method  in  treating  the  original  version  of  the  problem  of 
Ref.  1 ,  but  did  not  consider  the  application  worthy  of  publication. 
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p  ,  (51) 

{2  T/  +  1  sinr/  I 

These  changes  result  in  a  slightly  different  graphical  form 
of  the  optimal  out-of-plane  component  of  thrust  acceleration 
AJtqI  shown  in  Fig.  5.  It  is  noted  that  Eq.  (49)  is  double¬ 
valued,  leading  to  a  double- valued  steering  program  ±A^/roi 
in  Fig.  5.  The  resultant  change  in  the  payoff  J  is  impercept¬ 
ible  for  the  scale  chosen  in  Fig.  6  of  the  article. 


Longitudinal  Mode  Instability 

J.  R.  Osborn* 

Purdue  University^  Lafayette,  Ind, 

IN  recent  years,  the  problems  associated  with  the  occurrence 
of  the  longitudinal  mode  of  combustion  ])ressure  oscilla¬ 
tions  in  liquid  rocket  motors  have  been  considered  solved. 
The  solution  that  has  been  regarded  as  being  the  most  com¬ 
plete  is  that  published  in  Refs.  1  and  3.  That  solution  is 
based  upon  the  concept  of  a  sensitive  time  lag.^  The  defini¬ 
tions  and  discussions  of  the  sensitive  time  lag  are  described  in 
detaih'  and  will  not  be  discussed  herein,  but  the  phase 
relationships  will  be  briefly  reviewed. 

By  considering  a  disturbance  passing  through  the  com¬ 
bustion  zone,  it  is  evident  that  the  sensitive  time  lag  is  at  a 
minimum  when  the  pressure  is  at  a  maximum  for  the  assumed 
relationship  between  them.'*  Thus,  for  an  oscillating  pressure, 
the  sensitive  time  lag  will  also  oscillate  and  be  out  of  phase. 
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Furthermore,  this  oscillation  in  the  sensitive  time  lag  can  be 
related  to  the  oscillation  in  the  burning  rate,  which  in  turn  can 
be  related  to  an  oscillation  in  the  effect  of  the  burning  rate. 
Therefore,  if  the  oscillation  in  the  effect  of  the  burning  rate  is 
in  phase  with  the  oscillating  combustion  pressure,  the  system 
tends  to  be  unstable.  Conversely,  for  an  out-of-phase  re¬ 
lationship  the  system  tends  to  be  stable. 

By  the  proper  use  of  these  phase  relationships  for  different 
length  combustion  chambers,^  it  can  be  shown  that  there 
exists  (theoretically)  the  so-called  lower  critical  length,  below 
which  oscillations  are  damped,  as  well  as  the  so-called  upper 
critical  length,  above  which  the  oscillations  are  also  damped. 
Both  of  these  lengths  are  predicted  by  the  time  lag  theory, ^ 
and  it  is  correctly  stated  in  the  conclusions^  that  this  upper 
limit  cannot  be  explained  by  any  other  mechanism  advanced 
to  date.  It  is  further  stated^  that  the  results  of  Ref.  3  show 
that  it  is  not  true  that  only  a  lower  critical  length  exists,  but 
that  for  each  mode  of  longitudinal  oscillation  there  exists  a 
range  of  lengths  outside  which  the  operation  is  stable,  whereas 
inside  it  is  unstable.  In  essence  then,  the  validity  of  the  pre¬ 
ceding  time  lag  theory*  is  based  upon  the  physical  existence  of 
the  so-called  upper  critical  length,  and  the  com]3arison  of 
experiment  to  theory*  requires  that  both  lengths  exist  (see,  for 
example.  Figs.  10  and  13  of  Ref.  1). 

More  recent  experimental  work,®  however,  agrees  with 
earlier  experimental  work^*  ^  in  that  no  upper  critical  length 
was  found.  In  addition,  the  results  of  a  theory  recently 
completed®  indicate  that  no  upper  critical  length  should  exist. 
That  theory  is  based  upon  assuming  an  Arrhenius-type  rate 
function  for  the  combustion  zone  dynamics  as  contrasted  with 
the  time  lag  assumption.^ 

On  the  basis  of  the  preceding  experimental  work^-  ^  as 
well  as  the  preceding  theoretical  work,®  there  is  a  serious 
question  concerning  the  validity  of  the  time  lag  theory'* 
for  describing  combustion  pressure  oscillations  of  the  longi¬ 
tudinal  mode.  It  would  seem  that  the  necessary  existence 
of  the  upper  critical  length  clearly  invalidates  the  time  lag 
theory,  particularly  in  those  situations  where  the  chemical 
kinetics  predominate,  as  they  do  in  the  case  of  the  premixed 
gas  rocket.2  That  is,  the  time  lag  theory  is  invalid  for  those 
situations  in  which  no  upper  critical  length  can  be  found 
experimentally.  In  those  situations  where  an  upper  critical 
length  was  found,  its  existence  may  possibly  be  explained  by 
the  dissipative  effects  assumed  negligible  by  the  time  lag 
theory.'^  Dissipative  effects  are  also  neglected  in  Ref.  8. 

Furthermore,  the  validity  of  the  time  lag  theory  for  de¬ 
scribing  the  transverse  mode  can  also  be  questioned,  at  least 
in  those  cases  for  which  the  chemical  kinetics  again  predomi¬ 
nate,  that  is,  at  least  for  the  premixed  gas  motor.® 

It  can  be  concluded  that  the  solution  to  the  problem  of  com¬ 
bustion  instability  does  not  exist  at  the  present  time,  but  that 
new  theories  based  upon  more  realistic  assumptions,®  which 
agree  more  closely  with  the  experimental  work, 2-  *®  make 

the  problems  less  formidable. 
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Reply  by  Author  to  J.  R.  Osborn 

L,  Crocco* 

Princeton  University^  Princeton^  N.  J, 

WHEN  dealing  with  combustion  instability  in  rockets,  one 
must  carefully  avoid  confusion  between  liquid  propellant 
rockets  and  premixed  gas  rockets,  f  The  behavior  of  the  two 
is  generally  quite  different.  Liquid  propellant  rockets  do 
exhibit,  almost  invariably,  the  so-called  “time-lag  behavior. 
For  a  variable-length  rocket  operating  at  an  assigned  mixture 
ratio, the  “time-lag  behavior”  is  characterized  by  the  fact 
that  any  given  longitudinal  mode  of  oscillation  appears  to  be 
unstable  only  between  two  critical  motor  lengths  and  stable 
out  of  this  length  range.  Experimentally,  this  characteriza¬ 
tion  has  been  found  to  be  true  using  different  propellants  and 
different  types  of  injectors^ (doublet  and  triplet  designs 
using  unlike  propellants  and  showerhead  types),  although, 
for  another  type  of  injector  (like-on-like),  the  range  of 
spontaneous  longitudinal  instability  appears  less  sharply  de¬ 
fined.  Difficulties  in  finding  two  stability  limits  have  arisen 
with  certain  injectors  only  because  the  magnitudes  of  the 
sensitive  time  lag  were  such  that  the  lengths  required  were 
beyond  the  range  of  the  variable-length  rocket  used.  Vari¬ 
able-sector  angle  rocket  tests^  have  proved  that  the  pressure- 
sensitive  time-lag  concept  holds  for  transverse  as  well  as 
longitudinal  modes. 

In  fact,  it  was  clearly  established  by  experiments  conducted 
at  Princeton  on  a  carefully  controlled  gas  rocket®  as  well  as 
by  the  experiments  of  Purdue,  that,  under  appropriate  mix¬ 
ture  ratio  conditions,  the  operation  of  this  type  of  rocket  is 
always  unstable  (above  a  certain  critical  length)  and  hence 
does  not  exhibit  the  time-lag  behavior  described  previously. 
Actually,  from  the  point  of  view  of  unstable  operation,  gas 
rockets  appear  to  be  more  representative  of  solid  propellant 
rather  than  to  liquid  propellant  rockets.  This  similarity, 
in  addition  to  scientific  curiosity,  stimulate  theoretical  in¬ 
vestigations  within  the  Princeton  group  to  obtain  a  better 
understanding  of  the  mechanism  of  gas  rocket  instability. 
x4fter  eliminating  the  process  of  heat  exchange  with  the  walls 
from  the  role  of  driving  force®'  (which  is  reputed  to  play  an 
important  role  in  solid  propellants)  attention  turned  to  chem¬ 
ical  kinetics.  Culick^*  ®  already  had  shown  that,  if  the  rate 
at  which  chemical  energy  is  being  liberated  within  the  gases  is 
represented  by  an  Arrhenius-type  rate  function  depending 
only  on  density  and  temperature  (as  if  the  variations  of  the 
concentrations  did  not  play  any  role),  the  instability  that 
may  result  does  not  present  the  time-lag  behavior.  Although 
Culick^s  disregard  of  the  concentrations  seems  to  result  in  a 
substantial  overestimate  of  the  driving  force  due  to  chemical 
kinetics,  the  same  simple  assumption  was  used  for  the  gas 
rocket,^®'  “  and  the  analysis  by  Sirignano  was  broadened  so 
as  to  include  the  presence  of  shock  waves.  These  theoretical 
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t  Although  the  first  type  is  extremely  important  for  its  practi¬ 
cal  applications,  the  second  has  mainly  a  scientific  interest,  and 
its  practical  utility  has  not  been  shown  as  yet. 


studies  not  only  confirmed  Culick^s  results,  but  also  provided 
a  certain  number  of  positive  indications  that  this  may  indeed 
be  the  correct  mechanism  of  gas  rocket  instability.  It  ap¬ 
pears  now  that  similar  theoretical  results  have  been  obtained 
by  the  Purdue  group.^^ 

If  the  role  of  chemical  kinetics  in  gas  rocket  instability  is 
confirmed  by  more  precise  experimental  and  theoretical 
analyses,  one  can  wonder  indeed  what  can  be  its  importance 
(assumed  negligible  in  existing  theories)  in  the  instability  of 
solid  propellants  or  even  in  liquid  propellant  rockets.  J 
However,  independent  of  the  final  answer  to  this  question, 
for  most  liquid  propellant  rockets,  the  observed  time-lag  be¬ 
havior  makes  it  necessary  to  rely  on  other  driving  mecha¬ 
nisms  .  The  right  question  to  ask  is  not  if  the  sensitive  time-lag 
theory  does  correctly  represent  the  observed  behavior  (which 
it  certainly  does),  but  why  it  does  so,  and  what  the  physical 
interpretation  of  the  existence  of  a  characteristic  time  must  be. 

The  identification  of  the  characteristic  time  with  a  diffusion 
time  was  attempted  by  Strahle  based  on  a  convective,  col¬ 
lapsed  flame  model  of  droplet  burning. A  well-defined 
result  of  this  theory  is  that  the  unsteady  behavior  of  the 
flame  in  front  of  the  droplet  cannot  j  ustify  the  observed  time- 
lag  behavior.  On  the  other  hand,  evidence  indicates  that 
the  unsteady  behavior  of  the  flame  in  the  wake  region  behind 
the  droplet  may  provide  the  necessary  driving  mechanism. 

Additional  details  on  the  various  questions  mentioned  here 
can  be  found  either  in  the  previously  cited  references,  or  in 
Ref.  17. 
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Comment  on  "An  Alternate  Interpreta 
tion  of  Newton’s  Seeond  Law” 

V.  W.  Snydeii* 

Kitt  Peak  National  Observatory Tucson,  Ariz. 


same  value  at  a  given  instant  of  time.  A  moment  later, 
the  two  integrals  will  have  different  values,  but  this  presents 
no  difficulty.  Now  using  Leibnitz’s  theorem  again,  except 
that  this  time  the  boundary  is  moving  with  the  arbitrary 
velocity  V  of  the  control  volume,  Eq.  (4)  can  be  expressed  as 

2F  =  J  pU  dr  +  pU(U  -  V)  -nds  (5) 

where  s  is  the  boundary  of  the  spatial  volume.  As  Bottaccini^ 
points  out,  this  equation  has  been  developed  by  Thorpe® 
and  is  much  more  convenient  for  computational  purposes, 
A  similar  methodology  can  be  used  to  show  that  the  mo¬ 
ment  equation  can  be  written  in  classical  form 

2M  =  dH/dt  (6) 

where  H  is  the  angular  momentum  of  the  system.  The 
angular  momentum  is  represented  for  a  piecewise  continuous 
mass  by  the  integral 

H  =  /.  (r  X  pU)dr  (7) 

in  which  the  integration  is  over  all  the  mass  of  the  system. 
This  material  description  of  the  system  can  be  transformed 
to  a  spatial  description  by  the  use  of  Leibnitz’s  theorem. 
Thus,  after  the  transformation,  Eq.  (6)  will  become 


The  object  of  this  note  is  to  extend  the  work  of  Botta- 
ccini^  to  the  angular  momentum  theorem  and  to  clarify 
the  methodology  used.  Bottaccini  has  shown^  that  the 
motion  of  a  variable  mass  system  can  be  written  in  the  classi¬ 
cal  Newtonian  form 

ZF  -  dG/dt  (1) 

where  the  momentum  of  the  system  is  represented  b}^  the 
Stieltjes  integral 

G  =  fU  dm  (2) 

in  which  the  integral  is  taken  over  all  the  mass  in  the  system. 
In  classical  mechanics,  this  would  be  referred  to  as  a  ^‘mate¬ 
rial”  or  “Lagrangian”  description  of  the  system. 

Bottaccini  has  also  shown^  that,  for  piecewise  continuous 
masses,  Eq.  (1)  becomes 

SF  =  ^  pU  dr  (3) 


(r  X  pU)<iT  +  X  pU)(U  -  V)- nds  (8) 

for  piecewise  continuous  mass. 

Equation  (8)  gives  tlie  moment  on  a  spatial  control  volume 
in  terms  of  the  angular  momentum  of  the  control  volume 
and  expelling  gases  with  respect  to  an  inertial  frame  of  refer¬ 
ence.  The  first  term  offers  some  difficulty  in  computing. 
Dynamicists  have  found  that  this  difficulty  can  be  eliminated 
by  selecting  an  accelerating  origin  in  the  body.  For  a  rigid 
body,  it  has  been  shown^  that  the  moments  about  the  moving 
origin  at  a  will  be 

Ma  =  Wdt){m)  -  R'  X  dha/dt^  (9) 

where  I  is  the  inertia  tensor,  the  angular  velocity  of  the 
body,  R'  the  position  vector  of  the  center  of  mass  measured 
from  the  a,  and  dhaldt^  is  the  acceleration  of  the  origin. 

Using  Eqs.  (5)  and  (8),  the  moment  about  a  for  a  variable 
mass  system  can  be  written 


where  cr  is  the  volume  of  the  mass  in  the  system.  Using 
Leibnitz’s  theorem  for  differentiating  a  volume  integral, 
Eq.  (3)  can  be  expanded  to 

2F  =  dr  +  f  pUU-ndS  (4) 

where  p  is  the  boundary  surface  of  the  material  volume.  This 
boundary  surface  has  to  move  with  the  velocity  of  the  mass 
to  be  consistent  with  a  material  description  of  the  system. 

The  evaluation  of  the  volume  integral  in  Eq.  (4)  is  difficult 
as  the  result  of  the  material  description  of  the  system;  for 
computational  purposes,  it  would  be  advantageous  to  use  a 
spatial  description,  that  is,  an  arbitrary  control  volume  that 
contains  the  identified  mass  at  a  given  time.  Equation  (4) 
represents  an  instantaneous  condition,  and  thus  the  integral 
evaluated  on  the  spatial  and  material  volumes  must  have  the 


Ma  =  SM  -  la  X  F 


(10) 


f  [(r  -  r.)  X  pU](U  -  V) 


nds 


Equation  (10)  can  be  rewritten  as 
d 


M, 


=  I  (r  -  To)  X  pUdr  + 

f  [(r  -  r„)  X  pTJ](U  -  V)-nds  + 

fx/.oo* 
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From  the  concept  of  the  mass  center,  the  last  integral  in  Eq.. 
(11)  can  be  replaced  by® 

J^pUdr  =  m  ®  p(r  -  R)(U  -  V) -nds 
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where  m  is  the  total  mass  in  control  volume,  and  R  is  the 
velocity  of  the  mass  center.  Thus,  Eq.  (11)  becomes 

M.  =  j  (r  -  r.)  X  pUdr  + 

f  [(r  -  r.)  X  pU][U  -  V]-nds  + 

X  ^  ^  X  r  p(r  -  R)(U  -  V) -nds  (12) 

dt  dt  dt  Js 

where  dva/dt  is  the  velocity  of  the  moving  origin  at  a.  Equa¬ 
tion  (11)  has  been  developed  by  Bowen®  using  a  different 
approach  to  the  problem.  Equation  (12)  still  presents  some 
difficulties  in  computing  the  moment  which  can  only  be 
eliminated  by  additional  assumptions  of  the  system.  Rankin® 
has  developed  the  equation  of  motion  for  a  rocket  from  a 


slightly  different  approach  than  was  shown  previously.  It 
can  be  shown  that  Eq.  (12)  would  be  reduced  to  the  equa¬ 
tion  given  by  Rankin®  if  his  assumptions  were  used. 
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